
Applied Mathematical Sciences, Vol. 5, 2011, no. 44, 2195 - 2206 
 
 
 
 
 

Effect of Anisotropy Asymmetry on the Switching  
 

Behavior of Exchange Biased Bilayers 
 
 
 

Congxiao Liua, Matthew E. Edwardsb, Min Sunc and J. C. Wangb 
 
 

aDepartment of Mathematics, Alabama A&M University, Normal, AL 35762, USA 
 

bDepartment of Physics, Alabama A&M University, Normal, AL 35762, USA 
 

cDepartment of Mathematics and the Center for Materials for Information 
Technology (MINT), The University of Alabama, Tuscaloosa, AL 35487, USA 

 
 

Abstract 
 
    In the angular measurements of some exchange biased bilayers, a jump of 
exchange bias is observed around the F magnetization stabilized direction.   This 
magnitude abrupt change results from an asymmetric reversal of the F 
magnetization.  In this paper, we give a theoretical analysis on the switching 
chirality of the F magnetization present in exchange biased bilayers.  Coherent 
rotation of the F magnetization is assumed.  The analysis starts from a general 
discussion of a 2-d single domain particle, for which the third derivative of the 
anisotropy energy plays an important role in determining the behavior of magnetic 
switching.  In exchange biased bilayers, a non-vanishing third derivative of the total 
anisotropy energy arises from the off-alignment of the unidirectional anisotropy 
and the uniaxial anisotropy.  For these systems, reversal of the F magnetization on 
the side of the uniaxial anisotropy attains a higher switching field than on the side 
of the unidirectional anisotropy.  Such information is important for an experimental 
determination of the unidirectional anisotropy in exchange biased bilayers. 
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1. Introduction 

   In an exchange biased bilayer [1], a ferromagnetic (F) layer is coupled with an 
antiferromagnetic (AF) layer through the atomic exchange interactions at their 
interface [2].  As a result, the hysteresis loop of the F layer becomes broader and is 
shifted along the field axis.  The former is called coercivity enhancement and the 
latter is called exchange biasing.  Unidirectional anisotropy and uniaxial anisotropy 
coexist in such a system [3]. 
   The unidirectional anisotropy could be off-aligned with the uniaxial anisotropy in 
exchange biased bilayers [4-17], leading to an asymmetry in the total anisotropy of 
the F layer.  Without external field, the F magnetization is not stabilized along the 
unidirectional anisotropy, causing a difficulty in determining this anisotropy 
experimentally.  A consequence of this off-alignment of different anisotropy axes is 
the asymmetric angular dependences of exchange bias and coercivity [4,8,12,14,17].  
Furthermore, a jump of the exchange bias was observed around the F magnetization 
stabilized direction [4,8,12,17].  Fig. 1 shows simulated angular dependences of 
exchange bias Heb and coercivity Hc for a modeled F/AF system.  Coherent rotation 
of the F magnetization is assumed.  Hysteresis loops were computed every 10 
degrees for the applied field direction.  The uniaxial anisotropy constant is half of 
the unidirectional anisotropy constant and the two anisotropy axes are off-aligned 
by 30°.  The plotted curves are asymmetric and a jump of Heb is present at 180°, the 
F magnetization stabilized direction.  Rotational hysteresis of Co/FeMn thin films 
has also been observed showing such asymmetry effect [18].  To understand this 
anomaly and to determine the unidirectional anisotropy experimentally, it is 
necessary to carry on a detailed analysis of magnetization switching in such 
systems.  Experimental results have suggested a coherent rotation of the F 
magnetization in some F/AF systems [8,10,15,17,19].  Nevertheless, effect of 
anisotropy symmetry property on the switching of F magnetization is not discussed 
in related literature. 
   In this paper, we give a theoretical analysis on the switching chirality in exchange 
biased bilayers.  The analysis is based on a coherent rotation of the F magnetization.  
We study the evolution of the system energy, specifically, the relocation of the 
energy minimum.  Our results reveal that the F magnetization switching field 
depends on the sense of rotation. 
   The paper is divided into two parts: in the first part, magnetization switching is 
studied for a 2-d single domain particle with an asymmetric anisotropy; in the 
second part, the switching chirality of the F magnetization in exchange biased 
bilayers is analyzed. 
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Fig. 1. Simulated angular dependences of exchange bias Heb and coercivity Hc of an 
exchange biased bilayer.  There is an off-alignment of 30° between the 
unidirectional anisotropy and the uniaxial anisotropy.  The uniaxial anisotropy 
constant is half of the unidirectional anisotropy constant.  In the plot, diamonds 
represent Heb and squares represent Hc. 
 
 
2. Magnetic switching in the easy directions of a 2-d single domain 
particle with an asymmetric anisotropy 
 
   Consider a magnetic single domain particle with anisotropy energy density )(αE , 
with α the angle of the magnetization with respect to one of its easy directions.  The 
direction of 0=α  is the initial direction of the magnetization in the absence of 
external field.  Mathematically )(αE  has a local minimum at 0=α .  We assume 

)(αE has an nonzero third derivative at 0=α .  In exchange biased bilayers, this 
happens when different anisotropy axes are off-aligned. 
   When an external field H is applied anti-parallel to the magnetization direction, 
the free energy density of the particle becomes ααα cos)()( HMEF s+= , where 

sM  is the saturation magnetization.  For a small value of H, the magnetization 
stabilizes at 0=α  and the first derivative of the free energy is zero.  The second  
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derivative of the free energy )0("F is positive but will decrease with the increase of 
H.  At some critical value 0SWH  of H, )0("F  decreases to zero.  The magnetization 
is then unstable.  0SWH  can be solved from the condition 0)0(" =F  and is given by 

s
SW M

EH )0("
0 = .         (1) 

   As the field H is increased further, )0("F  becomes negative and 0=α  now is a 
location of energy maximum.  Consequently, the magnetization will rotate to the 
direction corresponding to the new energy minimum.  There are two possibilities: it 
can either switch to the opposite direction immediately at 0SWHH = , or initially 
rotate continuously and switches later at some 0SWHH > .  Obviously, these two 
situations will result in different switching fields.  We will focus on the latter case.     

Let cα  be the shift of the energy minimum.  cα  can be solved from the condition 
0sin)(')(' =−= cscc HMEF ααα .       (2) 

   Mathematically, cα  is a function of the external field H .  Generally,  cα  will 
depend on the explicit form of )(αE .  However, when we consider switching of the 
magnetization, our interest is in the change of the magnetization direction cα .  In 
other words, we do not need to solve for cα  explicitly.  Instead, we calculate the 
derivative of cα .  For a bigger H , the magnetization will rotate further away from 
the original direction,  which means that )(Hcα  is an increasing function.  
Therefore )(Hcα has an inverse function that can be written as )( cHH α= . 
   Solving for H  from (2), we obtain 

cs

c

M
E

H
α

α
sin

)('
= .          (3) 

We then take the derivative with respect to cα  on both sides of (3), 

2)(sin
cos)('sin)("1

c

cccc

sc

EE
Md

dH
α

αααα
α

−
= .      (4) 

   Our interest is in the initial behavior of the magnetization at 0swHH ≥ .  If we 
assume an initial gradual rotation of the magnetization, cα  will be small when H  
is close to 0swH .  That will allow us to expand equation (4) at 0=cα .  In the 
following calculations we will adopt the “big O ” notation.  Namely, “ )(xO ” refers 
to a term on the order of x~ .  For a convergent series, if x  is sufficiently small, all 
the terms of higher orders than x~  can be absorbed in )(xO .  Also note 
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for any 0≠a and 1)( <xf , where )(xf  is a function on the order of x~ . 
   Since 0=α  is an easy direction of the magnetization, the condition  0)0(' =F  
gives 

0)0(' =E .           (6) 
   Expand )(" cE α , cαsin , )(' cE α , and cαcos  at 0=cα , 

)()0()0(")(" 2)3(
ccc OEEE ααα +⋅+= ,       (7) 

)(sin 3
ccc O ααα += ,         (8) 
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   Using (7), (8), (9), and (10), equation (4) is reduced to 
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   Taking the inverse of (11) and applying (5), we get 
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   As was pointed out earlier, cα  is the location of the new energy minimum and 

dH
d cα  provides information about the shift of the energy minimum.  Since we have 

assumed 0)3( ≠E , we discuss the two cases 0)3( >E  and 0)0()3( <E  separately: 

   (a) 0)3( >E .  In this case, (12) implies ∞<<
dH
d cα

0  for a sufficiently small cα .  

This indicates a gradual increase of cα  with the initial increase of H , which 
corresponds to a gradual counterclockwise rotation of the F magnetization.  
Conversely, (12) implies that in the case of 0)0()3( >E , if the magnetization rotates 
counterclockwise, it undergoes a gradual rotation before it switches to the opposite 
direction.  Note that the field is applied anti-parallel to the magnetization direction.  
The magnetization can rotate either counterclockwise or clockwise.  In the latter 
case, it will switch to the opposite direction immediately at 0swHH = .  This is 
because on this side, there is no energy minimum located at the intermediate 
directions. 
   (b) 0)0()3( <E .  From a similar argument, if the magnetization rotates 
counterclockwise upon reversal, it will switch to the opposite direction immediately 
at 0swHH = .   On the other hand, if the magnetization rotates clockwise, it will 
undergo an initial gradual rotation before it switches. 

Thus in the case of 0)3( ≠E , magnetic switching field will depend on the sense of 
rotation.  The chiral symmetry of magnetic switching is broken.  This situation is 
illustrated in Fig. 2.  Fig. 2(a) shows the case of 0)0()3( >E  and Fig. 2(b) shows 
the case of 0)0()3( <E . 
 

3. Switching chirality in exchange biased bilayers due to off-aligned 
anisotropy axes 
 
   For an exchange biased bilayer with off-aligned unidirectional and uniaxial 
anisotropy axes [8], we denote the easy direction of the unidirectional anisotropy by 
u.d., and the easy axis of the uniaxial anisotropy by e.a..  Without external field, 
the F magnetization stabilizes at some intermediate direction between u.d. and e.a., 
shown in Fig. 3.  This stable direction is the referred easy direction of the 
magnetization discussed in the previous section.  To distinguish the two senses of 
rotation for the F magnetization, we call rotation on one side the u.d. side, that is, 
rotation of the F magnetization from the initial direction toward u.d. (see Fig. 3),  
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Fig. 2(b) 
 

 
Fig. 2.  Switching chirality of a single domain particle with an asymmetric 

anisotropy.  As the external field H is increased to the critical value  
s

SW M
EH )0("

0 = , 

the magnetization rotates away from the easy direction.  (a) 0)0()3( >E .  For a 
counterclockwise rotation, the magnetization undergoes a gradual rotation before it 
switches.  For a clockwise rotation, the magnetization switches immediately at 

0SWHH = .  (b) 0)0()3( <E .  The situation is reversed.  M is the magnetization 
vector and Ms is the saturation magnetization, the magnitude of M. 
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and the other side the e.a. side.  Denote δud the angle of u.d., and δea the acute angle 
of e.a., both with respect to the F magnetization stabilized direction (Fig. 3). 

 Fig. 3. In this exchange biased bilayer, the unidirectional anisotropy (u.d.) is off-
aligned the uniaxial anisotropy (e.a.).  When a field is applied anti-parallel to the F 
magnetization stabilized direction, a switching chirality of the F magnetization is 
present.  MF is the F magnetization vector. 
 

 
For a coherent rotation of the F magnetization, the total anisotropy energy density 

of this F/AF system is 
)(sin)cos()( 2

eaeaudud KKE δαδαα −+−−= ,     (13) 
where udK  and eaK  are the corresponding anisotropy constants for the 
unidirectional anisotropy and the uniaxial anisotropy, respectively.  α is the angle of 
the F magnetization. 
   Since 0=α  is an easy direction of the F magnetization, condition (6) gives, 

0)2sin(sin)0(' =−−= eaeaudud KKE δδ .      (14) 
   Rewrite (14) as 

).2sin(sin eaeaudud KK δδ −=        (15) 
   Using (13) and (15), we can simplify )0()3(E , 

)2sin(4sin)0()3(
eaeaudud KKE δδ +=  

   )2sin(4)2sin( eaeaeaea KK δδ +−=  
               )2sin(3 eaeaK δ= .        (16) 

   Since 0≠eaδ , (16) indicates 003 ≠)()(E .  For an external field H applied anti-
parallel to the F magnetization, the analysis in the previous section implies a broken  

e.a.H

u.d. 

δud 
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( 0=H , 0=α ) 
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chiral symmetry of magnetic switching.  As H is increased, the F magnetization 
will switch at different fields depending on the sense of rotation. 
   Consider the F/AF system in Fig. 3.  0>eaδ .  Then from (16), 0)0()3( >E .  The 
results in the previous section (case (a) discussed in the final part of section 2) 
indicate that if the F magnetization rotates counterclockwise, it undergoes an initial 
gradual rotation before it switches.  In the configuration of Fig. 3, a 
counterclockwise rotation of the F magnetization is on the e.a. side.  Thus we 
conclude that if the F magnetization rotates on the e.a. side, it undergoes an initial 
gradual rotation and then switches.  On the other hand, if the F magnetization 
rotates on the u.d. side, it switches immediately at 0swHH = .  A higher switching 
field is attained on the e.a. side. 
   In the angular dependence measurement of exchange bias, hysteresis loops are 
measured at different in-plane angles.  For a field deviated by a small angle from 
the F magnetization stabilized direction, we can use the analysis above to explain 
the asymmetric switching of the F magnetization, as shown in Fig. 4. 

Shown in Fig. 4(a), the field is applied on the u.d. side, that is, the positive 
direction of the field is on the u.d. side.  Upon reversal the F magnetization rotates 
on the e.a. side.  In Fig. 4(b), the field is applied on the e.a. side.  Upon reversal the 
F magnetization rotates on the u.d. side.  As discussed earlier, a higher switching 
field is attained for the F magnetization to switch on the e.a. side, which is the u.d. 
side for the applied field.  When the field direction is changed from the e.a. side to 
the e.d. side, or vice versa, an abrupt change of exchange bias is present.  u.d. is on 
the side of higher values of exchange bias and e.a. is on the side of lower values of 
exchange bias.  Such information is important for an experimental determination of 
u.d. and e.a. in exchange biased bilayers. 

It must be pointed out that although the main purpose of this paper is to study the 
switching behavior of exchange biased bilayers, results in section 2 can be applied 
to more complicated systems, such as the case where three or more off-aligned 
anisotropies coexist in a system. 
 

4. Conclusions 
 
   In summary, we gave a theoretical analysis on the switching chirality of the F 
magnetization in exchange biased bilayers, assuming a coherent rotation of the F 
magnetization.  For a single domain particle with an asymmetric anisotropy, the 
switching field depends on the sense of rotation for the magnetization.  In exchange 
biased bilayers, a non-vanishing third derivative of the total anisotropy energy 
arises from the off-alignment of the unidirectional anisotropy and the uniaxial 
anisotropy.  Reversal of the F magnetization on the side of the uniaxial anisotropy  
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attains a higher switching field than on the side of the unidirectional anisotropy.  
Our results explain the abrupt change in the angular dependence of exchange bias.  
Such information is important for an experimental determination of the 
unidirectional anisotropy in exchange biased bilayers. 
 
 
 

 
Fig. 4(a) 

 
Fig. 4(b) 

 
 

Fig. 4. In the angular measurements, the external field is applied off from the F 
magnetization stabilized direction by a small angle.  (a) applied field on the u.d. 
side, the F magnetization rotates on the e.a. side.  (b) applied field on the e.a. side, 
the F magnetization rotates on the u.d. side.  MF is the F magnetization vector. 
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