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Abstract

Accuracy of survey results is of prime importance due to their ap-
plications in planning and decision making. To compute data accuracy,
sampling error as well as nonsampling error should be determined. Re-
sponse error is a main part of nonsampling error. To estimate variance
due to response error, variance components of the response error model
should be computed.

In this paper, estimation of variance components for the supposed
response error model is considered and three methods of estimation,
that is ANOVA, maximum likelihood and restricted maximum likeli-
hood estimation are studied. Furthermore, the resulted estimators of
model components are compared based on MSE criterion.
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1 Introduction

Survey implementation is a common method of data collection. Accuracy of
survey results is a main component of data quality. To determine data accu-
racy, computation of total survey error (containing sampling and nonsampling
errors) is necessary. Response error is an unavoidable part of nonsampling
error in surveys. It is defined as difference between true value and observed
value. Determining a model for response error in surveys may be applied to
quantify the error.

Mahalanobis [6] was the first statistician that applied ANOVA for modeling
of response error . Kish [5] considered an ANOVA model in which the response



2406 R. Alimohammadi

from the jth unit to the ith interviewer is expressed as yij = μij + Ai + eij ,
where μij is the true value and yij is the observed value of ijth unit, Ai is the
effect of ith interviewer on any interview and eij is the effect of ijth respondent
that may be considered as containing other sources of error.

Biemer and Trewin [4] considered a general model for response error. Ay-
han [3] proposed a response error model in an interview-reinterview setting.
Alimohammadi and Navvabpour [2] proposed a model of response error as
follows:

yijkls = μijkls + Ai + Bij + Cijk + Dijkl + Rijkls (1)

Where μijkls is the real value and yijkls is the observed value of ijklsth unit. Ai

is the effect of ith state, Bij is effect of jth supervisor in ith state, Cijk is effect
of kth controller (and coder) related to jth supervisor, Dijkl is effect of lth
interviewer in ijklth assignment and Rijkls is effect of the related respondent.
Index i = 1, 2, ..., I indicates states, j = 1, 2, ..., Ji is index of supervisors, k =
1, 2, , ..., Kij is index of controllers, l = 1, 2, ..., Lijk is applied for interviewers
and s = 1, 2, ..., Sijkl is index of respondents. Then model (1) is a nested mixed
effect ANOVA model.

Assume some assumptions on model (1), such as data are balanced in all
of the levels (that is Ji = J , Kij = K, also Lijk = L and Sijkl = S), Dijkl

distributed as N(0, σ2
D), Rijkls distributed as N(0, σ2

R) and for the real values
μijkls = μ + Mijkls where Mijkls distributed as N(0, σ2

M). Furthermore for

fixed effects A, B and C let
I∑

i=1
Ai = 0,

J∑
j=1

Bij = 0, for i = 1, ..., I and
∑
k

Cijk = 0, for i = 1, ..., I, j = 1, ..., J .

It can be shown that for model (1), Mean Squares of effect D (MSD) equals
to MSD = SSD

IJK(L−1)
, where SSD is Sum of Squares of D. Also, MSR =

SSR
IJKL(S−1)

is Mean Squares of effect R and SSR is Sum of Squares of effect R.

To compute survey precision, variance of survey estimators should be es-
timated. Therefore in the next section, three estimation methods of variance
components are assessed, that is ANOVA, Maximum Likelihood (ML) and Re-
stricted Maximum Likelihood (REML). Then in section 3 these estimators are
compared based on MSE criterion.

2 Variance Components Estimators of Response

Error Model

In this section, estimation of variance components are assessed by ANOVA,
ML and REML methods.
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It can be shown that ANOVA estimators of variance components for model
(1) are as follows:

σ̂2
D =

MSD − MSR

S
, t̂ = MSR

Obviously, E(MSD−MSR
S

) = σ2
D and E(MSR) = t, where t = σ2

R + σ2
M . Then,

these estimators are unbiased. On the other hand, for MSD < MSR, σ̂2
D

is less than zero and it is unreasonable for variance components. Therefore,
other estimation techniques such as maximum likelihood (ML) and restricted
maximum likelihood (REML) are studied. A well known property of ML and
REML estimators is to lie them in the parameters space. Then these estimators
of variance components are nonnegative.

Likelihood function of observations based on model (1) can be obtained as
follows:

exp(−1/2(SSR/t + SSD/z + LS
∑
i

∑
j

∑
k

(ȳijk.. − mijk..)
2/z))

(2π)N/2tIJKL(S−1)/2zIJKL/2
(2)

Where t = σ2
R + σ2

M , z = t + Sσ2
D, ȳijk.. is mean of observations for all of

the respondents that interview in ijkth assignment, mijk.. = E(ȳijk..) and
N = IJKLS is the sample size.

To obtain ML estimators, roots of the first derivatives of likelihood function
(2) is computed as t̂ = MSR and ẑ = (1 − 1/L)MSD. These values are the
coordinates of maximum point, if two following conditions are satisfied.

i) at least one of the second derivatives of likelihood function (2) for the
obtained values should be negative. It can be shown that easily for logarithm
of the likelihood function (2) (denoted by l);

d2(l)/d(t2)
∣∣∣(t̂,ẑ) =

IJKL(S − 1)

2t2
− SSR

t3

∣∣∣(t̂,ẑ) = −1

2

IJKL(S − 1)

MSR2

Where S > 1 always, then condition (i) is true.
ii) Determinant of Hesian matrix for logarithm of likelihood function (2)

be absolutely positive. This condition is satisfied, since:

((d2(l)/d(t2))(d2(l)/d(z2)) − (d2(l)/d(t)d(z))2|(t̂,ẑ)

= (
−IJKL(S − 1)

2(MSR)2
)(

−IJKL3)

2((L − 1)MSD)2
)

Then ML estimators of variance components of model (1) based on invariant

property of ML estimators is obtained as σ̂2
D = (1−1/L))MSD−MSR

S
and t̂ML =
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MSR. These estimators should be in parameter space. Therefore, ML esti-
mators of variance components are obtained as follows:

if (1 − 1

L
)MSD ≥ MSR : σ̂2

DML
=

(1 − 1/L)MSD − MSR

S
, t̂ML = MSR

if (1 − 1

L
)MSD < MSR : σ̂2

DML
= 0, t̂ML =

SSR + SSD

IJKLS(= N)

Where L is the number of interviewers, MSD and MSR are mean squares of
effects D and R respectively.

Now REML estimators of variance components for model (1) is considered.
It can be shown that the related likelihood function is as follows:

exp(−1/2(SSR/t + SSD/h))

(2π)(N−IJK)/2tIJKL(S−1)/2hIJK(L−1)/2(SL)IJK/2

Alimohammadi [1] indicates that REML estimators of σ2
D and t are as follows:

if MSD ≥ MSR : σ̂2
D

RE
=

MSD − MSR

S
and t̂

RE
= MSR

if MSD < MSR : σ̂2
D

RE
= 0 and t̂

RE
=

MSR + MSD

IJK(LS − 1)

Where t̂
RE

and σ̂2
D

RE
are REML estimators of t and σ2

D respectively.
In this section, three methods ANOVA, ML and REML are considered to

estimate of variance components. In the next section, these estimators are
compared.

3 Comparison of Three Estimation Methods

of Variance Components

In this section, variance and mean squares error (MSE) of ANOVA, ML and
REML estimators of variance components are computed and compared.

It is well known that ANOVA estimators of variance components are unbi-
ased and covariance matrix of θ = (t, σ2

D)′ estimator can be written as:

V ar
(
θ̂ANOV A

)
=

⎡
⎣

2(t2)
IJKL(S−1)

− 1
S

2(t2)
IJKL(S−1)

− 1
S

2(t2)
IJKL(S−1)

2(z2)
S2IJK(L−1)

+ 2(t2)
S2IJKL(S−1)

⎤
⎦ (3)

By ignoring restrictions of parameters space, covariance matrix of ML es-
timators of θ = (t, σ2

D)′ can be computed as follows:

V ar
(
θ̂ML

)
=

⎡
⎣

2(t2)
IJKL(S−1)

− 1
S

2(t2)
IJKL(S−1)

− 1
S

2(t2)
IJKL(S−1)

(L − 1) 2(z2)
S2IJKL2 + 2(t2)

S2IJKL(S−1)

⎤
⎦ (4)
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In the similar manner and under ignoring restrictions of parameters space,
covariance matrix of REML estimators is computed as:

V ar
(
θ̂REML

)
=

⎡
⎣

2(t2)
IJKL(S−1)

− 1
S

2(t2)
IJKL(S−1)

− 1
S

2(t2)
IJKL(S−1)

2(z2)
S2IJK(L−1)

+ 2(t2)
S2IJKL(S−1)

⎤
⎦ (5)

Comparison of matrix (3), (4) and (5) show that, variance of t̂ for ANOVA,
ML and REML methods are the same. On the other hand, variance of σ2

D

estimators for ANOVA and REML methods are equal and difference between
variance of REML and ML estimators equals to 2z2

S2IJK
( 1

L−1
− L−1

L2 ). It can

be shown that easily L−1
L2 < 1

L−1
. Therefore, ML estimator σ̂2

D has smaller
variance than that of REML estimator.

Obviously, ML estimator for σ2
D is biased and it’s bias equals to 1

L
(σ2

D +
t/S) = z

SL
. Therefore, Mean Squared Error (MSE) criterion is applied to

compare ML and REML estimators. Based on the above results, MSE of σ2
D

estimators can be written as:

MSEANOV A(σ̂2
D) = 2(z2)

S2IJK(L−1)
+ 2(t2)

S2IJKL(S−1)

MSEML(σ̂2
D) = (L − 1) 2(z2)

S2IJKL2 + 2(t2)
S2IJKL(S−1)

+ z2

S2L2

MSEREML(σ̂2
D) = 2(z2)

S2IJK(L−1)
+ 2(t2)

S2IJKL(S−1)

Comparison of these estimators indicate that ANOVA and REML methods
have the same MSE. On the other hand, restriction of parameters space is con-
sidered in section 2 and ML and REML estimators are obtained in nonnegative
parameters space. Comparison of ML with REML estimators imply that for
IJK(L− 1) < 2(2L− 1), ML estimator has smaller MSE than that of REML.
For IJK(L− 1) = 2(2L− 1) two methods have the same MSE, and obviously
for IJK(L − 1) > 2(2L − 1), REML estimator has smaller MSE. Then, each
of the methods can be applied by considering the properties of data sets.

4 Conclusion

Estimation of variance components of response error model is necessary to
determine data accuracy. In this paper, three methods of variance components
estimation are applied, that is ANOVA, maximum likelihood and restricted
maximum likelihood methods. Then these estimators are compared based on
MSE criterion. The results show that MSE of ANOVA and REML estimators
are equal. But ANOVA estimators of variance components do not consider the
restrictions of parameters space. Therefore, ML and REML methods can be
used to estimate variance components of response error model. Comparison
of ML and REML estimators indicate that these estimators may be applied
based on the data sets. Therefore, application of ML with REML estimators
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is proposed to estimate of variance components based on the considered data
sets.
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