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Abstract

In this paper, we introduce an iterative method and prove a weak
convergence theorem for finding common fixed points of a family of
firmly nonexpansive mappings and a nonspreading mapping in Hilbert
spaces. Moreover, we apply our result to finding common element of a
solution set of generalized mixed equilibrium problem and a common
fixed point set nonspreading mappings. Using the result, we improve
and unify several results in fixed point problems and equilibrium prob-
lems.
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1 Introduction

Let H be a real Hilbert space and let C' be a nonempty closed convex subset
of H. Then a mapping 7' : C' — C'is said to be nonexpansive if | Tax —Ty|| <
|z — yl| for all z,y € C. We denote by F(T') the set of fixed points of T. A

mapping F' is said to be firmly nonexpansive if
|Fa — Fy|* < (v -y, Fx — Fy),

for all z,y € C; see, for instance, [2, 4, 5, 13, 14]. On the other hand, a
mapping @ : C — C is said to be quasi-nonexpansive if F(Q) # () and

1Qx —y|| < |lz -yl
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for all z € C and y € F(Q), where F(Q) is the set of fixed points of Q. If
T : C — C'is nonexpansive and the set F'(T") of fixed points of 7" is nonempty,
then 7' is quasi-nonexpansive.

Recently, Kohsaka and Takahashi [8] introduced the following nonlinear
mapping: Let E be a a Hilbert space and let C' be a nonempty closed convex
subset of E. Then, a mapping S : C' — (' is said to be nonspreading if

2|8z — Syll* < ||Sz —ylI* + ll= — Syl*,

for all x,y € C. We know in a Hilbert space that every firmly nonexpansive
mapping is nonspreading and that if the set of fixed points of a nonspreading
mapping is nonempty, the nonspreading mapping is quasi-nonexpansive; see
[8]. Let A: C — H be a mapping of C' into H is called monotone if

(Au — Av,u —v) >0 Yu,v € C.

A mapping A : C' — H is called A-inverse-strongly monotone if there exists
a positive real number A such that

(Au — Av,u —v) > M|Az — Ay||* VYu,v € C.

Let F': C x C'— R be a bifunction. The equilibrium problem for F' is to
determine its equilibrium points, i.e. the set

EP(F)={xeC: F(x,y) >0, Vy € C}.

Many problems in physics, optimization, and economics require some elements
of EP(F), see [2, 3,9, 15, 16, 17]. Several iterative methods have been proposed
to solve the equilibrium problem, see for instance [3, 15, 16, 17]. In 2005,
Combettes and Hirstoaga [3] introduced an iterative scheme for finding the
best approximation to the initial data when EP(F') is nonempty and proved
a strong convergence theorem.

The variational inequality problem is to find v € C' such that

(Au,v —u) >0

for all v € C'. The set of solutions of the variational inequality is denoted by
VI(C,A). The generalized equilibrium problem for F' and A is to find z € C
such that

F(z,y) + (Az,y —x) > 0 forall y € C. (1.1)

Problem (1.1) was introduce by Takahashi and Takahashi [16] and the set of
solution of (1.1) is denoted by GEP(F, A). The generalized mixed equilibrium
problem for F ¢ and A is to find = € C' such that

F(z,y)+ o(y) — ¢p(z) + (Az,y —x) > 0 for ally € C. (1.2)
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The set of solution of (1.2) is denoted by GM EP(F, ¢, A).
On the other hand, Halpern [6] introduced the following iterative scheme
for approximating a fixed point of 7"

Tpi1 =z + (1 — )T, (1.3)

for all n € N, where 1 = 2 € C and {«,} is a sequence of [0,1]. Recently,
Aoyama et al. [1] introduced a Halpern type iterative sequence for finding
a common fixed point of a countable family of nonexpansive mappings. Let
r1 =z € C and

Tpi1 =z + (1 — o) Thx, (1.4)

for all n € N, where C' is a nonempty closed convex subset of a Banach space,
{a,} is a sequence in [0, 1] and {7} is a sequence of nonexpansive mappings
of C into itself which satisfies the AKTT-condition, that is,

[e.9]

Zsup{||Tn+lz — Tz : z € C} < . (1.5)

n=1

They proved that the sequence {z,} defined by (1.4) converges strongly to a
common fixed point of {7}

In this paper, motivated by Plubtieng and Thammathiwat [12], lemoto and
Takahashi [7], we introduce a new iterative sequence and prove a weak conver-
gence theorem for finding common fixed points of a families of nonexpansive
mappings and a nonspreading mapping in Hilbert spaces. Moreover, we apply
our result to finding common element of a solution set of generalized mixed
equilibrium problem and a common fixed point set nonspreading mappings.

2 Preliminaries

This section collects some lemmas which will be used in the proofs for the main
results in the next section. Let H be a real Hilbert space with inner product
(.,.) and norm |.||. In a Hilbert space, it is known that

lax + (1 = a)yll* = allz|* + 1 = o) yl* — a(l = a)|lz — y||*

By definition of the metric projection Pr we known that Po is a nonexpansive
mapping of H onto C' and satisfies

HPC'T_PCy‘F S <PCx_pC'y7x_y>7 V$,y€H.

Further, for any € H and y € C, y = Pex if and only if (z —y,y — 2) >
0, Vz e C.
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A space X is said to satisfy Opial’s condition [10] if for each sequence
{z,}2°; in X which converges weakly to point € X, we have

liminf ||z, — 2| < liminf ||z, —y||, Vy € X, y # x

n—:ao0

and
limsup ||z, — x| < limsup ||z, —y||, Yy € X, y # .

n—:aoQ n—:moQ0

Lemma 2.1. [8] Let H be a Hilbert space, C' a nonempty closed convex subset
of H. Let S be a nonspreading mapping of C' into itself. Then F(S) is closed
and convez.

In order to prove the main result, we shall use the following lemmas in the
sequel.

Lemma 2.2. [7] Let H be a Hilbert space, C a closed convex subset of H, and
S : C — C a nonspreading mapping with F(S) # (. Then S is demiclosed,
i.e., , — u and x, — Sz, — 0 imply u € F(S).

Lemma 2.3. [7] Let H be a Hilbert space, C' a nonempty closed convex subset
of a real Hilbert space H and let S be a nonspreading mapping of C' into itself
and let A=1—S. Then

1
|4z — Ay[* < (z —y, Az — Ay) + 5 (| Az + [|4y]]).

Lemma 2.4. [11] Let C be a nonempty bounded closed convex subset of Hilbert

space E and {T,} a sequence of mappings of C' into itself. Suppose that

lim pf =0 (2.1)

k,l—o0

where pf = sup{||Txz — T12|| : 2 € C} < o0, for all k,1 € N. Then for each
x € C, {T,x} converges strongly to some point of C. Moreover, let T be a
mapping from C in to itself defined by

Tx= lim T,z, forall ze€C.

Then lim,, o sup{||Tz — T,z|]| : 2z € C} = 0.

In fact, Aoyama et al. [1] proved Lemma 2.4 in case the sequence {7}
satisfies the AKTT-condition. We note that if a sequence {7,,} satisfies the
AKTT-condition then {7} satisfies the condition (2.1).
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3 Weak convergence theorem

In this section, we prove a weak convergence theorem for finding common fixed
points of a family of nonexpansive mappings and a nonspreading mapping in
Hilbert space.

Theorem 3.1. Let H be a real Hilbert space and let C' be a nonempty closed
conver subset of H. Let S be a nonspreading mapping of C' into itself and let
{T,} be the sequences of firmly nonexpansive mappings of C into itself such
that F'(S)N (N0, F(T},)) is nonempty. Let {a,} C [a,b] for some a,b € (0,1).
Let {x,} be a sequence defined by xo = x € C' and

Tpi1 = Qurp + (1 — ) SThx,, n>0. (3.1)

Suppose that {T,,} satisfy the AKTT-condition and T be the mappings of C
into itself defined by Ty = lim,, . T,y for ally € C and suppose that F(T) =
Mo F(T,). Then {x,} converges weakly to 2 € F(S) N (N, F(T,)).

Proof. Take a point v € F(S) N (N, F(T,)) and put y, = T,z,. We shall
show that the sequences {x,} is bounded. First, we note that

1Sy, — vl < lyn —
= HTnIn - UH
< o, —of],
we obtain,
Hxn—&-l - U||2 = Hanxn + (1 = ) Syn — UH2

Han(xn - ) (1 — ) (SYn — U)”Q
|| n — v]]? + (1 = an)[|Syn — v]]? = (1 — @) || Syn — zn|?

)
2 2 2
O‘nHIn_UH 1_O‘n)||yn_UH _O‘n(l_an)HSyn_an
)
)

VANVAN

O‘nHIn UH2 l—a, Hxn_UHQ_O‘n(l_o‘n)HSyn_InHQ

+(
+(
+(
(

|Zn _UHQ — (1 — ay)||Syn _anQ

IN

= ol

Hence {||z,+1 — v||} is a decreasing sequence and therefore lim,, ., ||z, — v||
exists. This implies that {z,}, {y,} and {Sy,} are bounded. Since {7} is
firmly nonexpansive, it follows that

| Tnzn — U||2 = ||Thzn — Tnv”2
(Thxn, — v, 2, — V)

1
5(”Tn$n - UHQ + (|20 — UHQ — [|zn — TnanQ)a

IN
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for all v € F(S)N (NS, F(T,)) and hence
[ Ton = vl|* < 20 = v]1* = |20 — Townll®,
Thus, we have

201 —0l” = llanzn + (1 — an)Syn — v|)?
Han(xn - U) + (1 - an)(syn - U)||2

< agllen —vl* + (1 = o) 1Sy — v]|*

< O‘onn_U’|2+(1_O‘n)”yn—1}’|2

= O‘onn_UH2+(1_O‘R)HTnxn_UH2
+ )

IN

O‘onn_UHQ 1 —an (Hxn_UHQ_ Hxn_TnanQ)'

we obtain
(L= an)llen = Towall* < anllon — ol + (1 = )|z — ol* = @0 — v||?
= Nzn =l = e — ol
Since, 0 < a < a,, < b < 1and lim, . ||z, —v||* = lim, .« ||Tps1 — v[|?, we
obtain
||In - Tnxn” = Hxn - ynH — 0.
Put A, =1 — ST,. From A,v = 0, it follows by Lemma 2.3 that
201 —ol* = Nlanz, + (1 = a,) STz, —of)?
= |lapr, + (1 — an)r, — (1 —an)x, + (1 — a,)ST,x, — vl
= |lzn —v—(1—a,)(zn — STpx,)|?
= |lzn —v— (1 — an)Apz,|?
= lon —ol* = 2(1 = an)(wn — v, Apwn) + (1 — )| Anan |
= |z —v||* = 2(1 — ap )z — v, Apn, — Anv) + (1 — )2 || Anzn||?
1
< Hxn - U||2 - 2(1 - O‘n){HAnIn - Anv”2 - §(||Anxn||2 + ||Anv||2)
(1= ap)?[| A,
= lon —ol* = (1 = a) [ Anzall* + (1 — )| Az |)?

|2y — U||2 —a,(1— O‘n)”Anan2

and hence
an(l - O‘n)||Anxn||2 < Hxn - UHQ - Hxn-i-l - UHQ'
Since liminf, . a,(1 — ;) > 0, we get

lim ||Ayz,| = lim ||z, — ST,z,|| =0.
n——-maoo n—aoo
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So, we have

[9n = Syl = | Tozn — SThzs||

= || Thzn — xn + xp — ST,y ||

< N|Thxn — x| + ||2n — SThxn|] — 0 as n — oc.
Since {y,} is bounded, there exists a subsequence {yn,} of {y,,} which con-
verges weakly to 2. Without loss of generality, we can assume that y,, — 2. By
Lemma 2.2, we have Z € F(S). From lim, . ||z, — yu| — 0 and y,, — Z,
we get x,, — Z. We shall show that Z € F(T). From ||T,,x,, — z,|| — 0 and
AKTT-condition, we have ||Tx, — x| < [|[Tx, — Thzn|| + [|Thzn — 20| — 0.
We next show that 2 € F(T'). Assume 2 ¢ F(T). Since z,, — 2 and 2 # Tz.
By the Opial’s condition, we have

liminf ||z, — Z||
o0

n—

< liminf ||z, — TZ||
n—-auo90

< timinf{zn, — Tao, ||+ [Tz0, — T3}
n—-:uo0

<

liminf ||z, — Z||.
(0.9]

n—-

This is a contradiction. So, we get 2 € F(T). Hence 2 € F(S) N (N2, F(1},)).
Let {x,,} be another subsequence of {x,} such that {z,, } converges weakly
to Z. We may show that Z = Z, suppose not. Since lim,__, ||z, — v|| exists

for all v € F(S) N (NS, F(T,)), it follows by the Opial’s condition that

lim |z, — 2| = liminf|z,, — 2| <liminf|z,, — 2| = lim |z, — Z|
n—so00 1——00 1—00 n—~aoo

= liminf ||z, — z|| <liminf ||z, — 2| = lm |z, — 2|
k—s00 k—s00 n—s00

This is a contradiction. Thus, we have Z = Z. This implies that {z, } converges
weakly to 2 € F((S) N (N>, F(T,)). This completes the proof. 0O

n=1

4 Applications

In this section, using Theorem 3.1, we prove weak convergence theorem for
finding a common element of the set of solutions of generalized mixed equilib-
rium problem and the fixed point set of a nonspreading mapping in Hilbert
space. Before, proving our theorems, we need the following lemmas. For
solving the equilibrium problem for a bifunction F' : C' x C — R, let us
assume that F' satisfies following conditions:

(Al) F(z,z) =0 for all x € C.

(A2) F is monotone, that is, F'(z,y) + F(y,z) <0 for all z,y € C.
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(A3) for each z,y,z € C. limy g F(tz + (1 —t)z,y) < F(x,y).
(A4) for each z € C,y +— F(x,y) is convex and lower semicontinuous.
The following lemma appears implicitly in [2].

Lemma 4.1. [2] Let C be a nonempty closed convexr subset of H and let F'
be a bifunction of C x C into R satisfying (A1)-(A4). Let r >0 and x € H.
Then, there exists z € C' such that

1
F(z,y)+;(y—z,z—x)20for ally € C.

The following lemma was also given in [3].

Lemma 4.2. [3] Assume that F: C' x C — R satisfies (A1)-(A4). Forr >0
and x € H, define a mapping T, : H — C' as follows:

1
Tr(x):{ZGC’:F(z,y)—l—;(y—z,z—x) >0,Vy € C}

for all z € H. Then, the following hold:
(1) T, is single- valued;

(2) T, is firmly nonexpansive, i.e., for any x,y € H, ||T,x — T,y||* < (T,x —
Try7 T — y)a

(5) F(T,) = EP(F);
(4) EP(F) is closed and conver.

Lemma 4.3. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let A: C — H be a continuous monotone mapping, v : C — R a lower
semi-continuous and convex function and F' : C x C' — R be a bifunction
satisfies (A1)-(A4). Letr >0 and x € H. Then

(I) there ezists z € C such that

1
F(z,y)+ (Az,y — 2) + ¥(y) — ¥(2) + ;(y —z,z—x) >0, YyeC. (4.1)
(II) If we define a mapping K, : C' — C' as follows:

Ki(z) = {z€C:F(zy) +(Az,y —2) + ¥(y) —v(z) + %<y—z,z—x> > 0,
vy € C} (4.2)

for all z € H. Then, the following hold:



Weak convergence theorem 2983

(1) K, is single- valued;

(2) K, is firmly nonexpansive, i.e., for any x,y € H,
|KTI - Kry||2 < <er - Krya r— y>;

(5) F(K,) = GMEP(F, A,v);
(4) GMEP(F, A, ) is closed and convez.

Proof. Define a bifunction © : C' x ' — R as follows:
O(z,y) = F(z,y) + (Az,y — x) + ¢Y(y) — ¥ (z),Vz,y € C.

Next we prove that F' satisfies the conditions (A1) - (A4).
(1) In fact, since

O(x,z) = F(z,z) + (Az,x — x) + ¢ (z) — Y(x) = 0,Vx € C,

the condition (A1) is satisfied.

(ii) Since F satisfies the condition (A2), ¢ is lower semi-continuous and
convex function and A : C' — H is a continuous monotone mapping, for any
x,y € C, we have

O(z,y) +O(y,x) = F(r,y)+ F(y,v)+ (Az,y — x) + (Ay,z — y) + ¥ (y)

—(x) +¢(x) —P(y)
< 04 (Ay— Az,x —y)+0<0.

The condition (A2) is proved.
(iii) Since A is continuous and monotone, ¥ is convex and lower semi-
continuous and F' satisfies the condition (A3), we have

lirrtlﬁ)up Ox +t(u—1),y) = lingl%up {F(z +t(u—1),y) + (Alz + t(u — 2)),
y— (z+t(u—1))) +oy) — b +tu—2))}

limsup F(z + t(u — z),y) + limsup {{A(z + t(u — z)),
t]0 10

IN

y— (z+t(u—2)}+(y) - lifgll(i)nfw(ﬂﬁ +t(u—x))
F(z,y)+ l}f{r)l {(A(x +tlu—2x)),y — (x +t(u— x)))}
+1(y) — ¥(x)

= F(z,y)+ (A),y — 2) + ¢¥(y) — ¢(2) = O(z,y).

The condition (A3) is proved.
(iv) By the assumption that the function y — F(z,y) and ¢ both are
convex and lower semi-continuous. Again since the function y — (A(z),y — x)

IN
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is convex and continuous, thus the function y +— O(z,y) is convex and lower
semi-continuous, i.e., © satisfies the condition (A4).

Hence the conclusions (I) and (II) of Lemma 4.3 can be obtained from
Lemma 4.2 immediately. O

Theorem 4.4. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let A : C' — H be a continuous monotone mapping, ¢ : C' — R
a lower semi-continuous and convex function and F : C x C — R be a
bifunction satisfies (A1)-(A4). Let S be a nonspreading mapping of C into
itself such that F(S)NGMEP(F, A ) # 0. Suppose xg = x € C and define
the sequence {x,} and {y,} by

F(Wns y) + (AYns Y = Yn) +0(Y) = 0(Un) + 7Y = Y Yn — T0) 20, Yy € C,
Tp41 = Apdy + (1 - an)Sym

for all n € N, where {r,} € (0,00) with > 7 |rns1 — 1] < 00 and {a,} C
la,b] for some a,b € (0,1). Then {x,} converges weakly to 2 € F(S) N
GMEP(F, A, ).

Proof. Setting T,, = T,, in Theorem 3.1 then we have y,, = T, z,. Let v €
F(S)NGMEP(F,A,v¢). For n € N, let z, = T,, z. we first prove that

ZSUP{HTrn+12 —T,.2]: € C} < o (4.3)
n=1

We note that

F(zn,y) + (Azn,y — 20) +¥(y) — ¥ (20) + %(y — Zny 20— 2) 20 (4.4)

for all y € C' and
1

Tn—i—l

<y — Zn+1 fn4l — Z> Z 0

(4.5)

F(zni1,y) + (A%ng1, ¥ — 2ng1) + () — Y(2n41) +

for all y € C. Setting y = 2,41 in (4.4) and y = 2, in (4.5), we have

1
F(Zm Zn+1) + <A2n: “n4l — Zn> + w('zn+l) - ¢(Zn) + _<Zn+1 — Zn, &n — Z> >0

Tn
and

1
F(znt1, 2n) + (Aznt1, 20 — Znt1) +¥(20) — Y(2n41) + T—<Zn — Zn+1, Zng1 — 2) > 0.
n+1
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Adding the two inequalities and by (A2), we have

Zn — % Zn+1 — %
<Azn - Azn+17 Zn4l — Zn) + <Zn+1 — Zn, - > 2 0.
T'n Tn+1

Thus, we have

Zn — R Zn+1 — %
<Zn+1 — Zn, - 2 <Azn+1 - Azn: Zn4+1 — Zn>
Tn T'n+1

and hence

T'n

<zn+1 — Zny Rn T Zn+1> + <2n+1 — Zn, (1 - )(zn-l—l - 2)> Z <Azn+1 - Aznu Zn+1 — Zn)

Tn—i—l
Since A is continuous monotone mapping, we have
2 T'n >
—zne1 — zall® + ( 2Zna1 — 20, | 1 = —— ) (21 — 2) ) > 0.
Tn+1

So, we get

r
Hzn+1 - ZnHQ < <Zn+1 — Zn, (1 e )(ZnJrl - Z)>
rnJrl

1—

<z =zl

Without loss of generality, let us assume that there exists a real number b such
that r,, > b > 0 for all n € N. Then

||Trn+1z - T”'nzH = Hzn-H - Zn”
1
< [Tnt1 = Tal|Trpa 2 — 2|
n+1
1
< L=l ol (46)

Let u € GMEP(F,A,¢) and M = sup {||z — u|| : z € C}. Then

1Tz =2l < T2 —ull + flu — 2]
= HTTn-!—IZ_TTn-!—I/U/H + HU_ZH
< 2z —wul|.

This together with (4.6), we have

sup || T

2M
iz =Tz 2€eC< T!rnﬂ — ).
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Since > o7 |rnt1 — 7| < 00, we obtain Y oo sup {||T}, .,z — T2 : 2 € C} <
00. By Lemma 2.4, we define a mapping 7' by Tx = lim,,_ ., 7T, x for all
zeC.

Next, we prove that F(T') = N2, F(T,,). It easy to see that N, F(T,, ) C
F(T). Let w e F(T). For n € N, let w,, = T},,w. Then

F(wg,9) + (A, y = wn) + () = 9un) &~y = w, w0~ w) > 0
for all y € C. By (A2), we obtain %(y—wn, wy, —w) > Fy,w,) + (Aw,, w, —
y) — ¥(y) + ¥(w,) for all y € C. Since w, — w, A is continuous monotone
mapping, ¢ is lower semi-continuous mapping and from (A4), we have 0 >
F(y,w)+ (Aw,w —y) —¢¥(y) + ¢ (w) for all y € C. Put uy =ty + (1 —t)w for
all t € (0,1] and y € C. Thus, we note that

0 = Flug,ue) + (Aw, up — ug) + (ug) — P (ue)

Fty + (1 = tyw, ty + (1 — thw) + (Aw, (ty + (1 — thw) — u;)
tF(ty + (1 —thw,y) + (1 = ) F(ty + (1 — hw, w) + t(Aw,y — u))
+(1 = t){Aw, w — uy))

tE(ty + (1 —tw,y) + (Aw,y — w))]

+(1 = t)[F(ty + (1 — hw, w) + (Aw, w — w))]

< t[F(ty+ (1 —thw,y) + (Aw,y — w))].

IN

So, F(ty + (1 — tyw,y) + (Aw,y —wu;)) > 0 for all y € C. Letting ¢t — 0T
and using (A3), A is continuous monotone mapping. So, we obtain F(w,y) +
(Aw,y —w)) > 0 for all y € C. Thus w € GMEP(F, A,%). It follows that
w € N, F(T,,). Hence {7, } satisfy condition in Theorem 3.1. So, we obtain
the desired result by using Theorem 3.1. O
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