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Abstract

Exposure may be affected by misclassification or reclassification er-
ror in statistical analysis involving categorical exposure. Error due to
misclassified or reclassified exposure may lead biased estimator of ex-
posure effect. In this article, I develop methods to correct the bias of
exposure effect estimates when exposure is misclassified or reclassified.
In addition, I correct bias of both misclassification or reclassification
error when they are associated to the perfectly measured covariates.
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1 Introduction

When the effect of categorical exposure is investigated on the outcome of in-

terest misclassification error of exposure is a common problem. In this field, it

is well known that when the exposure is subject to misclassification the naive

estimate of exposure effect might be biased [1, 2, 3]. The higher the misclassifi-

cation (reclassification) error in exposure, the greater the bias of the exposure

effect [3, 4, 5].

In this article, I develop methods to correct the bias of coefficient estimates

when exposure is misclassified or reclassified. In the next Section, we define the

concepts and application of misclassification and reclassification probabilities

in statistical and causal inference. in Section 3, I focus on developing methods
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to find corrected estimators for coefficients of ordinary linear and logistic re-

gression models with misclassified exposure and methods of new causal effect

estimators with reclassified exposure. Section 4 is ended by conclusion.

2 Misclassification and Reclassification

When categorical exposure is misplaced into the wrong category it is said

that the exposure is subject to the misclassification (reclassification) [1, 2].

Suppose that we are trying to estimate the effect of a categorical exposure

X on an outcome Y where πx = P (X = x) for x = x0, x1, ..., xn. When

X is subject to misclassified or reclassified, we in fact observe W instead of

observing X where πw = P (W = w) for w = w0, w1, ..., wn. When true expo-

sure X is misplaced the relationship between true X exposure and observed

exposure W can be defined in one of two ways: through a misclassification

probability or a reclassification probability. The misclassification probability

is defined πw|x = P (W = w|X = x) and the reclassification probability is

defined πx|w = P (X = x|W = w) for x = x0, x1, ..., xn and w = w0, w1, ..., wn.

Throughout, I focus on the dichotomous exposure (X = 1 if exposed, 0 if

not) which is the case in the some field of study. I measure the degree

of misclassification/reclassification in terms of the conditional probabilities

πw|x = P (W = w|X = x)/πx|w = P (X = x|W = w) for x,w = 0, 1. When

the misclassification and reclassification probabilities are associated with the

covariate Z, I measure the degree of misclassification and reclassification in

terms of the conditional probabilities πw|x,Z = P (W = w|X = x, Z)/πx|w,Z =

P (X = x|W = w, Z) for x,w = 0, 1 respectively. It is common to measure

exposure misclassification in terms of the probabilities P (W = w|X = x, Z)

for the traditional estimators strategy. In causal inference field for the causal

effect estimators strategy, it is more common to measure reclassification in

terms of the probabilities P (X = x|W = w, Z) [1, 2, 4]. Our reason to adopt

this more common definition is that causal effect estimators strategy such as

IPTW-estimators and G-estimators rely on a working model for P (W |X) (see

[1]). Given that W and X are jointly observed on each subject it is more natu-

ral to assume the model for P (W |X) to be correctly specified and, in addition,

to assume knowledge about the probabilities P (X|W, Z).
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3 Bias due to misplaced exposure

In this section, I investigate correcting bias due to exposure misclassification

and reclassification error for the linear and logistic ordinary least square esti-

mators and causal effect estimators.

3.1 Bias due to misclassification error

Consider linear regression model E(Y |X) = β0+β1X with no error-free covari-

ate Z for a continuous outcome Y given a dichotomous treatment variable X

which is subject to misclassification. Babanezhad and Yahgmaei (2010) show

that under non-differential measurement error assumption (Y is independent

of W , given X and Z) that

θ1 = κβ1

where E(Y |W ) = θ0 + θ1W , κ = µx(1−µx)
µw(1−µw)

{P (W = 1|X = 1) + P (W = 0|X =

0) − 1}.
I now consider the case where the outcome Y is dichotomous. Suppose that

logitP (Y = 1|X) = β0 + β1X. Under the non-differential assumption and the

observed model logitP (Y = 1|W ) = θ0 + θ1W , it is implied that

P (Y = 1|W ) =
∫

x
P (Y = 1|W, X)fX|W (x|w)dx =

∫
x
P (Y = 1|X)fX|W (x|w)dx

where fX|W (x|w) is the density function of X given W . This integral is not easy

to handle, and to the best of our knowledge there is no closed form solution

for the bias expressions. I consider the above model with the probit link,

Φ−1{P (Y = 1|X)} = β0 + β1X.

Under the assumption of normality X ∼ N(μx, σ
2), W ∼ N(μw, σ2

w), I can

evaluate the latter integral by the probit link. Then the latter integral can be

written as

P (Yi = 1|Wi) =
∫ ∞

−∞
Φ(β0 + β1xi)f(xi; μ

∗
i , σ

2
x)dxi

= Φ

⎧⎨
⎩ β0 + β1μ

∗
i√

1 + β2
1σ

2

⎫⎬
⎭

where μ∗
i = E(Xi|Wi) for i = 1, ..., n [6]. A direct comparison of the latter

with the naive model P (Yi = 1|Wi) = Φ(θ0 + θ1Wi) yields

θ1 =
β1√

1 + σ2
wβ2

1

.
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3.2 Bias due to reclassification error

Now, I investigate the bias due to reclassification error for the casual effect

estimator. Consider the following semi-parameter model E(Yx|Z) = βx+g(Z)

where β = E(Y1 − Y0) is the average causal effect of being exposed and

E{g(Z)} = α is a unknown function of the covariates Z.

Estimates for the parameters β will obtain after subtracting the causal ef-

fect βX from the outcome [1, 7, 8]. For IPTW estimators, we first take the

expectation of the estimating function (with general index function h(w) =

(h1(w), h2(w)) over the conditional distribution of X, given (Yx, W, Z) and the

conditional distribution of W , given (Yx, Z). Upon noting that Yd ⊥⊥ W |X, Z

for x = 0, 1 together implies that

0 = E(UI(β)) = E

[
1∑

d=0

h(W )
P (X = x|W, Yx, Z)

P (W |Z)
(Yx − α − θW )

]

= E

[
1∑

w=0

1∑
x=0

h(w)P (X = x|W = w, Z)(Yx − α − θw)

]

= E

[
1∑

w=0

1∑
x=0

h(w)πx|w,Z {g(Z) + βx − α − θw}
]

=
1∑

w=0

1∑
x=0

h(w)E{πx|w,Z

(
g(Z) − α)} + E(πx|w,Z)(βx − θw

)
.

where UI(β) is the estimating equation of IPTW-estimator. Solving the re-

sulting set of equations yields

θ = β + E(π1|1,Z + π0|0,Z − 2)β

regardless of the choice of index functions. To find the asymptotic bias of

G-estimator,

0 = E{UG(β)} = E [{W − E(W |Z)}{E(Y |X, W, Z) − θW − E(Y − θW |Z)}]
= E [{W − E(W |Z)}{β(X − E(X|Z)) − θ(W − E(W |Z))}]
= E

[
{W − E(W |Z)}2{β(π1|1,Z − π1|0,Z) − β}

]
= E

[
βσ2

W |Z(π1|1,Z − π1|0,Z) − βσ2
W |Z

]
.

where UG(β) is the estimating equation of G-estimator. Solving this equation

yields

θ =
β

E{σ2
W |Z}

E{σ2
W |Z(π1|1,Z + π0|0,Z − 1)}

= β

⎡
⎣Cov(σ2

W |Z , π1|1,Z + π0|0,Z − 1)

E(σ2
W |Z)

+ E(π1|1,Z + π0|0,Z − 1)

⎤
⎦ .
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4 Conclusion

In this article, I show when misclassification and reclassification are happened.

I in fact show how to use methods to correct estimates of coefficients of linear

and logistic regression in traditional statistics inference when the exposure is

subject to misclassification. I investigate how to use methods to correct of two

important casual effect estimators in causal inference field which are called

IPTW-estimator and G-estimator when exposure is subject to reclassification

with and without perfectly measured covariates. To my anticipation, I found

OLS-estimators are correctable whether exposure is misclassified or reclassified.

The IPTW-estimator and the G-estimator are correctable when exposure is

reclassified with perfectly measured covariates Z [1, 7]. My reason is the

IPTW-estimator and the G-estimator rely on a working model for P (W |Z).
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