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Abstract

Recently, Diebold and Kilian [Unit root tests are useful for select-
ing forecasting models, Journal of Business and Economic Statistics 18,
265-273, 2007] and Niwitpong [Effect of Preliminary unit roots on pre-
dictors for an unknown mean AR(1) process, Thailand Statistician 7,
71-79, 2009] indicated that the preciseness of a predictor for an AR(1)
process can be increased by using the preliminary unit root tests. This
paper extends these mentioned concepts to the multistep-ahead predic-
tion intervals of a Gaussian AR(1) process with additive outliers. The
analytic expressions of the coverage probability of prediction intervals
are derived and we have proved that the structure of the coverage prob-
ability is independent from the mean of the process and the parameter
of a random error, but it is a function of an autoregressive parame-
ter and the constant. Additionally, the coverage probabilities and the
lengths of the standard prediction interval, the prediction interval fol-
lowing the Dickey-Fuller unit root test and the prediction interval fol-
lowing the Shin et al. unit root test are also compared via simulation
studies. Simulation results have shown that the unit root test can im-
prove the accuracy of the multistep-ahead prediction intervals for a near
non-stationary AR(1) process with additive outliers.
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1 Introduction

Outliers, or atypical observations, are commonly encountered in a time se-
ries, and they can have drastic impacts on model identification, parameter
estimation, and prediction. Fox [1] and Abraham and Box [2] studied two
characterizations of outliers that are found in time series data. They consist
of additive outlier (AO) and innovational outlier (IO). The additive outliers
only affect on the single observation where the outlier occurs. In contrast, the
innovational outliers can affect all subsequent observations in a time series.
In this paper, we shall focus our attentions on finding the prediction interval
when there are additive outliers in a time series, due to their association with
human errors, such as typing, recording and measuring mistakes [4]. Further-
more, the additive outliers are more harmful than innovational outliers [3]. Let
{Yt; t = 2, 3, ..., n} be the first-order autoregressive process, AR(1), satisfying

Yt = μ + ρ(Yt−1 − μ) + et, (1)

where μ is the mean of the process, ρ is an autoregressive parameter, ρ ∈
(−1, 1), and et is a sequence of independent and identically distributed (i.i.d.)
N(0, σ2

e) random variables. If Yt follows (1), it has a unit root if and only if
ρ = 1. Then, the model (1) with ρ = 1 is called the random walk model and
hence non-stationary. The random walk model is thus

Yt = Yt−1 + et. (2)

If, however, |ρ| < 1, then it can be shown that the process is stationary. For a
near non-stationary process, i.e. |ρ| → 1, the mean, variance and autocorrela-
tion function of this process are not constant through time, i.e., they change
over time. An observed time series Xt has an additive outlier at time T of
magnitude δ if it satisfies

Xt = Yt + δI
(T )
t , (3)

where I
(T )
t is an indicator variable such that I

(T )
t = 1 if t = T , and I

(T )
t = 0 if

t �= T .
One of the main problems arising in many applications is to differenti-

ate between a process which is stationary and one which is non-stationary.
The distinction between these two processes can be appeared by testing for a
unit root. Namely, if the unit root test does not reject the null hypothesis;
H0 : ρ = 1 versus the alternative hypothesis; Ha : ρ < 1, we can conclude
that this time series is a random walk model. On the other hand, if the null
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hypothesis H0 is rejected, then the appropriate model for this time series is
the stationary model. There has been a useful development in the prediction
based on the preliminary unit root test in recent years. Diebold and Kilian [5]
and Niwitpong [6] applied the mentioned concepts of testing for a unit root
in order to improve the accuracy of the predictor for an AR(1) process with
trend and one with drift, when ρ is close to unity, respectively. Moreover, these
authors also indicated that the accuracy of a predictor, in case of a near non-
stationary and a non-stationary, may be increased by using the preliminary
unit root tests. Thus, the purpose of this paper is to extend these principles of
aforementioned authors for multistep-ahead prediction intervals of model (1)
when ρ is close to one and there are additive outliers in a time series.

The structure of the paper is as follows. In Section 2, we review the stan-
dard multistep-ahead prediction interval for a Gaussian AR(1) process with
additive outliers. Section 3 proposes the multistep-ahead prediction interval
following the Dickey-Fuller [7] (DF, henceforth) unit root test for a Gaussian
AR(1) process with additive outliers. The multistep-ahead prediction interval
following the Shin et al. [8] (SSL, henceforth) unit root test for a Gaussian
AR(1) process with additive outliers is proposed in the Section 4. In Section 5,
we conduct simulations to investigate the performances of the proposed predic-
tion intervals. An empirical application is presented in Section 6 while Section
7 concludes.

2 Standard Multistep-Ahead Prediction Inter-

val for a Gaussian AR(1) Process with Ad-

ditive Outliers

This section reviews the standard multistep-ahead prediction interval for Xn(�)
based on time series data X1, ..., Xn. If the two parameters μ and ρ of the
process are known, then the multistep-ahead predictor for this case is μ +
ρ�(Xn−μ). In all applications, the two parameters μ and ρ are unknown. They
must be estimated by the estimators μ̂ and ρ̂. Hence, the estimated multistep-
ahead predictor for Xn(�) is X̂n(�) = μ̂ + ρ̂�(Xn − μ̂), where μ̂ = X̄ and ρ̂
is the estimator of ρ. It is well-known that the ordinary least squares (OLS)
estimator of ρ suffers from excessive bias problems; especially for ρ close to
one (see for example, Marriott and Pope [9], Shaman and Stine [10], Newbold
and Agiakloglou [11]). In the case of additive outliers, the OLS estimator
of ρ is not robust [12]. Moreover, the OLS estimator is sensitive to outliers
(see Conover [13], pp.267). Denby and Martin [14] suggested a generalized M-
estimator to estimate the first-order autoregressive parameter. Even though
Denby and Martin’s M-estimator is robust, the calculation of this estimator is
very complicated. In this paper, we use the simple and robust estimator of ρ
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proposed by Guo [15], which is denoted by ρ̂. The Guo’s estimator is defined
as follows

ρ̂ = median(Ai); i = 2, 3, ..., n,

where Ai = Xi/Xi−1. Guo [15] also showed that the estimator ρ̂ is unbiased.
The standard estimated multistep-ahead predictor for Xn(�) is therefore

X̂n(�) = μ̂ + ρ̂�(Xn − μ̂).

We now provide the formula for calculating the approximate (1 − α)100%
standard prediction interval for Xn(�) of an AR(1) process with AOs which is
given by

PIS =
[
X̂n(�) − Z1−α

2

√
V̂ (en(�)), X̂n(�) + Z1−α

2

√
V̂ (en(�))

]
, (4)

where Z1−α
2

is a
(
1 − α

2

)
th quantile of the standard normal distribution,

V̂ (en(�)) = σ̂2
e

�−1∑
j=0

ρ̂2j = σ̂2
e

(
1 − ρ̂2�

1 − ρ̂2

)
and σ̂2

e =

n∑
t=2

(Xt − X̄ − ρ̂(Xt−1 − X̄))2

n − 2
.

The coverage probability of PIS is displayed in Theorem 2.1.

Theorem 2.1 From model (1), suppose that en(�) ∼ N(0, σ2
e), the coverage

probability of PIS in (4), P (Xn(�) ∈ PIS), is equal to Δ1 − Δ2, where

Δ1 = Φ
(
(1 − ρ̂�)Ū + ρ̂�Un − ρUn(� − 1) +

Z1−α
2

σe

√
V̂ (en(�))

)
,

Δ2 = Φ
(
(1 − ρ̂�)Ū + ρ̂�Un − ρUn(� − 1) − Z1−α

2

σe

√
V̂ (en(�))

)
,

Un =
Xn − μ

σe

, Un(�−1) =
Xn(� − 1) − μ

σe

, Ū =
μ̂ − μ

σe

, and Φ(·) is the standard

normal distribution function.

Proof.
P (Xn(�) ∈ PIS)

= P

[
μ̂+ρ̂�(Xn−μ̂)−Z1−α

2

√
V̂ (en(�)) < Xn(�) < μ̂+ρ̂�(Xn−μ̂)+Z1−α

2

√
V̂ (en(�))

]

= P

[
μ̂ + ρ̂�(Xn − μ̂) − Z1−α

2

√
V̂ (en(�)) < μ + ρ(Xn(� − 1) − μ) + en(�) <

μ̂ + ρ̂�(Xn − μ̂) + Z1−α
2

√
V̂ (en(�))

]
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= P

[
μ̂ + ρ̂�(Xn − μ̂) − Z1−α

2

√
V̂ (en(�)) − μ − ρ(Xn(� − 1) − μ) < en(�) <

μ̂ + ρ̂�(Xn − μ̂) + Z1−α
2

√
V̂ (en(�)) − μ − ρ(Xn(� − 1) − μ)

]

= P

[
(μ̂−μ) + ρ̂�(Xn −μ) + ρ̂�(μ− μ̂)− ρ(Xn(�− 1)− μ)−Z1−α

2

√
V̂ (en(�)) <

en(�) < (μ̂−μ)+ ρ̂�(Xn −μ)+ ρ̂�(μ− μ̂)−ρ(Xn(�−1)−μ)+Z1−α
2

√
V̂ (en(�))

]

= P

[
(1 − ρ̂�)

(μ̂ − μ)

σe

+ ρ̂� (Xn − μ)

σe

− ρ
(Xn(� − 1) − μ)

σe

− Z1−α
2

σe

√
V̂ (en(�)) <

en(�)

σe
< (1− ρ̂�)

(μ̂ − μ)

σe
+ ρ̂� (Xn − μ)

σe
− ρ

(Xn(� − 1) − μ)

σe
+

Z1−α
2

σe

√
V̂ (en(�))

]

= Φ
(
(1 − ρ̂�)

(μ̂ − μ)

σe
+ ρ̂� (Xn − μ)

σe
− ρ

(Xn(� − 1) − μ)

σe
+

Z1−α
2

σe

√
V̂ (en(�))

)

− Φ
(
(1 − ρ̂�)

(μ̂ − μ)

σe

+ ρ̂� (Xn − μ)

σe

− ρ
(Xn(� − 1) − μ)

σe

− Z1−α
2

σe

√
V̂ (en(�))

)

= Φ
(
(1 − ρ̂�)Ū + ρ̂�Un − ρUn(� − 1) +

Z1−α
2

σe

√
V̂ (en(�))

)

− Φ
(
(1 − ρ̂�)Ū + ρ̂�Un − ρUn(� − 1) − Z1−α

2

σe

√
V̂ (en(�))

)
,

where Un =
Xn − μ

σe

, Un(�−1) =
Xn(� − 1) − μ

σe

, and
(μ̂ − μ)

σe

=

n∑
t=1

Xt − nμ

nσe

=

n∑
t=1

(Xt − μ)/σe

n
=

n∑
t=1

Ut

n
= Ū . Notice from (1) and (3) that Ut = ρ

[
Ut−1 − δ

σe
I

(T )
t−1

]
+

δ

σe

I
(T )
t + ηt where Ut = (Xt − μ)/σe and ηt = et/σe so that {ηt} is a sequence

of independent and identically distributed (i.i.d.)N(0, 1) random variables.
Therefore, the coverage probability of PIS is a function of {U1, U2, ..., Un}
whose probability distribution does not depend on (μ, σe), i.e. it is a function
of ρ and c.

3 Multistep-Ahead Prediction Interval Follow-

ing the DF Unit Root Test for a Gaussian

AR(1) Process with Additive Outliers

The one-step-ahead prediction intervals for a near non-stationary AR(1) pro-
cess; i.e. |ρ| → 1, are similar to those from a random walk model. However,
there are many differences between the multistep-ahead prediction intervals
from these two models. Therefore, we apply the testing for a unit root to
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select between a stationary model and a random walk model and then we can
construct a multistep-ahead prediction interval for model (1) following the re-
sult of the hypothesis testing. The null hypothesis; H0 and the alternative
hypothesis; Ha are as follows:

H0 : ρ = 1

and

Ha : ρ < 1.

In what follows, we shall briefly describe the contexts of the DF unit root
test for testing above hypothesis. Dickey and Fuller [7] proposed some test
statistics for the unit root hypothesis. One of the two unit root tests uses the
test statistic

τ̂ =
ρ̂ − 1

SE(ρ̂)
, (5)

where SE(ρ̂) =
σ̂e

n∑
t=2

(Xt−1 − X̄)2
. The percentiles for the empirical of τ̂ in

(5), which is based on the Guo’s estimator, were computed using one million
replications of the data-generating process Yt = Yt−1 + et, where Y1 = 0 and
et ∼ i.i.d. N(0, 1). They are tabulated in Table 10. The null hypothesis H0

is rejected if the τ̂ test statistic is less than the corresponding percentile in
the Table 10. From the result of the hypothesis testing, if H0 is rejected then
the prediction interval for Xn(�) of model (1) is PIS given in (4). On the
other hand, if H0 is not rejected, the prediction interval for Xn(�) following
the result of the DF unit root test is proposed. Thus, when H0 is not rejected,
the prediction interval is developed under the random walk model. In this
case, the optimal predictor for Xn(�) is Xn and the approximate (1− α)100%
prediction interval for Xn(�) of the random walk model is

PI0,1 =
[
Xn − Z1−α

2

√
V̂0(en(�)), Xn + Z1−α

2

√
V̂0(en(�))

]
, (6)

where V̂0(en(�)) = �σ̂2
0 and σ̂2

0 =

n∑
t=2

(Xt − Xt−1)
2

n − 1
. In what follows, we show

the coverage probability of PI0,1 in Theorem 3.1.

Theorem 3.1 From model (1), suppose that en(�) ∼ N(0, σ2
e), the coverage

probability of PI0,1 in (6), P (Xn(�) ∈ PI0,1), is equal to Δ3 − Δ4, where

Δ3 = Φ
(
Un − ρUn(� − 1) +

Z1−α
2

σe

√
V̂0(en(�))

)
,
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Δ4 = Φ
(
Un − ρUn(� − 1) − Z1−α

2

σe

√
V̂0(en(�))

)
,

Un =
Xn − μ

σe

, Un(� − 1) =
Xn(� − 1) − μ

σe

, and Φ(·) is the standard normal

distribution function.

Proof.
P (Xn(�) ∈ PI0,1)

= P

[
Xn − Z1−α

2

√
V̂0(en(�)) < Xn(�) < Xn + Z1−α

2

√
V̂0(en(�))

]

= P

[
Xn−Z1−α

2

√
V̂0(en(�)) < μ+ρ(Xn(�−1)−μ)+en(�) < Xn+Z1−α

2

√
V̂0(en(�))

]

= P

[
(Xn − μ) − ρ(Xn(� − 1) − μ) − Z1−α

2

√
V̂0(en(�)) < en(�) < (Xn − μ) −

ρ(Xn(� − 1) − μ) + Z1−α
2

√
V̂0(en(�))

]

= P

[
(Xn − μ)

σe
− ρ

(Xn(� − 1) − μ)

σe
− Z1−α

2

σe

√
V̂0(en(�)) <

en(�)

σe
<

(Xn − μ)

σe
−

ρ
(Xn(� − 1) − μ)

σe
+

Z1−α
2

σe

√
V̂0(en(�))

]

= Φ
(

(Xn − μ)

σe
− ρ

(Xn(� − 1) − μ)

σe
+

Z1−α
2

σe

√
V̂0(en(�))

)

− Φ
(

(Xn − μ)

σe
− ρ

(Xn(� − 1) − μ)

σe
− Z1−α

2

σe

√
V̂0(en(�))

)

= Φ
(
Un−ρUn(�−1)+

Z1−α
2

σe

√
V̂0(en(�))

)
−Φ

(
Un−ρUn(�−1)−Z1−α

2

σe

√
V̂0(en(�))

)
,

where Un =
Xn − μ

σe
and Un(� − 1) =

Xn(� − 1) − μ

σe
. Similar to Theorem 2.1,

the coverage probability of PI0,1 is a function of {U1, U2, ..., Un} whose proba-
bility distribution does not depend on (μ, σe), i.e. it is a function of ρ and c.

The approximate (1 − α)100% prediction interval for Xn(�) of model (1)
following the result of the DF unit root test is

PIDF =

⎧⎪⎨
⎪⎩
[
X̂n(�) − Z1−α

2

√
V̂ (en(�)), X̂n(�) + Z1−α

2

√
V̂ (en(�))

]
, if H0 is rejected[

Xn − Z1−α
2

√
V̂0(en(�)), Xn + Z1−α

2

√
V̂0(en(�))

]
, if H0 is not rejected.

(7)
The coverage probability of PIDF given in (7) is found in the following theorem.

Theorem 3.2 From model (1), suppose that en(�) ∼ N(0, σ2
e) and from the

result of the DF unit root test, the coverage probability of PIDF in (7) is
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E(ξa,1) + E(ξ0,1),

where

ξa,1 =

{
1 ; if H0 is rejected
0 ; if H0 is not rejected,

, ξ0,1 =

{
1 ; if H0 is not rejected
0 ; if H0 is rejected,

,

P (ξa,1 = 1) = P (Xn(�) ∈ PIS) = Δ1 − Δ2, P (ξ0,1 = 1) = P (Xn(�) ∈ PI0,1) =
Δ3 − Δ4,

Δ1 = Φ
(
(1 − ρ̂�)Ū + ρ̂�Un − ρUn(� − 1) +

Z1−α
2

σe

√
V̂ (en(�))

)
,

Δ2 = Φ
(
(1 − ρ̂�)Ū + ρ̂�Un − ρUn(� − 1) − Z1−α

2

σe

√
V̂ (en(�))

)

Δ3 = Φ
(
Un − ρUn(�− 1) +

Z1−α
2

σe

√
V̂0(en(�))

)
and Δ4 = Φ

(
Un − ρUn(�− 1)−

Z1−α
2

σe

√
V̂0(en(�))

)
.

Proof. From Theorem 2.1 and 3.1, Theorem 3.2 is proved as follows: It is
straightforward to show that P (Xn(�) ∈ PIDF ) following the result of the DF
unit root test is

P
[(

{Xn(�) ∈ PIDF}∩{H0is rejected}
)
∪
(
{Xn(�) ∈ PIDF}∩{H0is not rejected}

)]
= P (Xn(�) ∈ PIS|H0 is rejected) + P (Xn(�) ∈ PI0,1|H0 is not rejected)
= E(ξa,1) + E(ξ0,1).

4 Multistep-Ahead Prediction Interval Follow-

ing the SSL Unit Root Test for a Gaussian

AR(1) Process with Additive Outliers

Shin et al. [8] proposed an iterative procedure for detecting outliers and the
unit root test for time series with outliers. The principle of this approach
is to detect outliers and adjust outlier effects before estimating the unit root
parameter. Furthermore, the procedure of this method is simple and easy-to-
compute. In what follows, we summarize the procedure of the outlier detection
proposed by Shin et al. [8].

Step 1. Suppose that there are no outliers in a time series, and compute

dt = 2−1/2(rt+1 − rt), t = 2, 3, ..., n − 1,

where rt = Xt − Xt−1.
Step 2. Find the time point T at which max{|dt| : |dt| > max{|rt|, |rt+1|}}

achieves its maximum. Namely,

T = arg max
t

{|dt| : |dt| > max{|rt|, |rt+1|}}.
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Step 3. Compute the statistic λ̂ given by

λ̂ = σ̂−1 max{|dt| : |dt| > max{|rt|, |rt+1|}},

where σ̂−1 = (n − 3)−1

[
(

n∑
t=2

r2
t ) − r2

T − r2
T+1

]
. If λ̂ > 3, then we conclude that

there is an AO at time T . Next, we replace the contaminated observations XT

with its best prediction based on {X1, ..., XT−1} which is E[XT |X1, ..., XT−1] =
XT−1. The adjusted time series, denoted by Wt, is used as the data for search-
ing a new AO in the next iteration.

Step 1 to 3 are repeated until all additive outliers are identified and their
effects simultaneously adjusted. Then, we use the adjusted time series Wt of
the last iteration in order to compute an estimate of ρ and to calculate the
statistics τ̃ for testing of a unit root. The unit root test, based on the t-test
and the adjusted time series Wt, uses the test statistic

τ̃ =
ρ̃ − 1

SE(ρ̃)
, (8)

where ρ̃ = median(Bi), i = 2, 3, ..., n, Bi = Wi/Wi−1, SE(ρ̃) =
σ̃e

n∑
t=2

(Wt−1 − W̄ )2
,

and σ̃2
e =

n∑
t=2

(Wt − W̄ − ρ̃(Wt−1 − W̄ ))2

n − 2
. The percentiles for the empirical of

τ̃ given in (8) are similar to those for the empirical of τ̂ . If H0 is rejected then
the predictor for Xn(�) of model (1) is

X̃n(�) = μ̃ + ρ̃�(Wn − μ̃),

where μ̃ = W̄ . Hence, when H0 is rejected, the formula of the approximate
(1 − α)100% prediction interval for Xn(�) of an AR(1) process with AOs is
given by

PIa,2 =
[
X̃n(�) − Z1−α

2

√
Ṽ (en(�)), X̃n(�) + Z1−α

2

√
Ṽ (en(�))

]
. (9)

where Ṽ (en(�)) = σ̃2
e

�−1∑
j=0

ρ̃2j = σ̃2
e

(
1 − ρ̃2�

1 − ρ̃2

)
. On the contrary, if H0 is not

rejected, we propose the prediction interval for Xn(�) under the random walk
model. Namely, in case H0 is not rejected, the optimal predictor for Xn(�)
is Wn and the approximate (1 − α)100% prediction interval for Xn(�) of the
random walk model is

PI0,2 =
[
Wn − Z1−α

2

√
Ṽ0(en(�)), Wn + Z1−α

2

√
Ṽ0(en(�))

]
, (10)
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where Ṽ0(en(�)) = �σ̃2
0 and σ̃2

0 =

n∑
t=2

(Wt − Wt−1)
2

n − 1
. Then, we show the coverage

probability of PIa,2 and PI0,2 in Theorem 4.1 and 4.2, respectively.

Theorem 4.1 From model (1), suppose that en(�) ∼ N(0, σ2
e), the coverage

probability of PIa,2 in (9), P (Xn(�) ∈ PIa,2), is equal to Δ5 − Δ6, where

Δ5 = Φ
(
(1 − ρ̃�)D̄ + ρ̃�Dn − ρUn(� − 1) +

Z1−α
2

σe

√
Ṽ (en(�))

)
,

Δ6 = Φ
(
(1 − ρ̃�)D̄ + ρ̂�Dn − ρUn(� − 1) − Z1−α

2

σe

√
Ṽ (en(�))

)
,

Dn =
Wn − μ

σe
, Un(� − 1) =

Xn(� − 1) − μ

σe
, D̄ =

μ̃ − μ

σe
, μ̃ = W̄ , and Φ(·) is

the standard normal distribution function.

Proof. The proof of this theorem is similar to that of Theorem 2.1. Ob-

serve that Dt =

[
ρ(Ut−1 − δ

σe

I
(T )
t−1) +

δ

σe

I
(T )
t + ηt

]
(1−I

(T )
t )+[ρUT−2 + ηT−1] I

(T )
t

where {ηt} is a sequence of i.i.d. N(0, 1) random variables. From Theorem
2.1, we know that the probability distribution of Ut does not depend on (μ, σe)
when we set δ = c · σe. Also, {D1, D2, ..., Dn} has a probability distribution
that does not depend on (μ, σe), i.e. it is a function of ρ and c.

Theorem 4.2 From model (1), suppose that en(�) ∼ N(0, σ2
e), the coverage

probability of PI0,2 in (10), P (Xn(�) ∈ PI0,2), is equal to Δ7 − Δ8, where

Δ7 = Φ
(
Dn − ρUn(� − 1) +

Z1−α
2

σe

√
Ṽ0(en(�))

)
,

Δ8 = Φ
(
Dn − ρUn(� − 1) − Z1−α

2

σe

√
Ṽ0(en(�))

)
,

Dn =
Wn − μ

σe
, Un(� − 1) =

Xn(� − 1) − μ

σe
, and Φ(·) is the standard normal

distribution function.

Proof. The proof of this theorem is similar to that of Theorem 3.1. Similar
to Theorem 2.1 and 4.1, the coverage probability of PI0,2 is a function of Dn

and Un(� − 1) whose probability distributions do not depend on (μ, σe), i.e.
they are the functions of ρ and c.
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The approximate (1 − α)100% prediction interval for Xn(�) of model (1)
following the result of the SSL unit root test is

PISSL =

⎧⎨
⎩
[
X̃n(�) − Z1−α

2

√
Ṽ (en(�)), X̃n(�) + Z1−α

2

√
Ṽ (en(�))

]
, if H0 is rejected[

Wn − Z1−α
2

√
Ṽ0(en(�)), Wn + Z1−α

2

√
Ṽ0(en(�))

]
, if H0 is not rejected.

(11)
The coverage probability of PISSL given in (11) is found in Theorem 4.3.

Theorem 4.3 From model (1), suppose that en(�) ∼ N(0, σ2
e) and from the

result of the SSL unit root test, the coverage probability of PISSL in (11) is

E(ξa,2) + E(ξ0,2),

where

ξa,2 =

{
1 ; if H0 is rejected
0 ; if H0 is not rejected,

, ξ0,2 =

{
1 ; if H0 is not rejected
0 ; if H0 is rejected,

,

P (ξa,2 = 1) = P (Xn(�) ∈ PIa,2) = Δ5−Δ6, P (ξ0,2 = 1) = P (Xn(�) ∈ PI0,2) =
Δ7 − Δ8,

Δ5 = Φ
(
(1 − ρ̃�)D̄ + ρ̃�Dn − ρUn(� − 1) +

Z1−α
2

σe

√
Ṽ (en(�))

)
,

Δ6 = Φ
(
(1 − ρ̃�)D̄ + ρ̂�Dn − ρUn(� − 1) − Z1−α

2

σe

√
Ṽ (en(�))

)
,

Δ7 = Φ
(
Dn − ρUn(�− 1) +

Z1−α
2

σe

√
Ṽ0(en(�))

)
and Δ8 = Φ

(
Dn − ρUn(�− 1)−

Z1−α
2

σe

√
Ṽ0(en(�))

)
.

Proof. The proof of this theorem is similar to that of Theorem 3.2.

5 Simulation Results

In this section, we have carried out the simulations in order to investigate the
accuracy of the multistep-ahead prediction intervals developed in this paper
via their coverage probabilities and lengths. The simulation study is based on
the Gaussian AR(1) process with additive outliers. From all Theorems proved
above, it has been shown that coverage probabilities of these prediction inter-
vals have probability distributions that do not depend on (μ, σe). The scope
of the simulations are, therefore, set as follows: parameters (μ, σe) = (0, 1),
sample size; n = 50, 100 and 250, ρ = 0.9, 0.95, 0.97, 0.99 and 0.999, the mag-
nitude of the AOs; δ = 3σe and 5σe, the percentage of outliers; p = 5% and
10%, and significance level for the unit root test; ζ = 0.05. The confidence
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level 1−α is fixed at 0.95. In addition, the additive outliers appear randomly.
For each case, ten-thousand time series of length n were simulated by using
R statistical software [16]. The simulations compared coverage probabilities
and lengths of the standard prediction interval (PIS), prediction interval fol-
lowing the DF unit root test (PIDF ) and prediction interval following the SSL
unit root test (PISSL). The results of one-step-ahead and three-step-ahead
prediction intervals are shown in Tables 1-4 and Tables 5-8, respectively. As
one can see, under one-step-ahead prediction intervals, the estimated cover-
age probabilities of the PIS and the PIDF are significantly above the nominal
confidence level in almost all cases. The PISSL, on the other hand, performs
very well with respect to the coverage criterion having coverage probabilities
at least 0.945 in small sample (n = 50). Overall, the coverage probabilities of
the PISSL get reasonably close to the 95% confidence level. Apart from that,
all coverage probabilities tend to increase as sample sizes gets larger. Further,
the PIDF dominates the PIS with respect to the length criterion for ρ close to
one. Hence, the lengths of the PIDF are shorter than those of the PIS when ρ
is close to one. Under the comparison with the PIS and the PIDF , the PISSL

has the shortest length about 25-50%. Some results change, however, when we
consider the three-step-ahead prediction intervals. The coverage probabilities
of the PISSL are evidently shown lower than the nominal confidence level for
δ = 3σe (between 0.91 and 0.94), they decrease significantly (between 0.85 and
0.91) for δ = 5σe. Nevertheless, the lengths of the PISSL are shortest when
compared to any other prediction intervals.

6 An Empirical Application

To illustrate the empirical application of the prediction intervals that have been
presented in the previous section, we have used the real economic time series.
Forty yearly data for real exchange rates between the USA and Argentina
are obtained from the Economic Research Service, United States Department
of Agriculture. We use data from 1970 to 2009 (base year is 2005). The
time series plot, sample autocorrelation and partial autocorrelation functions
for this series are displayed in Figures 1 to 3, respectively. For assistance
in interpreting these functions, two-standard-error limits are plotted on the
graphs as dashed lines. From examining Figures 2 and 3, the autocorrelations
decay exponentially to zero, while the partial autocorrelations cut off after
one lag. They indicate that an appropriate model for this time series data
is an AR(1) model. The optimal model that we have fitted to this series is
Rt = 0.0293 +0.9824 Rt−1 + et with σ̂e = 0.73804. Using the method to detect
additive outliers of Shin et al.[8], we found an additive outlier at t = 20 (or
year 1989). The 95% one-step-ahead and three-step-ahead prediction intervals;
PIS, PIDF and PISSL are constructed. As presented in Table 9, the PISSL
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provides the shortest length as compared to those obtained from PIS and
PIDF . Additionally, the lengths of the PISSL are shorter than any other
prediction intervals about 34%. When ρ is close to one, the real empirical
application in this section confirms that the lengths of the prediction intervals
following the unit root tests are shorter than that of the standard prediction
interval.

7 Conclusions

This paper proposes new multistep-ahead prediction intervals for a Gaussian
AR(1) process with additive outliers. They are based on the results of the
hypothesis testing for a unit root. The standard prediction interval (PIS), the
prediction interval following the DF unit root test (PIDF ), and the prediction
interval following the SSL unit root test (PISSL) are studied and compared by
examining their coverage probabilities and lengths. The analytic expressions
of the coverage probability of our proposed prediction intervals are derived and
it has been shown that coverage probabilities of these prediction intervals have
probability distributions that do not depend on (μ, σe). Therefore, all simula-
tion results are valid for all parameter values of (μ, σe) when we fix parameters
(μ, σe) = (0, 1). Based on simulation studies, both of the prediction intervals
following the unit root tests perform better than the standard prediction inter-
val in the sense of length, i.e., the length of PIDF and PISSL are shorter than
that of PIS, especially for ρ close to unity. Moreover, an empirical applica-
tion also assures that the prediction intervals following the unit root tests are
more accurate than the standard prediction interval. Furthermore, the unit
root tests can also improve the accuracy of the prediction intervals when the
autoregressive parameter is close to one and there are additive outliers in a
time series. However, the PISSL still has a problem for further research which
is to improve the coverage probability in the case when the lead time � is more
than one.
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Table 1: The estimated coverage probability and length of a 95% one-step-
ahead prediction interval for p = 5% and δ = 3σe.

n ρ Coverage probability Length
PIS PIDF PISSL PIS PIDF PISSL

50 0.9 0.9875 0.9882 0.9458 5.4204 5.5125 4.1685
0.95 0.9890 0.9901 0.9489 5.4959 5.5489 4.1584
0.97 0.9899 0.9908 0.9495 5.5456 5.5692 4.1526
0.99 0.9914 0.9921 0.9505 5.5918 5.5725 4.1387
0.999 0.9927 0.9927 0.9516 5.6285 5.5818 4.1431

100 0.9 0.9876 0.9878 0.9501 5.2050 5.2699 4.1108
0.95 0.9888 0.9893 0.9520 5.2752 5.3264 4.1041
0.97 0.9893 0.9900 0.9527 5.3028 5.3367 4.0978
0.99 0.9902 0.9908 0.9537 5.3398 5.3432 4.0885
0.999 0.9913 0.9913 0.9541 5.3671 5.3466 4.0824

250 0.9 0.9899 0.9899 0.9553 5.2408 5.2552 4.1119
0.95 0.9910 0.9910 0.9568 5.3096 5.3399 4.1266
0.97 0.9914 0.9916 0.9569 5.3399 5.3704 4.1144
0.99 0.9919 0.9921 0.9575 5.3714 5.3851 4.1082
0.999 0.9923 0.9924 0.9580 5.3899 5.3844 4.1068

Table 2: The estimated coverage probability and length of a 95% one-step-
ahead prediction interval for p = 5% and δ = 5σe.

n ρ Coverage probability Length
PIS PIDF PISSL PIS PIDF PISSL

50 0.9 0.9986 0.9988 0.9451 7.3523 7.5660 4.2368
0.95 0.9989 0.9991 0.9484 7.5156 7.6551 4.2429
0.97 0.9990 0.9991 0.9489 7.5840 7.6736 4.2231
0.99 0.9994 0.9995 0.9497 7.6952 7.7058 4.2094
0.999 0.9996 0.9997 0.9509 7.7585 7.7074 4.2212

100 0.9 0.9988 0.9989 0.9495 6.9079 7.0591 4.1472
0.95 0.9991 0.9992 0.9521 7.0433 7.1667 4.1531
0.97 0.9992 0.9994 0.9533 7.1137 7.2030 4.1480
0.99 0.9993 0.9994 0.9539 7.1886 7.2164 4.1359
0.999 0.9995 0.9995 0.9541 7.2374 7.2189 4.1298

250 0.9 0.9993 0.9993 0.9566 6.9769 7.0220 4.1732
0.95 0.9995 0.9995 0.9581 7.1271 7.2088 4.1814
0.97 0.9996 0.9996 0.9589 7.1924 7.2682 4.1794
0.99 0.9996 0.9997 0.9597 7.2612 7.2972 4.1754
0.999 0.9997 0.9997 0.9595 7.3063 7.3044 4.1614
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Table 3: The estimated coverage probability and length of a 95% one-step-
ahead prediction interval for p = 10% and δ = 3σe.

n ρ Coverage probability Length
PIS PIDF PISSL PIS PIDF PISSL

50 0.9 0.9934 0.9939 0.9598 6.1033 6.2254 4.5779
0.95 0.9948 0.9954 0.9613 6.2322 6.3135 4.5524
0.97 0.9955 0.9961 0.9628 6.2818 6.3276 4.5657
0.99 0.9961 0.9966 0.9635 6.3650 6.3580 4.5506
0.999 0.9973 0.9974 0.9640 6.4184 6.3703 4.5488

100 0.9 0.9955 0.9956 0.9665 6.0948 6.1786 4.5581
0.95 0.9964 0.9966 0.9686 6.2023 6.2819 4.5699
0.97 0.9969 0.9972 0.9689 6.2618 6.3208 4.5534
0.99 0.9974 0.9977 0.9698 6.3389 6.3566 4.5514
0.999 0.9979 0.9980 0.9702 6.3708 6.3509 4.5476

250 0.9 0.9967 0.9967 0.9708 6.0773 6.0901 4.5202
0.95 0.9974 0.9974 0.9722 6.2017 6.2388 4.5385
0.97 0.9976 0.9977 0.9726 6.2520 6.2942 4.5306
0.99 0.9980 0.9981 0.9732 6.3145 6.3379 4.5265
0.999 0.9982 0.9983 0.9734 6.3521 6.3485 4.5194

Table 4: The estimated coverage probability and length of a 95% one-step-
ahead prediction interval for p = 10% and δ = 5σe.

n ρ Coverage probability Length
PIS PIDF PISSL PIS PIDF PISSL

50 0.9 0.9992 0.9993 0.9617 8.6814 8.9745 4.7905
0.95 0.9994 0.9995 0.9646 8.9106 9.1325 4.7892
0.97 0.9998 0.9998 0.9648 9.0363 9.1926 4.7465
0.99 0.9997 0.9997 0.9653 9.1941 9.2425 4.7504
0.999 0.9999 0.9999 0.9669 9.3103 9.2591 4.7723

100 0.9 0.9997 0.9998 0.9713 8.6334 8.8451 4.7923
0.95 0.9999 0.9999 0.9735 8.8796 9.0893 4.7937
0.97 0.9998 0.9998 0.9740 8.9931 9.1575 4.7773
0.99 0.9999 1.0000 0.9746 9.1327 9.2030 4.7706
0.999 1.0000 1.0000 0.9749 9.2365 9.2246 4.7648

250 0.9 0.9999 0.9999 0.9771 8.6266 8.6729 4.7912
0.95 1.0000 1.0000 0.9790 8.8638 8.9719 4.7994
0.97 1.0000 1.0000 0.9797 8.9725 9.0924 4.8007
0.99 1.0000 1.0000 0.9802 9.1156 9.1856 4.7919
0.999 1.0000 1.0000 0.9802 9.2023 9.2079 4.7803
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Table 5: The estimated coverage probability and length of a 95% three-step-
ahead prediction interval for p = 5% and δ = 3σe.

n ρ Coverage probability Length
PIS PIDF PISSL PIS PIDF PISSL

50 0.9 0.9566 0.9612 0.9143 8.1403 8.7964 6.8700
0.95 0.9552 0.9613 0.9114 8.7306 9.2169 7.0311
0.97 0.9579 0.9640 0.9123 8.9738 9.3149 7.0501
0.99 0.9619 0.9668 0.9105 9.3172 9.4495 7.0980
0.999 0.9681 0.9694 0.9121 9.5627 9.5303 7.1108

100 0.9 0.9635 0.9649 0.9216 7.8961 8.3214 6.7453
0.95 0.9649 0.9677 0.9229 8.4475 8.8378 6.9472
0.97 0.9652 0.9693 0.9219 8.7054 9.0139 7.0075
0.99 0.9673 0.9699 0.9198 8.9901 9.1262 7.0317
0.999 0.9716 0.9720 0.9225 9.1875 9.1930 7.0563

250 0.9 0.9701 0.9701 0.9287 7.9759 8.0605 6.6771
0.95 0.9727 0.9734 0.9304 8.5524 8.7507 6.9781
0.97 0.9701 0.9712 0.9231 8.8161 9.0314 7.0596
0.99 0.9731 0.9747 0.9259 9.1202 9.2485 7.1021
0.999 0.9754 0.9760 0.9273 9.2824 9.3024 7.1000

Table 6: The estimated coverage probability and length of a 95% three-step-
ahead prediction interval for p = 5% and δ = 5σe.

n ρ Coverage probability Length
PIS PIDF PISSL PIS PIDF PISSL

50 0.9 0.9647 0.9677 0.8718 10.8897 12.2000 7.0383
0.95 0.9630 0.9663 0.8694 11.7571 12.7277 7.1906
0.97 0.9664 0.9685 0.8735 12.1762 12.8937 7.2140
0.99 0.9648 0.9667 0.8707 12.7186 13.0543 7.2220
0.999 0.9680 0.9676 0.8724 13.1284 13.1394 7.2456

100 0.9 0.9699 0.9702 0.8852 10.3843 11.2643 6.8877
0.95 0.9698 0.9709 0.8856 11.1900 11.9759 7.0503
0.97 0.9717 0.9724 0.8894 11.5700 12.1738 7.1089
0.99 0.9696 0.9706 0.8854 12.0458 12.3407 7.1177
0.999 0.9720 0.9723 0.8854 12.3704 12.4127 7.1295

250 0.9 0.9754 0.9748 0.8929 10.5413 10.7880 6.8527
0.95 0.9767 0.9768 0.8927 11.4071 11.8910 7.1297
0.97 0.9748 0.9751 0.8886 11.8162 12.2916 7.1888
0.99 0.9740 0.9748 0.8862 12.2762 12.5415 7.2058
0.999 0.9780 0.9782 0.8913 12.5604 12.6114 7.2089
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Table 7: The estimated coverage probability and length of a 95% three-step-
ahead prediction interval for p = 10% and δ = 3σe.

n ρ Coverage probability Length
PIS PIDF PISSL PIS PIDF PISSL

50 0.9 0.9600 0.9637 0.9117 8.9230 9.7276 7.4759
0.95 0.9622 0.9679 0.9077 9.7265 10.3873 7.6996
0.97 0.9650 0.9703 0.9077 10.0591 10.5308 7.7028
0.99 0.9718 0.9758 0.9130 10.5412 10.7564 7.7776
0.999 0.9753 0.9760 0.9058 10.8672 10.8465 7.7948

100 0.9 0.9707 0.9722 0.9224 8.9907 9.5017 7.4920
0.95 0.9719 0.9748 0.9208 9.7588 10.3047 7.6939
0.97 0.9725 0.9756 0.9173 10.1245 10.5664 7.7838
0.999 0.9815 0.9827 0.9206 10.8951 10.9221 7.8347

250 0.9 0.9761 0.9760 0.9299 8.9997 9.0745 7.3913
0.95 0.9791 0.9797 0.9283 9.8152 10.0394 7.7065
0.97 0.9798 0.9807 0.9272 10.2124 10.4929 7.7821
0.99 0.9812 0.9821 0.9244 10.6526 10.8400 7.8243
0.999 0.9837 0.9841 0.9237 10.9069 10.9427 7.8138

Table 8: The estimated coverage probability and length of a 95% three-step-
ahead prediction interval for p = 10% and δ = 5σe.

n ρ Coverage probability Length
PIS PIDF PISSL PIS PIDF PISSL

50 0.9 0.9741 0.9785 0.8534 12.5809 14.2397 7.9822
0.95 0.9733 0.9791 0.8487 13.6618 15.0702 8.0733
0.97 0.9760 0.9813 0.8547 14.2807 15.3754 8.1418
0.99 0.9766 0.9810 0.8482 15.0060 15.5774 8.1465
0.999 0.9841 0.9847 0.8549 15.6823 15.7475 8.1477

100 0.9 0.9821 0.9836 0.8653 12.5963 13.8040 8.0518
0.95 0.9816 0.9843 0.8604 13.8013 15.0478 8.1970
0.97 0.9793 0.9841 0.8560 14.3863 15.4154 8.2312
0.99 0.9852 0.9881 0.8569 15.1636 15.6944 8.2271
0.999 0.9875 0.9881 0.8580 15.7273 15.8265 8.2150

250 0.9 0.9856 0.9857 0.8736 12.6358 12.8688 8.0538
0.95 0.9878 0.9887 0.8657 13.8783 14.4973 8.2422
0.97 0.9883 0.9894 0.8639 14.5108 15.2044 8.2749
0.99 0.9876 0.9893 0.8617 15.2828 15.7302 8.2548
0.999 0.9895 0.9899 0.8581 15.7776 15.8808 8.2521
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Table 9: Prediction intervals and lengths of the real exchange rates of
US/Argentina.

PIS PIDF PISSL

Test statistic - -0.1298 -0.1479
Critical values - -1.86 -1.86
One-step-ahead PI [1.5498, 4.4428] [1.5808, 4.4593] [2.0688, 3.9712]

Length 2.8931 2.8785 1.9024
Three-step-ahead PI [0.4881, 5.4121] [0.5272, 5.5129] [1.3725, 4.6675]

Length 4.9239 4.9857 3.2950

Table 10: Empirical cumulative distribution of τ for ρ = 1.
Probability of n
a small value 25 50 100 250 ∞

0.01 -2.97 -3.14 -3.22 -3.28 -3.32
0.05 -1.75 -1.95 -2.05 -2.14 -2.20
0.10 -1.13 -1.32 -1.45 -1.55 -1.61
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Figure 1: The real exchange rates of US/Argentina between 1970 and 2009.
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Figure 2: The sample ACF of the real exchange rates of US/Argentina.
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Figure 3: The sample PACF of the real exchange rates of US/Argentina.


