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Abstract
This article considers the problem of how to formulate a framework

for the study of the nearness of tolerance rough sets (TRS). The solution
to the problem stems from recent work on near sets and approach spaces
as well as from the realisation that disjoint TRSs can be viewed in the
context of approach merotopic spaces. A set of TRSs equipped with
a distance function satisfying certain conditions is an example of an
approach space. An application of TRS-based approach spaces is given
in terms of content-based image retrieval.
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1 Introduction

The problem considered in this paper is how to formulate a framework for
the study of the nearness of tolerance rough sets (TRS). TRS theory was
introduced in 1994 [13]. The solution to the problem stems from recent work on
near sets [19, 18, 20, 21, 28] and from the realisation that disjoint TRSs can be
viewed in the context of approach spaces [4, 9, 10, 11, 12, 26, 22, 25], especially
merotopic spaces [7, 4, 5, 6, 26, 22, 23]. The basic approach is to consider a
nonempty set X of TRSs equipped with a distance function ρ : PX ×PX :→
[0,∞] satisfying certain conditions. In that case, (X, ρ) is an approach space.
A collection A,B ∈ P2X is near when νρ(A,B) � inf

B∈B
sup
A∈A

ρ(B, A) = 0.

2 Tolerance Rough Sets

A nonempty set X is a rough set if, and only if the approximation boundary
of X is nonempty. Rather than the usual partition of X with the indiscernibil-
ity relation introduced by Z. Pawlak [17], set approximation is viewed in the
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context of a cover of X defined by an tolerance relation τΦ, where Φ is a set
of attributes of x ∈ X [13]. In this work, let Φ = {φ1, . . . , φi, . . . , φn} denote a
set of probe functions representing object features, where φi : X :→ �. Fea-
ture vectors (vectors of numbers represented as feature values extracted from
objects) provide a basis for set descriptions (see, e.g., [19, 18, 15, 16]). Let
A ⊂ X and let τΦ(x, y) denote a tolerance class (maximal preclass) containing
the set of all objects x ∈ A, y ∈ X such x τΦ y. The upper approximation of A
is denoted by Φ∗A, the set of all such tolerance classes that have a nonempty
intersection with A, i.e.. The lower approximation of A (denoted Φ∗A) is
the set of all tolerance classes that are proper subsets in A. The set A is a
tolerance rough set (TRS) if, and only if the set BndτA = Φ∗A − Φ∗A
(boundary of approximation of A) is empty. A TRS A ∈ A is near a TRS
B ∈ B if, and only if ρ(A, B) = 0.

3 Approach Spaces

The collection of all subsets of a nonempty set X is denoted PX = 2X (power
set). An approach space is a nonempty set X equipped with a distance
function ρ : PX × PX :→ [0,∞] if, and only if, for all nonempty subsets
A, B, C ∈ PX, ρ satisfies conditions (A.1)-(A.4).

(A.1) ρ(A, A) = 0,
(A.2) ρ(A, ∅) = ∞,
(A.3) ρ(A, B ∪ C) = min{ρ(A, B), ρ(A, C)},
(A.4) ρ(A, B) ≤ ρ(A, C) + sup

C⊂PX
ρ(C, B).

Example 1 Sample approach space.
For a point x ∈ X and a non-empty set B, define the gap functional
Dρ(A, B) [8], where

Dρ(A, B) =

⎧⎨
⎩

inf {ρ‖·‖(a, b) : a ∈ A, b ∈ B}, if A and B are not empty,

∞, if A or B is empty.

Let ρ‖·‖ denote ‖ · ‖: X × X :→ [0,∞] denote the norm on X × X defined by
ρ‖·‖(�x, �y) =‖ �x − �y ‖1=

∑
i=1,n |xi − yi|.

Lemma 1. Dρ‖·‖ : PX × PX → [0,∞] satisfies (A.1)-(A.4).

Proof. (A.1)-(A.2) are immediate from the definition of Dρ‖·‖ . For all A, B, C ∈
PX, Dρ‖·‖ satisfies (A.3), since

Dρ‖·‖ (A, B ∪ C) = inf{infρ‖·‖(A, B), inf ρ‖·‖(A, C)}.
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Dρ‖·‖ (A, B) ≤ infρ‖·‖(A, C) + sup
C⊂PX

infρ‖·‖(C, B)

≤ ρ‖·‖(A, C) + sup
C⊂PX

ρ‖·‖(C, B)

Theorem 1. (X, Dρ‖·‖ ) is an approach space.

4 Descriptively Near Sets

Descriptively near sets are disjoints sets that resemble each other. A feature-
based gap functional defined for the norm on a set X was introduced by J.F.
Peters in [21]. In this article, a description-based gap functional DΦX ,ρ‖·‖

is

defined in terms of the Hausdorff lower distance [1] of the norm on PΦX×PΦY

for sets X, Y ∈ PX, i.e. where ΦX =
{
Φ1(x), . . . , Φ|X|(x)

}

DΦX ,ρ‖·‖
(A, B) =

⎧⎨
⎩

inf {ρ(ΦX , ΦY ) if ΦX and ΦY are not empty,

∞, if ΦX or ΦY is empty.

Theorem 2. (X, DΦX ,ρ‖·‖
) is an approach space.

Proof. Immediate from the definition of DΦX ,ρ‖·‖ and Lemma 1.

Given an approach space (X, φ), define ν : X ×PX :→ [0,∞] by

νρ(x,A) = inf
x∈X

sup
A∈A

ρ(x, A). (1)

The collection A ∈ P2X is near if, and only if νρ(x,A) = 0 for some x ∈
X [12]. The function νρ is called an approach merotopy [26]. In the sequel,
rewrite (1), replacing x ∈ X with B ∈ B ∈ P2X and ρ with DΦX ,ρ‖·‖

, then,

νDΦX,ρ‖·‖
(A,B, ) = inf

B∈B
sup
A∈A

DΦX ,ρ‖·‖
(B, A). (2)

Then the collections A,B ∈ P2X are Φ-near if, and only if νDΦX ,ρ‖·‖
(A,B) =

0 for some A ∈ A, B ∈ B.

Definition 1. Near Tolerance Rough Sets
Assume A, C ∈ P2X are collections of classes in the lower approximation of
tolerance rough sets relative to a cover on X defined by tolerance relation τ .
Then the collections A, C are Φ-near if, and only if νDΦX,ρ‖·‖

(A, C) = 0 for

some A ∈ A, C ∈ C. When the meaning of the notation is clear from the
context, we simply write Dρ instead of DΦX ,ρ‖·‖ .
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Example 2 Sample approach merotopy
Assume that integer values in A, C denote intensities in a pair of greyscale
images. Let Φn(x) = {φ}, where φ(x) = greylevel intensity x. The set

Nρ(p, ε) = {x ∈ X : ρ(p, x) < ε},
with ε > 0, is called an open neighbourhood with centre p and radius
ε. Using a neighbourhood approach, we get a tolerance class associated with
each image pixel (neighbourhood centre). For example, let ε = 2 with ρ(x, y) =
|φ(x) − φ(y)| < ε,

U = {0, 1, 2, 3, 8, 9, 5, 6, 7, 11, 12}
A = {0, 1, 2, 3, 8}, where

A0 = Nρ(0, 2) = {0, 1},
A1 = Nρ(1, 2) = {1, 2}, A2 = Nρ(2, 2) = {2, 3, 1}, A3 = Nρ(3, 2) = {3, 2},
A4 = Nρ(8, 2) = {8, 7, 9}},

C = {5, 6, 7, 11}, where

C1 = Nρ(5, 2) = {5, 6}, C2 = Nρ(6, 2) = {6, 5, 7}, C3 = Nρ(7, 2) = {7, 6},
C4 = Nρ(11, 2) = {11, 12}}.

Notice that A is a tolerance rough set, since its lower approximation Φ∗A is

Φ∗A = {A1, A2, A3},
and class A4 �⊂ A. Similarly, C is a tolerance rough set, since its lower approx-
imation Φ∗C is

Φ∗C = {C1, C2, C3},
and class C4 �⊂ C.
(step.1) Start by finding the classes in each lower approximation for sets A, C.

Every class is a neighbourhood of a pixel.
(step.2) Extract the classes from the lower approximations Φ∗A, Φ∗C.
(step.3) Next determine the distances between each of the pairs of classes in

Φ∗A, Φ∗C, find Dρ(Φ∗A, Φ∗C), computed in the following way. For
illustration, we show one computation.

Dρ(A1, C1) = inf{inf{ρ(1, 5), ρ(1, 6)},
inf{ρ(2, 5), ρ(2, 6)}},

= inf{inf{4, 5}, inf{3, 4}},
= inf{4, 3} = 3.

Dρ(A1, C1) = 3, Dρ(A1, C2) = 3, Dρ(A1, C3) = 4

Dρ(A2, C1) = 2, Dρ(A2, C2) = 2, Dρ(A2, C3) = 3

Dρ(A3, C1) = 2, Dρ(A3, C2) = 2, Dρ(A3, C3) = 3.
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(step.4) Now find the sup of each pair of distances.

sup(Dρ(A1, C) = sup{Dρ(A1, C1), Dρ(A1, C2), Dρ(A1, C3)},
= sup{3, 3, 4} = 4,

sup(Dρ(A2, C) = 3,

sup(Dρ(A3, C) = 3.

(step.5) Then, to complete the derivation of the merotopy value, find

νDρ(Φ∗A, Φ∗C) = inf{sup(Dρ(A1, C), sup(Dρ(A2, C), sup(Dρ(A3, C)},
= inf{4, 3, 3} = 3.

That is, Φ∗A is not near Φ∗C.

1.1: Query
image Q

1.2:
B1,ρ

tNM
(Q, B1)

= 1-0.59

1.3:
B2,ρ

tNM
(Q, B2)

= 1-0.57

1.4:
B3,ρ

tNM
(Q, B3)

= 1-0.55

1.5:
B4,ρ

tNM
(Q, B4)

= 1-0.54

Figure 1: Sample retrieved images for greylevel, edge-orientation features

5 Application: Content-based Image Retrieval

For simplicity, assume that a region of interest in a digital image is tolerance
rough set (this is usually the case(see, e.g., [24]). Define an approach space
(U, ρ), where U is a set of digital images and ρ is a distance function that
measures the nearness of pairs of TRSs that are subsets of images in U . We are
interested in measuring the distance between digital images (a digital image is
viewed as a set of points). The basic approach in the proposed form of Content-
based Image Retrieval(CBIR) is to start with a query image X ∈ U and use a
metric to determine the degree of nearness of X to images in a set Y ∈ U . Let
X, Y denote a pair of sets in a metric space, where the distance between sets
is measured. The results of experiments with three distance functions from [3]
are reported here, namely,

(M.1) tNM(X, Y ) (tolerance nearness measure),
(M.2) tHD(X, Y ) (tolerance Hausdorff measure),
(M.3) tHM(X, Y ) (tolerance Hamming measure).
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A detailed explanation of the each of these distance functions is given in [3]
and not repeated here.

Example 2. Sample tNM-based Approach Space
Assume U be a non-empty set of images containing subsets that are TRSs.
Assume A, B ∈ P(U). Consider the distance ρ

tNM
: P(U) ×P(U) :→ [0,∞]

ρ
tNM

(A, B) =

⎧⎨
⎩

1 − tNM(A, B), if A and B are not empty,

∞, if A or B is empty.

Then, by definition, (U, ρ
tNM

) is an approach space. Similar distance functions
can be defined on two additional approach spaces, (U, ρ

tHD
), (U, ρ

tHM
)

2.1: tNM results 2.2: tHD results 2.3: tHM results

Figure 2: CBIR results for greylevel, edge-orientation features

Example 3. Sample CBIR Results
This results reported here result from the selection of a leaf image from 186
images of leaves in the CalTech image archive [27]. A sample leaf query image
is given in Fig. 1.1. In this sample CBIR experiment, image description is
based on two features, namely, average greylevel and average edge orientation
of subimages in each image. Out of all of the compared leaves, the leaves
descriptively nearest the leaf in the query image are shown in Figs. 1.2-1.5.
It is easy to verify that each of the leaves (in isolation as a region-of-interest)
in these images (including the query image) are in fact TRSs after a cover on
the whole of each image has been determined by a tolerance relation (see [3],
e.g., to see how this is done). The plots in Figs. 2.1-2.3 show the CBIR
results using each of the three distance functions ρ

tNM
, ρ

tHD
, ρ

tHM
. The tNM

distance function gives more trustworthy results. It is left as an open problem
to verify whether any collection of the leaf images is, in fact, near a collection
of query images, i.e., for any ρ, whether νρ(B,A) := inf

B∈B
sup
A∈A

ρ(B, A) = 0, if

B ∈ B ∈ P2(U) is a set of query images and A ∈ A ∈ P2(U) for one of the
approach spaces in Example 2.
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[13] S. Marcus, Tolerance rough sets, Čech topologies, learning processes, Bull.
Polish Academy of Sciences, Technical Sciences 42(3) (1994), 471-487.

[14] S.A. Naimpally, B.D. Warrack, Proximity Spaces, Camb. Tracts in Math.
and Math. Physics 59, Camb. U Press, 1970, , ix+128 pp.

[15] S.A. Naimpally, Near and far. A centennial tribute to Frigyes Riesz,
Siberian Electronic Mathematical Reports 2 (2009), 144153.



1902 Sheela Ramanna

[16] S.A. Naimpally, Proximity Approach to Problems in Topology and Anal-
ysis, Oldenbourg Verlag, Munich, Germany, 2009, xiv+206 pp., ISBN
978-3-486-58917-7.

[17] Z. Pawlak, Rough sets, Int. J. Comp. Inform. Science 11 (1982), 341-356.

[18] J. F. Peters and P. Wasilewski, Foundations of near sets, Inf. Sci. 179
(2009), no. 18, 30913109, http://dx.doi.org/10.1016/j.ins.2009.04.018.

[19] J.F. Peters, Near sets. General theory about nearness of objects, Applied
Mathematical Sciences 1 (2007), no. 53, 26092029.

[20] J.F. Peters, Corrigenda and addenda: Tolerance near sets and image cor-
respondence, Int. J. Bio-Inspired Comp. 2 (5), 2010, 310-318.

[21] J.F. Peters, Metric spaces for near sets, Applied Mathematical Sciences
5 (2), 2011, 159-174.

[22] J.F. Peters and S.A. Naimpally, Approach spaces for near families, Gen.
Math. Notes 2 (1) (2011), 159-164.

[23] J.F. Peters and S. Tiwari, Approach merotopies and near filters. Theory
and application, Gen. Math. Notes 2 (2011), in press.

[24] S. Ramanna, J.F. Peters, W.-Z. Wu, Content-Based Image Retrieval: Per-
ceptually Near Tolerance Rough Set Approach. Journal of Zhejiang Ocean
University (Natural Science) 29 (5), 2010, 462-471, ISSN 1008-830X.

[25] S. Ramanna, J.F. Peters, Approach Space Framework for Image Database
Classification, Int. Conf. on Integrated Computing Technology, Commu-
nications in Computer and Information Science (CCIS), Sãn Carlos-SP,
Brasil, LNCS Spinger, 27-30 Mar. 2011.

[26] S. Tiwari, Some Aspects of General Topology and Applications. Approach
Merotopic Structures and Applications, Supervisor: M. Khare, Ph.D. the-
sis, Mathematics Dept., Allahabad Univ., 2010, vii + 112 pp.

[27] M. Weber, Leaves, URL http://www.vision.caltech.edu/archive.html.

[28] M. Wolski, Perception and classification. A note on near sets and rough
sets, Fundamenta Informaticae 101 (2010), 143155, doi: 10.3233/FI-2010-
281.

Received: November, 2010


