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Abstract

In this paper it is shown how to construct duration dependent semi-
Markov models. The influence of backward and forward recurrence
time processes on the transition probabilities of a non-homogeneous
continuous time semi-Markov process (NHCTSMP) is considered. The
results are applied to define and evaluate general duration dependent
reliability indicators useful in the performability analysis of the systems.
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1 Introduction

NHCTSMP were defined in the seventies independently by [8] and [9] and fur-
ther developed in [10] and [15]. A detailed analysis of semi-Markov processes
(SMP) is available for example in [11] and [12].

SMP are a generalization of Markov processes in which the waiting time
distributions before the occurrence of a transition are modelled by any kind of
distribution function. This means that, on the contrary of Markov processes,
it is possible to use also no memoryless distributions which determine a dura-
tion effect. The duration effect affirms that the time the system is in a state
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influence its transition probabilities.
One way to detect and quantify this effect, in a SMP, is by using backward

and forward recurrence time processes associated to the SMP. Recurrence pro-
cesses were analyzed in [3] and [14].

In [6] and [7] general distributions of the transition probabilities of SMP
with backward and forward times are investigated for discrete time non-homoge-
neous and for continuous time homogeneous processes respectively. In these
papers a credit risk application is also described.

In this paper a further generalization is presented. In fact, a duration de-
pendent semi-Markov model is presented for continuous time non-homogeneous
processes. This extension is motivated by theoretical reasons as well by the
practical need of make available an efficient duration dependent model.

We study the influence of backward and forward recurrence time processes
on the transition probabilities of the NHCTSMP. To this end, we define tran-
sition probabilities constrained by the recurrence time values of backward and
forward processes at starting and arriving times. In this way a complete knowl-
edge of the waiting times at the beginning and at the end of the considered
observation period is obtained.

This generalization gives the possibility to obtain, for example, reliability
indicators that depends on the recurrence times and then we can manage du-
ration dependent survival probabilities.

The paper is organized as follows: Section 2 gives definitions and notations
on NHCTSMP. Section 3 introduces backward and forward processes and their
joint distributions together with that of the SMP. Section 4 leads to the anal-
ysis of generalized reliability indicators. Some concluding remarks close the
paper.

2 Non-homogeneous semi-Markov processes

Let us consider two sequences of random variables defined on a complete, fil-
tered probability space (Ω,F ,Ft, P ):

(i) Jn : Ω → I = {1, 2, ...,m}, n ∈ N representing the state at the n-th
transition;

(ii) Tn : Ω→ R+ representing the time of the n-th transition.
We suppose that (Jn, Tn) is a Markov renewal process of kernel Q =

[Qij(s, t)]:

P [Jn+1 = j, Tn+1 ≤ t|σ(Ja, Ta), Jn = i, Tn = s, 0 ≤ a ≤ n]

= P{Jn+1 = j, Tn+1 ≤ t|Jn = i, Tn = s} ≡ Qij(s, t)

We also know that:

pij(s)
.
= P{Jn+1 = j|Jn = i, Tn = s} = lim

t→∞
Qij(s, t).
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P(s) = [pij(s)] is the transition matrix of the embedded Markov chain.
Denote the probability the process will leave state i within time t by:

Hi(s, t)
.
= P{Tn+1 ≤ t|Jn = i, Tn = s} =

∑
k∈I

Qik(s, t).

It is possible to define the distribution function of the waiting time in each
state i, given that the state successively occupied is known:

Gij(s, t) = P{Tn+1 ≤ t|Jn = i, Jn+1 = j, Tn = s} (1)

The related probabilities can be obtained by means of the following formula:

Gij(s, t) =

{
Qij(s, t)/pij(s), if pij(s) 6= 0,
1, if pij(s) = 0,

Denote by N(t) = sup{n : Tn ≤ t}, the the NHCTSMP Z = (Z(t), t ∈ R+)
is defined as Z(t) = JN(t).

The transition probabilities of Z(t) are defined in the following way:

φij(s, t) = P{Z(t) = j|Z(s) = i, TN(s) = s}. (2)

They are obtained by solving the evolution equation:

φij(s, t) = δij(1−Hi(s, t)) +
∑
k∈I

∫ t

s

Q̇ik(s, θ)φkj(θ, t)dθ (3)

where δij represents the Kronecker symbol.
The part δij(1 − Hi(s, t)) gives the probability that the system does not

have transitions up to time t given that it starts in state i at time s.
The term

∑
k∈I
∫ t

s
Q̇ik(s, θ)φkj(θ, t)dθ considers the permanence of the sys-

tem in state i up to the time θ where a transition in state k occurs. After
the transition, the system will move to state j following one of all the possible
trajectories going from state k at time θ to state j at time t. All possible states
k and times θ are considered by the summation and the integration.

3 Recurrence time processes

Recurrence time processes were investigated by many authors, see i.e. [3], [14].
Here, a complete study in a non-homogeneous environment is presented.

Given (Jn, Tn), we define the following recurrence processes:

B(t) = t− TN(t); F (t) = TN(t)+1 − t (4)

B(t) is called the non-homogeneous backward time (or age) process and
F (t) is the non-homogeneous forward time (or residual time) process.



2100 G. D’Amico, J. Janssen and R. Manca

The recurrence time processes complement Z(t) to a Markov process with
respect to F+

t ≡ σ{Z(s), F (s), s∈[0, t]}, t ≥ 0, then for any bounded I ×R+-
measurable function f(x, t) it results

E[f(Z(t), F (t))|F+
s ] = E[f(Z(t), F (t))|Z(s), F (s)]

The relation remain valid if we interchange B(t) with F (t), see [13].
Figure 1 represents a trajectory of a SMP and the backward and forward

processes. In Figure 1 we have: N(s) = n and N(t) = h, a starting backward

Figure 1: Trajectory of a NHSMP with backward and forward times

B(s) = s − Tn = s − l, a starting forward F (s) = Tn+1 − s = u − s, a final
backward B(t) = t− Th = t− l′ and a final forward F (t) = Th+1 − t = u′ − t.

The transition probabilities of a SMP change in function of the values of the
recurrence time processes. In fact the conditional waiting times distribution
functions (1) can be of any type and then, also no memoryless distributions
can be used. In this case the time length spent in the starting state (initial
backward value) changes the transition probabilities and the same effect is de-
termined by a starting forward which imposes a constraint to the time of the
next transition. The same argument holds for the final backward and forward
values.

The object of our investigation is to understand how the transition prob-
abilities of the SMP are perturbed by imposing constraints on the recurrence
processes both at starting and arriving times. To this end define the following
probabilities:

Definition 3.1 For each states i, j ∈ I and for each times l < s < u <
l′ < t < u′ such that 1−Hi(l, u) > 0 we define the transition probabilities with
initial and final backward and forward

bfφBF
ij (l, s, u; l′, t, u′) =

P [Z(t) = j, B(t) ≤ t− l′, F (t) ≤ u′ − t|Z(s) = i, B(s) = s− l, F (s) = u− s]
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The following result holds:

Theorem 3.2 ∀i, j ∈ I, ∀l ≤ s ≤ u ≤ l′ ≤ t ≤ u′ such that 1−Hi(l, u) > 0

bfφBF
ij (l, s, u; l′, t, u′) =

∑
k∈I

dQik(l, u)

dHi(l, u)
φBF
kj (u; l′, t, u′) (5)

where

φBF
kj (u; l′, t, u′)=δkj(Hk(u, u′)−Hk(u, t))1{l′=u}+

∑
p∈I

∫ t

u

Q̇kp(u, θ)φ
BF
pj (θ; l′, t, u′)dθ

(6)

Proof.

P [Z(t) = j, B(t) ≤ t− l′, F (t) ≤ u′ − t|Z(s) = i, B(s) = s− l, F (s) = u− s]
= P [JN(t) =j, TN(t)∈ [l′, t], TN(t)+1∈(t, u′]|JN(s) = i, TN(s) = l, TN(s)+1 =u]

=
∑
k∈I

P [JN(t) =j, TN(t)∈ [l′, t], TN(t)+1∈(t, u′], JN(s)+1 =k|JN(s) = i, TN(s) = l, TN(s)+1 =u]

by the Markov property of the (Jn, Tn) process at jump times we obtain

=
∑
k∈I

P [JN(t) = j, TN(t) ∈ [l′, t], TN(t)+1 ∈ (t, u′]|JN(s)+1 = k, TN(s)+1 = u]

× P [JN(s)+1 = k|JN(s) = i, TN(s) = l, TN(s)+1 = u]

=
∑
k∈I

P [JN(s)+1 = k|JN(s) = i, TN(s) = l, TN(s)+1 = u]φBF
kj (u; l′, t, u′).

(7)
Now ∀i, k, s, t it results that Qik(s, t) ≤ Hi(s, t) then Qik(s, ·) << Hi(s, ·),

and from Radon-Nikodym theorem, Qik(s, ·) is the indefinite integral of some
Hi(s, ·)−integrable function fik:

Qik(s, t) =

∫ t

s

fik(s, x)dHi(s, x)

which results in

fik(s, x) =
Q̇ik(s, x)dx

Ḣi(s, x)dx
=
dQik(s, x)

dHi(s, x)
= P{Jn+1 = k|Jn = i, Tn = s, Tn+1 = x}

then by substitution in (7) we get (5).
It remains to establish equation (6) for φBF

kj (u; l′, t, u′).

φBF
kj (u; l′, t, u′) = P [Z(t) = j, B(t) ≤ t− l′, F (t) ≤ u′ − t|Z(u) = k]

= P [Z(t) = j, B(t) ≤ t− l′, F (t) ≤ u′ − t|JN(u) = k, TN(u) = u]



2102 G. D’Amico, J. Janssen and R. Manca

= P [Z(t) = j, B(t) ≤ t− l′, F (t) ≤ u′ − t, TN(u)+1 > t|JN(u) = k, TN(u) = u]

+ P [Z(t) = j, B(t) ≤ t− l′, F (t) ≤ u′ − t, TN(u)+1 ≤ t|JN(u) = k, TN(u) = u].

Now the term

P [Z(t) = j, B(t) ≤ t− l′, F (t) ≤ u′ − t, TN(u)+1 > t|JN(u) = k, TN(u) = u]

= P [JN(t) = j, TN(t) ∈ [l′, t], TN(t)+1 ∈ [t, u′], TN(u)+1 > t|JN(u) = k, TN(u) = u]
(8)

and because {TN(u)+1 > t}, {TN(t)+1 ∈ [t, u′]}, {TN(t) ∈ [l′, t]} imply N(t) =
N(u); (8) becomes

P [JN(t) =j, TN(u)+1 ∈ [t, u′]|TN(u) ∈ [l′, t], JN(u) =k, TN(u) =u]

× P{TN(u)∈ [l′, t]|JN(u) =k, TN(u) =u}
= δkj(Hk(u, u′)−Hk(u, t))1{l′=u}

On the other hand

P [Z(t) = j, B(t) ≤ t− l′, F (t) ≤ u′ − t, TN(u)+1 ≤ t|JN(u) = k, TN(u) = u]

=
∑
m∈I

∫ t

u

P{Z(t) = j, B(t) ≤ t− l′, F (t) ≤ u′ − t|TN(u)+1 = θ, JN(u)+1 = m}

× P{JN(u)+1 = m,TN(u)+1 = θ|JN(u) = k, TN(u) = u}dθ

=
∑
m∈I

∫ t

u

Q̇km(u, θ)φBF
mj (θ; l′, t, u′)dθ

2

Remark 3.1 Note that to have (5) we should first solve (6) recursively.
Remark 3.2 The condition 1−Hi(l, u) > 0 is necessary because if Hi(l, u) = 1
it results that dHi(l, u) = 0.

Definition 3.3 For each states i, j ∈ I and for times l < s < u< l′ < t< u′

such that 1−Hi(l, u)>0 we define the probabilities with initial backward-certain
forward and final backward-forward

bFφBF
ij (l, s, u; l′, t, u′) =

P [Z(t) = j, B(t) ≤ t− l′, F (t) ≤ u′ − t|Z(s) = i, B(s) = s− l, F (s) > u− s]
(9)

Theorem 3.4 ∀i, j ∈ I, ∀l ≤ s ≤ u ≤ l′ ≤ t ≤ u′ such that 1−Hi(l, u) > 0

bFφBF
ij (l, s, u; l′, t, u′)

=δij
(Hi(l, u

′)−Hi(l, t))

1−Hi(l, u)
1{l′=l}+

∑
m∈I

∫ t

u

Q̇im(u, θ)

1−Hi(l, u)
φBF
mj (θ; l′, t, u′)dθ.

(10)
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Proof.

P [Z(t) = j, B(t) ≤ t− l′, F (t) ≤ u′ − t|Z(s) = i, B(s) = s− l, F (s) = u− s]
=P [JN(t) =j, TN(t)∈ [l′, t], TN(t)+1∈(t, u′]|JN(s) = i, TN(s) = l, TN(s)+1>u]

=P [JN(t) =j, TN(t)∈ [l′, t], TN(t)+1∈(t, u′], TN(s)+1>t|JN(s) = i, TN(s) = l, TN(s)+1>u]

+P [JN(t) =j, TN(t)∈ [l′, t], TN(t)+1∈(t, u′], TN(s)+1≤ t|JN(s) = i, TN(s) = l, TN(s)+1>u]

In the first addend the events {TN(s)+1 > t}, {TN(s)+1 > t} being t > u
imply that {TN(s)+1 > t} then N(t) = N(s). Consequently we have

P [JN(t) =j, TN(t)∈ [l′, t], TN(t)+1∈(t, u′], TN(s)+1>t|JN(s) = i, TN(s) = l, TN(s)+1>u]

= P [JN(s) = j, TN(s) = l′, TN(s)+1 ∈ (t, u′]|JN(s) = i, TN(s) = l, TN(s)+1 > u]

= δij1{l′=l}P [TN(s)+1 ∈ (t, u′]|JN(s) = i, TN(s) = l, TN(s)+1 > u]

= δij
Hi(l, u

′)−Hi(l, t)

Hi(l, u)
1{l′=l}

As regard to the second addend we have

P [Z(t) = j, B(t) ≤ t− l′, F (t) ≤ u′ − t, TN(u)+1 ≤ t|JN(u) = k, TN(u) = u]

=
∑
m∈I

∫ t

u

P{Z(t) = j, B(t) ≤ t− l′, F (t) ≤ u′ − t|TN(s)+1 = θ, JN(s)+1 = m}

× P{JN(s)+1 = m,TN(s)+1 = θ|JN(s) = i, TN(s) = l, TN(s)+1 > u}dθ

=
∑
m∈I

∫ t

u

Q̇im(l, θ)

1−Hi(l, u)
φBF
mj (θ; l′, t, u′)dθ

2

There are a lot of particular cases of (10) and (5) which can be of interest in
applications. For example the probability with starting backward bφij(l, s; t) =
P [Z(t) = j|Z(s) = i, B(s) = s − l] denotes the probability to be in state j
at time t given that at time s the process is in state i and it entered in that
state with last transition and then occupies this state without interruption
from time l. It results that

bφij(l, s; t) = δij
(1−Hi(l, t))

(1−Hi(l, s))
+
∑
k∈I

∫ t

s

Q̇ik(l, θ)

(1−Hi(l, s))
φkj(θ, t). (11)

If l = s, B(s) = 0 then we (11) collapses in (3).
The probability with starting forward fφij(s, u; t) = P [Z(t) = j|Z(s) =

i, F (s) = u− s] denotes the probability to be in state j at time t given that at
time s the process entered in state i and it made next transition at time u in
whatever state of the system. It results that

fφij(s, u; t) =
∑
k∈I

dQik(s, u)

dHi(s, u)
· φkj(u; t). (12)
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4 Waiting times complete knowledge semi-Mar-

kov reliability models

SMP have been widely used in reliability theory, see [14], [1], [2] and [4]. More
recently [7] presented a semi-Markov reliability model with recurrence times.

In this section we generalize the previous models taking into account initial
and final backward and forward processes all together in a non-homogeneous
continuous time environment.

Let us consider a system that can be at every time t in one of the states of
I = {1, 2, ...,m} which is partitioned into sets U and D, so that:

I = U
⋃

D, U
⋂

D = ∅, U 6= ∅, U 6= I.

The subset U contains all working states and subset D all not working
states.

The classical indicators used in reliability theory are the following ones:
i) the point wise availability function Ai(s, t), i ∈ I giving the probability

that the system is working on at time t whatever happens on (s, t]:

Ai(s, t) = P [Z(t) ∈ U |Z(s) = i].

ii) the reliability function Ri(s, t), i ∈ U giving the probability that the
system is always working from time s up to time t:

Ri(s, t) = P [Z(u) ∈ U, ∀u ∈ (s, t]|Z(s) = i].

iii) the maintainability function Mi(s, t), i ∈ D giving the probability that
the system will leave the set D within the time interval (s, t] being in i ∈ D
at time s:

Mi(s, t) = 1− P [Z(u) ∈ D, ∀u ∈ (s, t]|Z(s) = i ∈ D].

Following the line of research in [6] and [7] it is possible to define:

Definition 4.1 For all i ∈ I, define the non-homogeneous backward-forward
availability by

bfABF
i (l, s, u; l′, t, u′)

=P [Z(t) ∈ U,B(t) ≤ t−l′, F (t) ≤ u′−t|Z(s) = i, B(s) = s−l, F (s) = u−s].

For all i ∈ I, define the non-homogeneous backward-forward certain waiting
availability by

bFABF
i (l, s, u; l′, t, u′) =

P [Z(t) ∈ U,B(t) ≤ t− l′, F (t) ≤ u′ − t|Z(s) = i, B(s) = s− l, F (s) > u− s].
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They express the probability that the system is working at time t, given that
the entrance in the state Z(s) = i is with an initial backward time equal to s−l
and that the process moves from this state with a initial forward of u− l just
at time u in point wise case and after u in a certain waiting case. Furthermore
we ask to the system to enter in the working state Z(t) at time TN(t) ∈ [l′, t]
and to remain in this state until the time of next transition TN(t)+1 ∈ (t, u′].

Definition 4.2 For all i ∈ U , define the non-homogeneous backward-forward
reliability by

bfRBF
i (l, s, u; l′, t, u′) =

P [Z(h)∈U,∀h∈(s, t], B(t)≤ t−l′, F (t)≤u′−t|Z(s)= i, B(s)=s−l, F (s)=u−s].

For all i ∈ U , define the non-homogeneous backward-forward certain waiting
reliability by

bFRBF
i (l, s, u; l′, t, u′) =

P [Z(h)∈U,∀h∈(s, t], B(t)≤ t−l′, F (t)≤u′−t|Z(s)= i, B(s)=s−l, F (s)>u−s].

These reliability gives the probability that the system is always working from
time s up to the time t, given that the entrance in the state Z(s) = i was at
time l and the next transition after time s is at time u in a point wise case and
greater than u in a certain waiting case. Furthermore it is assumed that the
system did the N(t)-th transition at time TN(t) ∈ [l′, t] and the N(t) + 1-th at
time TN(t)+1 ∈ (t, u′].

Definition 4.3 For all i ∈ D, define the non-homogeneous backward-forward
maintainability by

bfMBF
i (l, s, u; l′, t, u′) =

P [∃h∈(s, t] :Z(h)∈U,B(t)≤ t−l′, F (t)≤u′−t|Z(s)= i∈D,B(s)=s−l, F (s)=u−s].

For all i ∈ D, define the non-homogeneous backward-forward certain waiting
maintainability by

bFMBF
i (l, s, u; l′, t, u′) =

P [∃h ∈(s, t] : Z(h)∈U,B(t)≤ t−l′, F (t)≤u′−t|Z(s)= i∈D,B(s)=s−l, F (s)>u−s].

They give the probability that the system will leave the set D going in an
up state, at least once, within the time interval (s, t] and that TN(t) ∈ [l′, t],
TN(t)+1 ∈ (t, u′] given that the system was in a down state i at time s and the
entrance in the state i was at time l and the system changed state for the first
time after s just at time u in point wise case and after time u in a certain
waiting case.
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The non-homogeneous backward-forward availabilities can be computed as
follows:

bfABF
i (l, s, u; l′, t, u′) =

∑
j∈U

bfφBF
ij (l, s, u; l′, t, u′),

bFABF
i (l, s, u; l′, t, u′) =

∑
j∈U

bFφBF
ij (l, s, u; l′, t, u′).

To compute the non-homogeneous backward-forward reliabilities, all the
states of D are changed in absorbing states posing:

pij(s) = δij, ∀i ∈ D. (13)

The related relation will be:

bfRBF
i (l, s, u; l′, t, u′) =

∑
j∈U

bf φ̃BF
ij (l, s, u; l′, t, u′),

bFRBF
i (l, s, u; l′, t, u′) =

∑
j∈U

bF φ̃BF
ij (l, s, u; l′, t, u′),

where bf φ̃BF
ij (l, s, u; l′, t, u′) and bF φ̃BF

ij (l, s, u; l′, t, u′) are the solutions of equa-
tions (5), (10) with all the states in D that are absorbing due to the kernel
transformation (13).

The non-homogeneous backward-forward maintainabilities can be evalu-
ated transforming all the states of U in absorbing states changing the embed-
ded Markov chain as follows:

pij(s) = δij, ∀i ∈ U. (14)

The related relations will be:

bfMBF
i (l, s, u; l′, t, u′) =

∑
j∈U

bf φ̂BF
ij (l, s, u; l′, t, u′),

bFMBF
i (l, s, u; l′, t, u′) =

∑
j∈U

bF φ̂BF
ij (l, s, u; l′, t, u′),

where bf φ̂BF
ij (l, s, u; l′, t, u′) and bF φ̂BF

ij (l, s, u; l′, t, u′) are solutions of equation
(5) and (10) with all the states in U that are absorbing due to the kernel
transformation (14).

5 Conclusion

In this paper we compute transition probabilities for a continuous time non-
homogeneous semi-Markov process which are perturbed by imposing values on
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the backward and forward recurrence time proceses. The results permit the
proposition of generalized reliability measure which are duration dependent.
This more general reliability model could be applied to analyze also the credit
rating migration model studied in [5].
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