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Abstract

An algebraic decoding algorithm for the expurgated quadratic residue
code of length 41 is presented. The algorithm is guaranteed to pro-
duce the correct error-location polynomial whenever an error pattern
of weight up to four occurs. An error pattern of weight five is not cor-
rectable if it is equidistant from the all-zero codeword and a codeword of
weight ten. If an error pattern of weight five occurs, the algorithm will
decide whether it is correctable; in the affirmative case, it will either pro-
duce the correct error-location polynomial or declare failure. However,
the latter outcome, that is, failure, occurs with very low probability.
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1 Introduction

Quadratic residue (QR) codes are cyclic codes that possess very good error-
correction capabilities. The difficulty in decoding them resides in the lack of
sequences of known consecutive syndromes. However, great progress has been
made since the work of Elia [3] and He et al. [4]. As of this writing, all QR
codes of lengths less than or equal to 113 have been decoded.

QR codes can be decoded efficiently once certain unknown syndromes are
determined. In this case, linearity is restored to Newton’s identities and then
the Peterson or the Berlekamp-Massey algorithm can be used to solve the
identities. The method of determining unknown syndromes was first presented
by He et al. in [4] to decode the binary QR code of length 47 and subsequently
several other binary QR codes, see [2] and references therein. An algebraic
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decoding algorithm for the binary (41, 21, 9) QR code was first presented in
[8]. More recently, an alternative decoding algorithm for the same code was
presented in [5].

In this paper we introduce an algebraic decoding algorithm for the binary
(41, 20, 10) expurgated QR code that will correct all error patterns of weight
up to four and most error patterns of weight five. There are 749398 error
patterns of weight five, out of which 439930 are correctable. There is a distin-
guished subset Ec of cardinality 439725 consisting of correctable error patterns
of weight five. If an error pattern e(x) of weight five occurs, the algorithm be-
ing presented can efficiently decide whether e(x) ∈ Ec. In the affirmative case,
the correct error-location polynomial is calculated, else the algorithm declares
failure. Observe that if e(x) �∈ Ec, then e(x) is not correctable with probability
≈ 0.9993.

The paper is organized as follows. Section 2 provides background material
with the objective of establishing notation. In addition, the method for deter-
mining unknown syndromes [4] is reviewed. Section 3 presents the main results
and the algorithm for calculating the error-location polynomial when five or
fewer errors occur. In Section 4, three examples are worked out to illustrate
the use of the algorithm.

2 Background and Terminology

Let N = {3, 6, 7, 11, 12, 13, 14, 15, 17, 19, 22, 24, 26, 27, 28, 29, 30, 34, 35, 38} be
the set of quadratic nonresidues of 41 and Q the set of quadratic residues of
41. The smallest extension of F2 = GF(2) containing α, a primitive forty-first
root of unity, is F220 . Denote the set {0} ∪N by Z and define g(x) ∈ F2[x] as
∏
i∈Z

(x − αi) = 1 + x2 + x3 + x5 + x6 + x7 + x9 + x12 + x14 + x15 + x16 + x18 + x19 + x21.

The cyclic code generated by g(x) is the expurgated quadratic residue code of
length 41, see [6]. Its minimum Hamming distance is equal to 10.

Let c(x) =
∑40

i=0 cix
i ∈ F2[x] be the sent code polynomial, that is, a

multiple of g(x). The received polynomial r(x) =
∑40

i=0 rix
i satisfies r(x) =

c(x) + e(x) where e(x) =
∑40

i=0 eix
i ∈ F2[x] is the error pattern. Let ν denote

the Hamming weight of e(x). Observe that e(x) is guaranteed to be correctly
determined if ν ≤ 4. Only g(x) and r(x) are known to the receiver, which seeks
to determine the most probable e(x). For any k ∈ Z, the syndrome sk ∈ F220

is defined as sk = e(αk). It follows that s2k = s2
k, for all k ∈ Z. Observe that

for all k, � ∈ Z, sk = s� whenever k ≡ � (mod 41). For any k ∈ Z, g(αk) = 0,
whence sk = r(αk). For this reason, the s� with � mod 41 ∈ Z are called known
syndromes. The other s� are called unknown syndromes. Note that s0 = 0 or
1 according to whether ν is even or odd.
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The set of indices j for which ej �= 0 is L = {i1, . . . , iν}. We have 0 ≤ i1 <
i2 < . . . < iν ≤ 40. The elements of L are called the error locations, and the
zj = αij ∈ F220 are the error-location numbers. The latter are the roots of the
error-location polynomial

σ(x) = xν +
ν−1∑
j=0

σν−jx
j =

ν∏
j=1

(x − zj), (1)

where the σi are the elementary symmetric functions that in turn, are related
to the syndromes via Newton’s identities [6, pp. 244–245]:

sk +

ν∑
j=1

σjsk−j = 0 for k ∈ Z. (2)

The equations in (2) can be solved efficiently when there is a sufficient number
of consecutive known syndromes. However, when decoding QR codes, typically
this is not the case. Such difficulty can be overcome by calculating one or more
unknown syndromes with the aid of the following result from [4, p. 1182] (recall
that sk =

∑ν
j=1 eijz

k
j , for all k ∈ Z):

Theorem 2.1. Let I = {i1, i2, . . . , iν+1} and J = {j1, j2, . . . , jν+1} be two
subsets of {0, . . . , 40}. They define two (ν + 1) × ν matrices, namely,

XI =

⎡
⎢⎢⎢⎣

zi1
1 zi1

2 · · · zi1
ν

zi2
1 zi2

2 · · · zi2
ν

...
...

...

z
iν+1

1 z
iν+1

2 · · · ziν+1
ν

⎤
⎥⎥⎥⎦ and XJ =

⎡
⎢⎢⎢⎣

zj1
1 zj1

2 · · · zj1
ν

zj2
1 zj2

2 · · · zj2
ν

...
...

...

z
jν+1

1 z
jν+1

2 · · · zjν+1
ν

⎤
⎥⎥⎥⎦ .

Then the (ν + 1) × (ν + 1) matrix defined by S(I, J) = XIX
T
J is equal to

S(I, J) =

⎡
⎢⎢⎢⎣

si1+j1 si1+j2 · · · si1+jν+1

si2+j1 si2+j2 · · · si2+jν+1

...
...

...
siν+1+j1 siν+1+j2 · · · siν+1+jν+1

⎤
⎥⎥⎥⎦ . (3)

Furthermore, det S(I, J) = 0.

If S(I, J) has entries that are unknown syndromes, then Theorem 2.1 can
be used to determine them from the equation detS(I, J) = 0.

Before proceeding, it is worth recalling Theorem 9.9 from [7, pp. 284–285],
which will be useful when we describe the decoding process:
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Theorem 2.2. Let m0, ν
′ ∈ Z with ν ′ ≥ 1. With the above notation, the

matrix
⎡
⎢⎢⎢⎣

sm0 sm0+1 · · · sm0+ν′−1

sm0+1 sm0+2 · · · sm0+ν′
...

...
...

sm0+ν′−1 sm0+ν′ · · · sm0+2ν′−2

⎤
⎥⎥⎥⎦

is nonsingular if ν ′ = ν and singular if ν ′ > ν.

3 Calculation of the Error-Location Polyno-

mial

In this section the use of Theorem 2.1 for decoding the binary QR code of
length 41 generated by g(x) is illustrated. The final result is an algorithm
for finding σ(x), the error-location polynomial, from r(x). The decoder will
determine the coefficients of σ(x), namely, the σi, from (2). To decode five
errors, knowledge of a sequence of ten consecutive syndromes is required. One
choice is s11, s12, s13, s14, s15, s16, s17, s18, s19, s20. Observe that any syndrome
sk where k ∈ Z can be readily computed by the decoder as r(αk). Once s1

is determined, all the other syndromes indexed by quadratic residues can be
determined because Q = {2i | i = 0, . . . , 19}. More explicitly, s2i = s2i

1 , for
i = 0, . . . , 19. Since N = {3 · 2i | i = 0, . . . , 19}, then if s0 = s3 = 0, the
decoder will declare that ν = 0.

The next three propositions were verified for each one of the error patterns
of weight up to five using Magma [1]. Whenever a syndrome is underlined, it
means that it is unknown.

Proposition 3.1. Let I1 = {0, 3, 28, 30, 34}, J1 = {0, 14, 24, 26, 35}, and
f1 = det S(I1, J1) where

S(I1, J1) =

⎡
⎢⎢⎢⎢⎣

s0 s3 s28 s30 s34

s14 s17 s1 s3 s7

s24 s27 s11 s13 s17

s26 s29 s13 s15 s19

s35 s38 s22 s24 s28

⎤
⎥⎥⎥⎥⎦

.

If ν < 4, then f1 is identically zero. If ν = 4 or ν = 5, then f1 is a linear
polynomial in s1.

Proposition 3.2. Let I2 = {0, 3, 28, 30}, J2 = {0, 14, 24, 26}, and f2 =
det S(I2, J2). If ν < 3, then f2 is identically zero. If ν = 3, then f2 is a linear
polynomial in s1.
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Proposition 3.3. Let I3 = {0, 2, 12, 26, 27, 28}, J3 = {0, 1, 2, 15, 17, 26}, I4 =
{2, 3, 17, 19, 29, 30}, and J4 = {0, 5, 24, 25, 26, 39}. Let f3 = det S(I3, J3) and
f4 = det S(I4, J4) where

S(I3, J3) =

⎡
⎢⎢⎢⎢⎢⎢⎣

s0 s2 s12 s26 s27 s28

s1 s3 s13 s27 s28 s29

s2 s4 s14 s28 s29 s30

s15 s17 s27 s0 s1 s2

s17 s19 s29 s2 s3 s4

s26 s28 s38 s11 s12 s13

⎤
⎥⎥⎥⎥⎥⎥⎦

and

S(I4, J4) =

⎡
⎢⎢⎢⎢⎢⎢⎣

s2 s3 s17 s19 s29 s30

s7 s8 s22 s24 s34 s35

s26 s27 s0 s2 s12 s13

s27 s28 s1 s3 s13 s14

s28 s29 s2 s4 s14 s15

s0 s1 s15 s17 s27 s28

⎤
⎥⎥⎥⎥⎥⎥⎦

.

Note that since s2 = s2
1, s4 = s4

1, and s8 = s8
1, gcd(f3, f4) ∈ F220[s1]. Then:

1. If e(x) is a correctable error pattern of weight five, gcd(f3, f4) is a poly-
nomial of degree one in 439725 cases and a polynomial of degree four in
205 cases.

2. If e(x) is a non-correctable error pattern of weight five, gcd(f3, f4) is a
polynomial of degree two in 295364 cases, degree three in 11070 cases,
degree five in 2050 cases, and degree six in 984 cases.

Corollary 3.4. An error pattern e(x) of weight five is correctable if and
only if the degree of gcd(f3, f4) is equal to one or four.

Along with Corollary 3.4, Propositions 3.1, 3.2, and 3.3 yield the following
procedure for determining σ(x), which is guaranteed to work whenever ν ≤ 5:

1. If s0 = s3 = 0 then declare that ν = 0 and exit.

2. If f1 �≡ 0 then go to 3 or 4 according to whether s0 = 1 or s0 = 0,
respectively, else go to 5.

3. Declare that ν = 5 and set d := deg gcd(f3, f4). If d �∈ {1, 4} then declare
that the error pattern is not correctable and exit. If d = 4, declare
failure and exit, else calculate s1 as the root of gcd(f3, f4), determine
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the coefficients of σ(x) by solving the following linear system for the
elementary symmetric functions

sk =
k−1∑

j=k−5

sjσk−j for k = 16, 17, 18, 19, 20, (4)

and exit.

4. Declare that ν = 4 and calculate s1 as the root of f1. Determine the coef-
ficients of σ(x) by solving the following linear system for the elementary
symmetric functions

sk =

k−1∑
j=k−4

sjσk−j for k = 15, 16, 17, 18, (5)

and exit.

5. If f2 ≡ 0 then go to 6 or 7 according to whether s0 = 0 or s0 = 1,
respectively. Else declare that ν = 3 and calculate s1 as the root of f2.
Determine the coefficients of σ(x) by solving the following linear system
for the elementary symmetric functions

sk =

k−1∑
j=k−3

sjσk−j for k = 14, 15, 16, (6)

and exit.

6. Declare that ν = 2, determine the coefficients of σ(x) by solving the
following linear system for the elementary symmetric functions

sk =
k−1∑

j=k−2

sjσk−j for k = 13, 14, (7)

and exit.

7. Declare that ν = 1, σ1 = s12/s11, and exit.

Remark: In case one of the linear systems listed above is singular or σ(x)
has a root ρ ∈ F220 such that ρ41 �= 1, the decoder will conclude that an error
pattern of weight greater than five has occurred. In the unlikely event that
deg gcd(f3, f4) = 4, the error pattern of weight five is correctable. In this case,
since s1 is equal to one of the four roots of gcd(f3, f4), the algorithm can be
slightly modified to search for the correct root instead of declaring failure.
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4 Examples

In this section we provide three examples of the application of the algorithm
described immediately after Corollary 3.4. In the first, an error pattern of
weight three occurs; in the second and third, error patterns of weight five
occur.

Example 1: Suppose c(x) = 0 is transmitted and r(x) = x + x15 + x29 is
received. Let β be a primitive element of F220 and let α = β25575 be a primitive
forty-first root of unity.

• In Step 1, s0 = 1 and s3 = β567650. In Step 2, f1 ≡ 0, so we must go to
Step 5.

• From f2 = x + β649100, the decoder declares that three errors occurred
and s1 = β649100.

• Then s16 = s16
1 = β948425 and the elementary symmetric functions σ1, σ2, σ3

satisfy the linear system in (6). Solving it yields σ1 = β649100, σ2 =
β1032725, and σ3 = β102300. The roots of σ(x) = x3 + σ1x

2 + σ2x + σ3 are

x1 = β25575 = α, x2 = β383625 = α15, x3 = β741675 = α29.

The exponents of α correspond to the exact error locations.

Example 2: With α and β as in Example 1, suppose c(x) = 0 is transmitted
and r(x) = x4 + x9 + x11 + x25 + x37 is received.

• In Step 1, s0 = 1 and s3 = β857607. In Step 2, f1 �≡ 0, so we must go to
Step 3.

• From gcd(f3, f4) = x + β488993, the decoder declares that a correctable
error pattern of weight five occurred and s1 = β488993. The elemen-
tary symmetric functions σ1, σ2, σ3, σ4, σ5 satisfy the linear system in (4).
Solving it yields σ1 = β488993, σ2 = β174920, σ3 = β962630, σ4 = β660857, and
σ5 = β102300. The roots of σ(x) = x5 + σ1x

4 + σ2x
3 + σ3x

2 + σ4x +σ5 are

x1 = β102300 = α4, x2 = β230175 = α9, x3 = β281325 = α11,

x4 = β639375 = α25, x5 = β946275 = α37.

Again, the exponents of α correspond to the exact error locations.

Example 3: With α and β as in Example 1, suppose c(x) = 0 is transmitted
and r(x) = x28 + x29 + x30 + x31 + x34 is received. An odd number of errors
occurred because s0 = 1. Since gcd(f3, f4) = x2 + β107175 + β373874, it follows
that a non-correctable error pattern of weight five occurred. In fact, r(x) is
equidistant from the codewords c(x) and

1 + x18 + x19 + x25 + x28 + x29 + x30 + x31 + x34 + x40.
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5 Conclusion and Discussion

An algebraic decoding algorithm for the binary (41, 20, 10) QR code that cor-
rects all error patterns of weight up to four and 439725 correctable error pat-
terns of weight five was presented. The main novelty was the introduction
of an efficient mechanism for detecting and correcting correctable error pat-
terns that are beyond the code’s error-correction capability. This improves the
code’s performance when used on very noise channels.

The reason we did not consider the more popular (41, 21, 9) QR code is
that for this code, the number of correctable error patterns of weight five is
equal to 394420. Therefore, while the rate of the (41, 20, 10) code is about 5%
less than the rate of the (41, 21, 9) code, the former code corrects at least 10%
more error patterns of weight five than the latter code.

As explained in Section 3, the determination of the number of correctable
error patterns of weight five was done by brute force. A combinatorial con-
firmation of the result can be given by the weight distribution of the coset
leaders of the (41, 20, 10) code, namely,

(1, 41, 820, 10660, 101270, 591876, 943820, 445998, 2665, 1, 0, . . . , 0).

The weight distribution of the coset leaders of the (41, 21, 9) code is

(1, 41, 820, 10660, 101270, 543906, 391878, 0, . . . , 0).

Hence, the former code corrects many more error patterns than the latter.
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