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Abstract

Based on uniform Haar wavelets an efficient numerical method is pro-
posed to find numerical solution of multi-point fourth-order boundary-
value problems (BVPs) related to two-dimensional channel with porous
walls and a special type of parameterized BVPs. Performance of the
Haar wavelets is compared with homotopy analysis method (HAM),
differential transform method (DTM), adomian decomposition method
(ADM), homotopy perturbation method (HPM) and with the NDSlove
command of mathematica for numerical solution. More accurate so-
lution can be obtained by increasing level in the Haar wavelets. The
main advantage of this method is its efficiency and simple applicability.
Convergence analysis of the proposed method alongside numerical pro-
cedure for multi-point BVPs are given to test applicability and accuracy
of the method.

Mathematics Subject Classifications: 34B05, 34B15, 34D20

Keywords: Haar wavelets; Fourth order boundary-value problems, two-
dimensional channel with porous walls

1 Introduction

Fourth-order BVPs have attracted much attention in recent years. Such prob-
lems arise in the mathematical modeling of two-dimensional channel with
porous walls [1, 2], deformation of beams and plate deflection theory [3] and a
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number of other engineering applications. Many authors have used numerical
and approximate methods to solve third- and fourth-order BVPs. Some of the
details about the numerical methods can be found in the recent references [1,
4-12 ]. Na [1] has found numerical solution of third- and fourth-order BVPs
by converting them into IVPs. The present approach can be applied to both
BVPs and IVPs with slight modification but without transformation of BVPs
into IVPs or vice versa.

In recent years wavelet approach is becoming more popular in the field
of numerical approximations. Different types of wavelets and approximating
functions have been used for this purpose. A short survey on Haar wavelets
and its application can be found in Chen and Hsiao [13, 14] and Lepik [15,
16]. Haar wavelets have gained popularity among researchers due to their
useful properties like simple applicability, orthogonality and compact support.
In comparison, the beauty of other wavelets like Walsh wavelet functions and
wavelets of high order spline basis is overshadowed by computational cost of
the algorithm.

The objective of this research is to construct a simple collocation method
with the Haar basis functions for the numerical solution of linear and nonlinear
fourth-order BVPs arising in the mathematical modeling of different engineer-
ing applications. To test applicability of the Haar wavelets, we focus on the
following type of BVPs defined on the interval [a, b]:

y(iv) = φ(x, y, y′, y′′, y′′′), (1)

subject to the following sets of boundary conditions

y(a) = α1, y′′(a) = β1, y(b) = γ1, y′′(b) = δ1, (2)

y(a) = α2, y′(a) = β2, y(b) = γ2, y′(b) = δ2, (3)

y(a) = α3, y′′(a) = β3, y(b) = γ3, y′(b) = δ3. (4)

where α1, α2, α3, β1, β2, β3, γ1, γ2, γ3, δ1, δ2, δ3, are real constants.

The paper is organized in the following form. In section 2, Haar wavelets are
introduced and in section 3 a general formulation of the numerical technique
based on these wavelets is presented. Convergence is briefly discussed in section
4 and numerical examples are given in section 5 to validate the method. Finally
some conclusions are drawn.
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2 Haar Wavelets

The Haar wavelet family for x ∈ [0, 1) is defined as

hi(x) =

⎧⎪⎨
⎪⎩

1 for x ∈ [α, β),

−1 for x ∈ [β, γ),

0 elsewhere,

(5)

where

α =
k

m
, β =

k + 0.5

m
, γ =

k + 1

m
. (6)

In the above definition integer m = 2j, j = 0, 1, . . . , J indicates the level of the
wavelet and integer k = 0, 1, . . . , m−1 is the translation parameter. Maximum
level of resolution is J . The index i in Eq. (5) is calculated using the formula
i = m + k + 1. In case of minimal values m = 1, k = 0, we have i = 2. The
maximal value of i is i = 2M = 2J+1. For i = 1, we assume that h1(x) is the
scaling function for the family of Haar wavelets which is defined as

h1(x) =

{
1 for x ∈ [0, 1),

0 elsewhere.
(7)

The following notations are introduced:

pi,1(x) =

∫ x

0

hi(z) dz, (8)

pi,ν+1(x) =

∫ x

0

pi,ν(z) dz, ν = 1, 2, . . . , (9)

These integrals can be evaluated using Eq. (5) and first four of them are given
by

pi,1(x) =

⎧⎪⎨
⎪⎩

x − α for x ∈ [α, β),

γ − x for x ∈ [β, γ),

0 elsewhere,

(10)

pi,2(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
2
(x − α)2 for x ∈ [α, β),
1

4m2 − 1
2
(γ − x)2 for x ∈ [β, γ),

1
4m2 for x ∈ [γ, 1),

0 elsewhere,

(11)
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pi,3(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
6
(x − α)3 for x ∈ [α, β),
1

4m2 (x − β) − 1
6
(γ − x)3 for x ∈ [β, γ),

1
4m2 (x − β) for x ∈ [γ, 1),

0 elsewhere,

(12)

pi,4(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
24

(x − α)4 for x ∈ [α, β),
1

8m2 (x − β)2 − 1
24

(γ − x)4 + 1
192m4 for x ∈ [β, γ),

1
8m2 (x − β)2 + 1

192m4 for x ∈ [γ, 1),

0 elsewhere.

(13)

We also introduce the following notation:

Ci,ν =

∫ 1

0

pi,ν(x) dx. (14)

Any function f(x) which is square integrable in the interval (0, 1) can be
expressed as an infinite sum of Haar wavelets in the form

f(x) =
∞∑
i=1

aihi(x). (15)

The above series terminates at finite terms if f(x) is piecewise constant or can
be approximated as piecewise constant during each subinterval.

3 Method of solution

We assume that

y(4)(x) =

2M∑
i=1

aihi(x). (16)

The Eq. (16) is integrated repeatedly with suitable limits of integration de-
pending upon the boundary conditions. Hence the solution y(x) with its
derivatives y′(x), y′′(x), y′′′(x) and y(4)(x) are expressed in terms of Haar
functions and their integrals. We consider the collocation points

xj =
j − 0.5

2M
, j = 1, 2, . . . , 2M. (17)

The expressions of y(x), y′(x), . . . , y(4)(x) are substituted in the given differ-
ential equation and discretization is applied using the collocation points (17)
resulting into a 2M × 2M linear or nonlinear system. The Haar coefficients
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ai, i = 1, 2, . . . , 2M are calculated by solving this system. The approximate
solution can easily be recovered with the help of Haar coefficients. The method
is further explained with the help of specific boundary conditions. Three dif-
ferent sets of boundary conditions are considered here. Apart from this other
types of boundary conditions can also be handled in a similar fashion.

3.1 Boundary conditions I

Consider the boundary conditions (2) with a = 0, b = 1. Integrating Eq. (16)
from 0 to x, the third derivative y′′′(x) can be expressed as

y′′′(x) = y′′′(0) +

2M∑
i=1

ai pi,1(x). (18)

The value of unknown term y′′′(0) can be calculated by integrating Eq. (18)
from 0 to 1 and is given by

y′′′(0) = δ1 − β1 −
2M∑
i=1

Ci,1. (19)

We can now express the second derivative y′′(x) as

y′′(x) = β1 + (δ1 − β1)x +
2M∑
i=1

ai (pi,2(x) − xCi,1) . (20)

Integrating again and using the boundary conditions, we obtain

y′(x) = γ1 − α1 − 1

3
β1 − 1

6
δ1 −

2M∑
i=1

ai

(
Ci,3 − 1

6
Ci,1

)
+ β1x +

1

2
(δ1 − β1)x

2

+

2M∑
i=1

(
pi,3(x) − x2

2
Ci,1

)
,

(21)

y(x) = α1 +

(
γ1 − α1 − 1

3
β1 − 1

6
δ1

)
x −

2M∑
i=1

ai

(
Ci,3 − 1

6
Ci,1

)
x

+
1

2
β1x

2 +
1

6
(δ1 − β1)x

3 +

2M∑
i=1

ai

(
pi,4(x) − 1

6
x3Ci,1

)
.

(22)

These values are substituted in Eq. (1) in order to obtain system of equations
whose solution gives us the Haar coefficients.
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3.2 Boundary Conditions II

Consider the boundary conditions (3) with a = 0, b = 1. Integrating Eq. (16)
yields the following:

y′′′(x) − y′′′(0) =
2M∑
i=1

ai pi,1(x), (23)

y′′(x) − y′′(0) − xy′′′(0) =

2M∑
i=1

ai pi,2(x), (24)

y′(x) = β2 + xy′′(0) +
x2

2
y′′′(0) +

2M∑
i=a

ai pi,3(x), (25)

y(x) = α2 + β2x +
x2

2
y′′(0) +

x3

6
y′′′(0) +

2M∑
i=a

ai pi,4(x). (26)

The unknown terms y′′(0) and y′′′(0) can be determined using the boundary
conditions and are given by

y′′(0) = 6γ2 − 6α2 − 2δ2 − 4β2 − 2
2M∑
i=1

ai (3Ci,3 − Ci,2) , (27)

y′′′(0) = 6δ2 + 6β2 − 12γ2 + 12α2 + 6

2M∑
i=1

ai (2Ci,3 − Ci,2) . (28)

Haar coefficients are obtained in a similar manner as discussed in the previous
case.

3.3 Boundary Conditions III

Consider the boundary conditions (4). Integrating Eq. (16) and using the
boundary conditions, we obtain the equations

y′′′(x) = y′′′(0) +
2M∑
i=1

ai pi,1(x), (29)
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y′′(x) = β3 + xy′′′(0) +
2M∑
i=1

ai pi,2(x), (30)

y′(x) = δ3 − β3(1 − x) − 1 − x2

2
y′′′(0) −

2M∑
i=1

ai (Ci,2 − pi,3(x)) , (31)

y(x) = α3 + δ3x − β3

(
x − x2

2

)
−

(
x

2
− x3

6

)
y′′′(0) −

2M∑
i=1

ai (xCi,2 − pi,4(x)) .

(32)

The unknown term y′′′(0) can be calculated and is given by

y′′′(0) = 3
(
δ3 − 1

2
β3 − γ3 + α3

) − 3
2M∑
i=1

ai(Ci,2 − Ci,3). (33)

4 Convergence Analysis of the Haar Wavelets

Assume that f(x) is a differentiable function with

|f(x)| ≤ K, ∀ t ∈ (a, b) such that |f ′(x)| ≤ K. (34)

where K is a positive constant. Haar wavelet approximation for the function
f(x) is given by

fM(x) =

2M∑
i=1

ai hi(x). (35)

Babolian and Shahsavaran [17] have shown that the square of error norm for
wavelet approximation is given by

‖f(x) − fM(x)‖2 =
K3

12M2
. (36)

Therefore,

‖f(x) − fM(x)‖ = O
(

1
M

)
. (37)

From the above equation, it is obvious that the error bound is inversely propor-
tional to the level of resolution of Haar wavelet. This ensures the convergence
of Haar wavelet approximation when M is increased.
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Table 1: Maximum absolute and relative errors for Ex. 1

J 2M Maximum Absolute Error Maximum Relative Error
3 16 3.6230E − 06 5.8991E − 04
4 32 9.0687E − 07 1.4804E − 04
5 64 2.2699E − 07 3.7046E − 05
6 128 5.6761E − 08 9.2639E − 06
7 256 1.4191E − 08 2.3161E − 06
8 512 3.5478E − 09 5.7904E − 07

5 Numerical Examples

Example 1. Consider the 4th order beam problem

y(4)(x) + 4y(x) = cos(2x), 0 < x < 1, (38)

subject to the second derivative boundary conditions

y(0) = y′′(0) = 0, y(1) = y′′(1) = 0. (39)

Maximum absolute and relative errors for different number of subdivision
points are shown in Table 1. It is clear from Table 1 that the accuracy of the
new algorithm is improved by increasing number of points.

Example 2. Consider the 4th order BVP

y(4)(x) = y(x) + 4ex, 0 < x < 1, (40)

subject to first derivative boundary conditions

y(0) = 1, y′(0) = 2, y(1) = 2e, y′(1) = 3e. (41)

The exact solution is given by

y(x) = (1 + x)ex. (42)

Maximum absolute and relative Errors for different values of 2M are shown in
Table 2 and better performance of the new algorithm can be observed.

Example 3. Consider the 4th order BVP

y(4)(x) − (1 + c)y′′(x) + cy(x) =
1

2
cx2 − 1, 0 ≤ x ≤ 1, (43)

subject to boundary conditions

y(0) = 1, y′(0) = 1, y(1) = 1.5 + sinh(1), y′(1) = 1 + cosh(1), (44)

where c = 10, 106, 108.
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Table 2: Maximum absolute and relative errors for Ex. 2

J 2M Maximum Absolute Error Maximum Relative Error
3 16 5.3979E − 06 2.3263E − 06
4 32 1.3453E − 06 5.7912E − 07
5 64 3.3579E − 07 1.4480E − 07
6 128 8.3943E − 08 3.6198E − 08
7 256 2.0985E − 08 9.0487E − 09
8 512 5.2462E − 09 2.2622E − 09

The exact solution is given by

y(x) = 1 +
1

2
x2 + sinh(x). (45)

This problem was first considered by Scott and Watts via orthonormalization
in 1975 [18]. The BVP (43)-(44) is very interesting because its exact solution
does not depend on parameter c (see [3]). The proposed method is applied
to the problem and maximum absolute errors for three different values of c
are given in Tables 3, 4 and 5. For the purpose of comparison we compare
our results with the published papers [3, 6] and the methods listed therein.
However, the solutions obtained by the semi analytical methods mentioned
above are all dependent on the parameter c. Noor and his co-workers [9,
10], Golbabai and Javidi [8] have found that the approximate solution to the
problem can only be found for small values of c (c < 106). As pointed out by
S. Liang and D. Jeffrey [3] that for a very large values of c, (c > 106), all these
analytical methods are no longer valid. The main reason for this failure is that
these methods lack well established theoretical convergence analysis according
to the value of c. They obtained semi analytical solution which converges when
convergence parameter is chosen inside the interval but diverges outside the
interval. Another disadvantage of HAM and HPM is that the accuracy of the
solution decreases as the value of c increases. The results produced by Haar
wavelets do not remain subordinate to the value of c and are superior than
the previous published papers [3, 8-10]. For the sake of brevity we mention
maximum relative errors of the 20th order HAM approximation reported in
[3] which is 4.7E-05 for c = 108 where as the maximum relative errors of
Haar wavelets are 2.1585E-09, 1.3128E-10, 8.0894E-11, 5.0277E-13, 3.1573E-
14 and 2.1174E-15 for 2M = 16, 32, 64, 128, 256, 512 respectively. It is clear
from these results that the Haar wavelets give more accurate results than the
existing methods for large values of 2M and c. HPM, ADM and DTM fail
to produce solution for c ≥ 108. We do not compare our results with other
methods [8-10] etc, as their results are even less accurate than [3, 6]. Fazhan
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Table 3: Maximum absolute and relative errors for Ex. 3 for c = 10

J 2M Maximum Absolute Error Maximum Relative Error
3 16 1.7725E − 07 1.0731E − 07
4 32 4.3786E − 08 2.6582E − 08
5 64 1.0931E − 08 6.6434E − 09
6 128 2.7319E − 09 1.6606E − 09
7 256 6.8293E − 10 4.1512E − 10
8 512 1.7073E − 10 1.0378E − 10

Table 4: Maximum absolute and relative errors for Ex. 3 for c = 106

J 2M Maximum Absolute Error Maximum Relative Error
3 16 3.5471E − 09 2.1631E − 09
4 32 2.2183E − 10 1.3264E − 10
5 64 1.4260E − 11 8.4452E − 12
6 128 1.0072E − 12 5, 9352E − 13
7 256 9.2482E − 14 1.3328E − 14
8 512 1.3327E − 14 7.8240E − 15

[6] has used reproducing kernel Hilbert space method for the numerical solution
of the problem but has not discussed the case c = 108. He has reported the
maximum relative errors 2.4E-9, 4.1E-10 for c = 106.

Example 4. We consider the nonlinear fourth-order BVP

y(4)(x) − exy′′(x) + y(x) + sin(y(x)) = f(x), 0 ≤ x ≤ 1, (46)

subject to boundary conditions

y(0) = 1, y′(0) = 1, y(1) = 1 + sinh(1), y′(1) = cosh(1), (47)

where f(x) = 1 + sin(1 + sinh(x)) − (−2 + ex) sinh(x).

The exact solution of the problem is given by

y(x) = 1 + sinh(x). (48)

Maximum absolute and relative errors are shown in Table 6 for different values
of 2M . We have compared our results with reproducing kernel Hilbert space
method [6]. The maximum errors in [6] are 7.84E-8, 8.57E-8 and 7.38E-9 where
as the maximum errors in our case are 2.1817E-07, 5.4113E-08, 1.3521E-08,
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Table 5: Maximum absolute and relative errors for Ex. 3 for c = 108

J 2M Maximum Absolute Errors Maximum Relative Errors
3 16 3.5379E − 09 2.1585E − 09
4 32 2.1934E − 10 1.3128E − 10
5 64 1.3635E − 11 8.0894E − 11
6 128 8.5088E − 13 5.0277E − 13
7 256 5.3513E − 14 3.1573E − 14
8 512 3.5527E − 15 2.1174E − 15

Table 6: Maximum absolute and relative errors for Ex. 4

J M Maximum Absolute Errors Maximum Relative Errors
3 16 2.1817E − 07 1.4231E − 07
4 32 5.4113E − 08 3.5484E − 08
5 64 1.3521E − 08 8.8599E − 09
6 128 3.3794E − 09 2.2147E − 09
7 256 8.4473E − 10 5.5363E − 10

3.3794E-09, 5.5363E-10 for 2M=16, 32, 64, 128 and 256 respectively. It is
clear from the numerical results given in Table 6 that performance of the new
method is significantly more accurate than [6] for large values of 2M and c.

Example 5. We consider the another nonlinear fourth-order BVP [3]

y(4)(x) = c(y(x))2 + 1, 0 ≤ x ≤ 2, (49)

subject to boundary conditions

y(0) = y′(0) = y(2) = y′(2) = 0, (50)

where c is the parameter.

Problem (49) with the boundary conditions (50) describes vertical deflec-
tions of static beams subject to nonlinear forces c(y(x))2 + 1 (see [3]). Nu-
merical and approximate solution is discussed in [4, 5] for c = 1 and in [3] for
c = −12, 5. We have implemented the problem for c = −100,−12, 5, 12, 100.
The exact solution of the problem is not known. We compare performance of
the new method with NDSolve command of mathematica. From Fig. 1 it is
clear that both the numerical solutions are in complete agreement with each
other.
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Table 7: Numerical results for Ex. 5 with 2M = 64

x c = −100 c = −12 c = 5 c = 12 c = 100
0.2 0.004947 0.005336 0.005428 0.005467 0.006111
0.4 0.015569 0.016855 0.017158 0.017290 0.019419
0.6 0.026961 0.029055 0.029549 0.029764 0.033240
0.8 0.035061 0.037928 0.038604 0.038898 0.043662
1.0 0.037685 0.041110 0.041907 0.042252 0.047793
1.2 0.034760 0.037891 0.038620 0.038935 0.043995
1.4 0.026662 0.029018 0.029565 0.029801 0.033577
1.6 0.015278 0.016819 0.017173 0.017326 0.019749
1.8 0.004652 0.005300 0.005443 0.005504 0.006436

Example 6. The analysis of the flow in a two-dimensional channel with porous
walls through which fluid is uniformly injected or extracted leads to the non-
linear BVP [1, 2]

y(4)(x) + R (y′(x)y′′(x) − y(x)y′′′(x)) = 0, (51)

with boundary conditions

y(0) = 0, y′′(0) = 0, y(1) = 1, y′(1) = 0. (52)

Haar wavelet method is applied to this problem with R = 1 and the re-
sults are shown in Table 8. For the sake of comparison, we also use NDSolve
command of mathematica to compute numerical solution of the problem (6)
along with the boundary conditions (52). From Fig. 2 it is clear that both the
numerical solutions agree well.



Numerical solution of fourth order boundary-value problems 3143

0.5 1.0 1.5 2.0

0.01

0.02

0.03

0.04

Mathematica Solution

Haar Solution

Figure 1: Comparison of the Haar solution and Mathematica solution of the
Example 5 for 2M = 32 and c = 12

Table 8: Numerical results for Ex. 6

Solution
x 2M=8 2M =16 2M=32 2M=64

0.0 0.00000 0.00000 0.00000 0.00000
0.1 0.14872 0.14874 0.14874 0.14874
0.2 0.29452 0.29454 0.29455 0.29455
0.3 0.43445 0.43448 0.43449 0.43449
0.4 0.56559 0.56563 0.56564 0.56564
0.5 0.68500 0.68503 0.68504 0.68504
0.6 0.78970 0.78973 0.78974 0.78974
0.7 0.87669 0.87672 0.87672 0.87672
0.8 0.94290 0.94292 0.94292 0.94292
0.9 0.98513 0.98514 0.98514 0.98514
1.0 1.00000 1.00000 1.00000 1.00000
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Figure 2: Comparison of the Haar solution and Mathematica solution of the
Example 6 for 2M = 32
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6 Conclusion

In this paper, a simple and straight forward numerical technique based on Haar
wavelets is proposed for the numerical solution of different types of linear and
nonlinear fourth-order ODEs. Minor modifications are needed to apply the
same method to various sets of boundary conditions. The new method gives
excellent performance for parameterized BVPs where other semi-analytical
methods such as HPM, ADM and DTM fail to produce solution. Simple ap-
plicability and fast convergence of the Haar wavelets provide a solid foundation
for using these functions in the context of numerical approximation of integral
equations, partial differential equations and ordinary differential equations.
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[15] Ü. Lepik, Numerical solution of differential equations using haar wavelets,
Math. Comput. Simul. 68 (2005), 127-143.
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