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Abstract 

 
The domination number γ(G) of the fuzzy graph G  is the minimum  

cardinality taken over all minimal dominating sets of G. The independent 
domination number i(G) is the minimum cardinality taken over all maximal 
independent sets of G. The irredundant number ir(G) is the minimum cardinality 
taken over all maximal irredundant sets of G. In this paper we prove the result that 
relate the parameters ir(G), γ(G) and i(G) 
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1. Introduction 

The study of dominating sets in graphs was begun by Ore and Berge, the 
domination number, independent domination number are introduced by Cockayne 
and Hedetniemi. Rosenfeld [12] introduced the notion of fuzzy graph and several 
fuzzy analogs of graph theoretic concepts such as paths, cycles and connectedness. 
A.Somasundram and S.Somasundram [7] discussed domination in fuzzy graph. 
They defined domination using effective edges in fuzzy graph. Nagoor Gani and  
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Chandrasekaran [1] discussed domination in fuzzy graph using strong arcs. We 
also discuss domination, independent domination and irredundance in fuzzy graph 
using strong arcs. 
 
1.1. Preliminaries 

  A fuzzy subset of a nonempty set V is a mapping σ: V → [0,1]. A fuzzy 
relation on V is a fuzzy subset of VxV. A fuzzy graph G= (σ,μ) is a pair of 
function σ: V→ [0, 1] and μ: V x V→[0,1] , where μ(u, v) ≤ σ( u)∧σ(v) for all u, 
v∈V. The underlying crisp graph of G= (σ,μ)  is denoted by G∗ = (V,E), where 
V={u∈V: σ(u)>0} and E={(u, v)∈VxV: μ(u,v) >0}. The order p and size q of the 
fuzzy graph G =(σ,μ)  are defined by p = Σ v∈V  σ(v)  and q=Σ (u.v)∈ E  μ(u,v).  
Further let G be a fuzzy graph on V and S ⊆ V, then the fuzzy cardinality of S is 
defined to be  Σ v∈S  σ(v).The strength of the connectedness between two nodes 
u, v in a fuzzy graph G is μ∞(u,v)=sup{μk(u,v): k=1,2,3…. }, Where μk(u, v) 
=sup{μ(u,u1)∧μ(u1, ,u2)∧…. .∧ μ(u k-1 ,v)}. An arc (u, v) is said to be a strong arc 
or strong edge, if  μ( u, v) ≥ μ∞(u, v)   and the node v is said to be strong 
neighbor of u. A node u is said to be isolated if μ(u, v) = 0 for all u ≠ v, 
    In a fuzzy graph, every arc is a strong arc then the graph is called strong arc 
fuzzy graph.  Strong arc fuzzy graph is given in fig-1. A path in which every arc 
is a strong arc then the path is called strong path and the path contains n strong 
arcs is denoted by Pn. Let u be a node in fuzzy graph G then N( u) = {v: (u, v) is a 
strong arc} is called neighborhood of u and N[u] = N(u) ∪{u} is called closed 
neighborhood of u 
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Fig- 1 

     Let G= (σ,μ) be a fuzzy graph. A subset D of V is said to be fuzzy 
dominating set of G if for every v∈V-D, there exists u∈D such that (u, v) is a 
strong arc. A fuzzy dominating set D of a fuzzy graph G is called minimal  
dominating set of G, if for every node v∈ D, D - {v} is not a dominating set. The 
domination number γ(G) is the minimum cardinalities taken over all minimal 
dominating sets of nodes of G. 
    Two nodes in a fuzzy graph G are said to be fuzzy independent if there is no 
strong arc between them. A subset S of V is said to be fuzzy independent set of G  
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if every two nodes of S are fuzzy independent. A fuzzy independent set S of G is 
said to be maximal fuzzy independent, if for every node v ∈ V-S, the set S∪{v} is 
not a fuzzy independent. The independent domination number i(G) is the 
minimum cardinalities taken over all maximal independent sets of nodes of G. 
    Let G be fuzzy graph and S be a subset of V. A node v is said to be fuzzy 
private neighbor of u ∈S with respect to S or S- private neighbor of u, if N[v] ∩ S 
={u}.Furthermore, we define fuzzy private neighborhood of u ∈ S with respect to 
S to be PN[u, S] = { v: N[v] ∩ S = {u}}. Stated in other words PN[u, S] = N[u] – 
N[ S – {u}]. If u ∈ PN[u, S], then u is an isolate node in G[S]. It is also stated that 
u is its own private neighbor 
    A set of nodes S is said to be fuzzy irredundant set if PN[u, S] ≠ φ for every 
node u in S. A fuzzy irredundant set S is a maximal irredundant set, if for every 
node u∈V – S, the set S∪{u} is not fuzzy irredundant set. The irredundant 
number ir(G) is the minimum cardinality taken over all maximal irredundant  
sets of nodes of G. An irredundant set with cardinality ir(G) is called ir-set. 
 
 
2. Some results 

Definition 2.1 Let G= (σ,μ) and G'= (σ', μ') be two fuzzy graph. A bijective map 
h: V → V' which satisfies σ(x) = σ'(h(x)) for all x ∈ V and μ(x, y) = μ'(h(x), h(y)) 
for all x, y ∈ V is called fuzzy isomorphism from G into G'. 
 
Definition 2.2 A set of edges E′ in a fuzzy graph G is said to be a matching or 
independent edges if every edges are non adjacent in E′. In a matching, every arc 
is a strong arc, then the matching is called strong matching. 
  
Example 2.3 A set of edges E′ is said to be maximal strong matching if E′ ∪{e} 
is not a maximal strong matching for every e ∈ E - E′. 
 
Example 2.4 The edges set {(v1, v2), (v3, v4), (v5, v6)}is a strong matching of the 
fuzzy graph in Fig-1 
 
Theorem  2.5  [7] A dominating set D of a fuzzy graph G is a minimal fuzzy 
dominating set if and only if for each v∈V,  one  of the following  two 
conditions is holds. 

1. v is not a strong neighbor of any node in D. 
2. There is a node u∈V- D such that N(u) ∩ D = {v}. 
 

Theorem 2.6 [1] A fuzzy independent set is maximal fuzzy independent set if and 
only if it is fuzzy independent and fuzzy dominating set. 
 
Theorem 2.7 [1] Every maximal fuzzy independent set in a fuzzy graph G is a 
minimal fuzzy dominating set of G. 
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Theorem 2.8 [3] D is a minimal fuzzy dominating set of nodes of a fuzzy graph G 
iff D is an irredundant and fuzzy dominating set of G.  
 
Theorem 2.9 [3] If D is a minimal fuzzy dominating set of G then, D is a 
maximal fuzzy irredundant set of G. 
 
Theorem 2.10 [3] For any fuzzy graph G, ir(G) ≤ γ(G) ≤ i(G). 
 
Theorem 2.11 [4]  If a fuzzy graph G = (σ, μ)  has no induced fuzzy sub graph  
isomorphic to a strong fuzzy graph with underlying graph K1,3,  then γ(G) = i(G). 
 
 
3. Main Theorems 

Theorem 3.1 Let G = (σ, μ) be a fuzzy graph and u be a node which is not 
dominated by the maximal fuzzy irredundant set X. Then for some x ∈X,  
   1.  PN(x, X) ⊆ N(u)  and  

2. For x1, x2 ∈ PN(x, X) such that x1 ≠ x2 either (x1, x2 ) is a strong arc or     
for  i = 1, 2   there exists yi ∈ X – {x}  such that xi is adjacent to each 
node of PN(yi, X). 

Proof 
    Since X is a maximal fuzzy irredundant set, some node of {u}∪X is fuzzy 
redundant in{u}∪X. Given u is not fuzzy dominate by X, therefore          
u∈ PN( u,{u}∪X ). Hence some x ∈ X is redundant in {u}∪ X. Therefore     
N[x] ⊆ N [X – x] ∪ N[u] and PN(x, X) = N[x] - N [X – {x}] ⊆ N[u]. Since      
u ∉ PN(x, X), therefore PN(x, X) ⊆ N(u).Let x1 ≠ x2 be two nodes of PN(x, X) such 
that (x1, x2 ) is not a strong arc and suppose without loss of generality for all     
yi∈X – {x}, there exist zi ∈ PN(yi, X) such that (xi, zi) is not a strong arc. Consider 
the set {x1}∪ X and we observe the following result,  
 x2 ∈ PN( x,{x1}∪X ) 

u ∈ PN( x1,{x1}∪X ) and  
zi ∈ PN(yi,{x1}∪X ) for each yi ∈ X – {x}.  

It follows, {x1}∪X is a fuzzy irredundant set, which contradicts to the maximality 
of X. This completes the proof. 
 
Corollary 3.2 If u is not dominated by the maximal fuzzy irredundant set X and  
x is a node which satisfy the condition in the theorem 3.1, then there exists a node 
y ∈ X – {x}, such that for all x′∈PN(x, X), G[ u, x′, x, y ] is isomorphic to a 
strong path P4. 
Proof 
    From part (1) of the theorem 3.1, x ∉ N(u) implies, x ∉ PN(x, X). Therefore 
for some y ∈ X – {x}, ( x, y ) is a strong arc. By the definition of private neighbor 
of x with respect to X, ( x, x′) is a strong arc and (x′, y) is not a strong arc. By the 
theorem 3.1 (x′, u) is a strong arc. Since X does not dominate u, (u, x) and (u, y)  
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are not strong arcs. It follows G[ u, x′, x, y ] is fuzzy path which is isomorphic to a 
strong path P4. 
 
Theorem 3.3 Let U the set of nodes of a fuzzy graph G= (σ,μ) that are not 
dominated by X, a smallest maximal fuzzy irredundant set. For each u ∈U, define 
Xu ={x ∈ X : PN(x, X) ⊆ N(u)}. Let M = {x1, x2, x3, ....xr} be a subset of X of 
smallest fuzzy cardinality  m such that Xu ∩ M ≠ φ for each u in U and M′ =       
{x′1, x′2, x′3, ....x′r} be a sub set of V – X such that cardinality of M′ is also m. 
Then γ(G) < ir(G) + m. 
Proof 
     Let X = { x1, x2, x3, …xn } be a smallest maximal irredundant set such that                 
ir(G) = Σv∈X σ(v) and let M = {x1, x2, x3, ....xr} be a subset of X with fuzzy 
cardinality of m, 0 < m ≤ r. For each i = 1,2,…..r, xi ∈ Xu for some u ∈U,  
therefore PN(xi, X) ⊆ N(u). Since u is not dominated by X, xi ∉N(u) and hence  
xi ∉ PN(xi, X). We deduce that, there exists x′i ∈ PN(xi, X) such that x′i ≠ xi. Let  
D = X ∪ M′, where M′ = {x′1, x′2, x′3, ....x′r}. For each u ∈U, by the definition of 
M, there exists i, 1 ≤ i ≤ r such that xi ∈ Xu, hence x′i  is a strong neighbor of u. 
Fuzzy cardinality of M′ is  m and hence D is a dominating set of G of fuzzy 
cardinality ir(G) + m. However, D contains the maximal irredundant set X, hence 
D is not a fuzzy irredundant set. By theorem 2.8, D properly contains a minimal 
dominating set and hence γ(G) < ir(G) + m. 
 
Corollary 3.4 For any fuzzy graph, ir(G) > γ(G)/2. 
Proof 
     By the theorem 3.3,  

γ(G) < ir(G) + m, for every values of m such that 0 < m ≤ ir(G). 
          < ir(G) + ir(G) 
          < 2ir(G).  
Therefore, ir(G) > γ(G)/2. 
 
Theorem 3.5 Let G= (σ, μ) be a fuzzy graph. If γ(G) = ir(G) + s, where s is the 
sum of weight of the nodes x1, x2, x3, ….. xk,  such that 0 < s ≤ k, where k is an  
integer with k ≥ 0 , then G  has k+1 induced sub graph isomorphic to P4 with 

node sequences ( ai, bi, ci, di ), i = 1, 2, …k+1, where U
1

1
iii }d,c,{b

+

=

k

i

is a set of 

3k+3 nodes and for each  j = 1, 2, 3, …. k+1, U
1k

1i
iij }d,{ca

+

=

∉ . 

Proof 
    Let X be a smallest maximal fuzzy irredundant set and U be the set of nodes, 
which is not fuzzy dominated by X. Let Xu ={x ∈ X : PN(x, X) ⊆ N(u)}and     
Z = U

Uu
uX

∈

.For each x ∈ Z choose a node x′ ∈ PN(x, X) such that (u, x′) is a 

strong edge. Let B be a strong edge fuzzy bipartite sub graph of G with edge set 
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U

Uu
u }Xx:)x{(u,

∈

∈′  and Q = {(ui, xi′): i = 1, 2, 3 …β} be a strong maximum 

matching in B. We claim that Y = {x1, x2, x3,…. xβ }satisfies Y ∩ Xu ≠ φ for each 
u ∈U, where fuzzy cardinality of Y is t, 0 < t ≤ β . Suppose Y ∩ Xu′  = φ  for 
some u′ in U, then no strong edge incident with u′ in Q and (x′, u′), is a strong 
edge of B not incident with any strong edge of Q, which is a contradiction to Q is 
a maximum matching. Hence, if m is a value defined as in theorem 3.2, we have  
β ≥ t ≥  m > γ(G) - ir(G)    
         = s, (by hypothesis) which is true for every value of s, 0 < s ≤ k 
         = k 
That is, β ≥ k + 1.  
For each x ∈ Z, there exists u ∈ U such that PN(x, X) ⊆ N(u).  
Therefore x ∉ PN(x, X) and there exists yx ∈ X such that (x, yx) is a strong edge. 
Now, we set, (ai, bi, ci, di ) = ( yxi, xi, xi′, ui), for i = 1, 2, 3, ….k+1. The result now 
follows from the corollary 3.2. 
  
Corollary 3.6 If  G = (σ, μ) is a fuzzy graph which does not have two induced 
sub graphs isomorphic to a strong fuzzy path P4 with node sequences (ai, bi, ci, di ),          
i =1, 2, where b1, b2, c1, c2, d1, d2 are distinct and for i = 1, 2  ai ∉ { c1, c2, d1, d2 }, 
then γ(G) = ir(G). 

G1 G2 G3 G4 G5 G6  
Fig- 2 

 
 

Theorem 3.7 If the fuzzy graph G= (σ, μ) has no induced fuzzy sub graph 
isomorphic to a strong fuzzy graph of the six underlying graphs Gi  i = 1,2,..6, 
given in fig-2, then ir(G) = γ(G). 
 
Proof 
    Let us assume ir(G) < γ(G). Let X be a maximal fuzzy irredundant set with 
minimum cardinality. Let U be a set of nodes which is not dominated by X. Here 
U is non empty, otherwise X would be a fuzzy dominating set and γ(G) ≤ ir(G). 
Every node in U makes some node in X which is non isolated and fuzzy 
redundant in X ∪ {u}. If all the nodes of U make the same node z in X which is 
fuzzy redundant, then X ∪ {z′}, where z′ is a private neighbor of z, is a fuzzy 
dominating set of G. But its not a minimal fuzzy dominating set, since it strictly 
contains a maximal fuzzy irredundant set and is therefore not fuzzy irredundant  
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Set, which is not possible. For every node x of X, which is not isolated in X, Let 
us define Ux = {u ∈ U: x is fuzzy irredundant in X ∪ {u}}. The set does not form 
a chain under inclusion. Otherwise the greatest of them would be U, which 
contrary to the fact that all the nodes of U do not make the same node of X fuzzy 
redundant. Therefore there are two sets Ux and Uy , each of them having a node 
not included in the other. Let ux∈ Ux –Uy and uy ∈ Uy - Ux .Then x has a private 
neighbor x′ which is not a strong neighbor to uy. Similarly y has a private 
neighbor y′, which is not a strong neighbor to ux .Let a1, a2 be the strong neighbor 
to x and y respectively in X. If x and y are strong neighbor, we can choose a1 = y 
and a2 = x. When x and y have a common strong neighbor to a in X, but are not 
strong neighbor, then we shall take a1 = a2 = a. Then{a1, x, x′, ux }and        
{ a2, y, y′, uy} are two strong paths P4 called {ai, bi, ci, di} with the required 
condition: the nodes {b1, c1, d1, b2, c2, d2} are distinct and ai ∉ {c1, c2, d1, d2}for  
i = 1, 2.  
 
  

   

G1 G2 G3 G4 G5

G6  
Fig- 3 

    Moreover, i ≠ j ai and bi are neither strong neighbor to bj (except when ai 
coincides with aj or bj ) nor to cj ( or  to dj ): and ci is also not strong neighbor to 
dj. Therefore the fuzzy sub graph induced by the two paths P4 is isomorphic to one 
of the strong fuzzy graph of the following fifteen underlying graphs of fig- 3. But 
the graph G1 is an induced sub graph of all the other ones, except the graph Gi,2 ≤ 
i ≤ 6. Hence if ir(G) < γ(G), G contains a fuzzy sub graph isomorphic to a strong 
fuzzy graph with underlying graph Gi 1 ≤ i ≤ 6. In other words G contain no  
fuzzy sub graph isomorphic to strong fuzzy graph of the underlying graph of Gi  
1 ≤ i ≤ 6, then  ir(G) = γ(G). 

 
Theorem 2.11and corollary 3.6 gives the following theorem. 
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Theorem 3.8 If G= (σ,μ) is a fuzzy graph 
(1) Which does not have two induced sub graphs isomorphic to a strong path P4  

with node sequences (ai, bi, ci, di ), i =1, 2, where b1, b2, c1, c2, d1, d2 are 
distinct and for i = 1, 2  ai ∉ { c1, c2, d1, d2 }, and  

(2) Does not have a fuzzy sub graph isomorphic to k1,3, then ir(G) = γ(G) = i(G).  
 

Theorem 3.9 If a fuzzy graph G = (σ,μ) has no induced fuzzy sub graph  
isomorphic to a strong fuzzy graph with underlying graph K1,3, and also does not 
have induced fuzzy sub graph isomorphic to a strong fuzzy graph of the six 
underlying  graphs Gi, i= 1,2,..6, given in fig-2, then ir(G) = γ(G) = i(G). 
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