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Abstract

Based on the nonlinear control theory, the anti-synchronization between two diﬀerent hyperchaotic systems is investigated. Through rigorous mathematical theory, the suﬃcient condition is drawn for the
stability of the error dynamics, where the controllers are designed by
using the sum of the relevant variables in hyperchaotic systems. Numerical simulations are performed for to demonstrate the eﬀectiveness
of the proposed control strategy.
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1

Introduction

Chaos is an interesting phenomenon of nonlinear systems. A deterministic
chaotic system has some remarkable dynamic characteristics [1], such as system
evolution sensitive to the change in initial conditions and broad spectrum of
Fourier transform. It can be treated as a carrier to modulate signals that have
the random characteristics. It also has the overall stability. When we use a
chaotic signal to drive two identical systems, the two systems or certain parts
of them will have the synchronous behavior, which does well for conﬁdential
communication.
Chaos synchronization has attracted a great deal of attention ever since
Pecora and Carroll [2] established a chaos synchronization scheme for two
identical chaotic systems with diﬀerent initial conditions. Various eﬀective
methods have been presented to synchronize various chaotic systems, for example, adaptive control [3, 4], linear and nonlinear feedback control [5, 6] active
control [8], and so on. The concept of synchronization has been extended to
the scope, such as generalized synchronization [9], phase synchronization [10],
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lag synchronization [11], and even anti-phase synchronization (APS) [12, 13].
APS can also be interpreted as anti-synchronization (AS), which is a phenomenon whereby the state vectors of the synchronized systems have the same
amplitude but opposite signs as those of the driving system. Therefore, the
sum of two signals are expected to converge to zero when either AS or APS
appears.
The aim of this work is to further develop the state observer method for
constructing anti-synchronized of the high dimensional system, since the aforementioned method is mainly concern with the synchronization of chaotic systems with low dimensional attractor which characterized by one positive Lyapunov exponent. This feature limits the complexity of the chaotic dynamics.
It is believed that the chaotic systems with higher dimensional attractor have
much wider application. In fact, the adoption of higher dimensional chaotic
systems has been proposed for secure communication and the presence of more
than one Lyapunov exponent clearly improves security of the communication
scheme by generating more complex dynamics. Recently, hyperchaotic systems
were also considered with quickly increasing interest. Hyperchaotic system is
usually classiﬁed as a chaotic system with more than one positive Lyapunov
exponent.

2

Design of controller via nonlinear control
method

In this section we will propose a nonlinear control scheme to investigate the
nonlinear anti-synchronization between two identical and diﬀerent and hyperchaotic systems.
Consider the following system described by
ẋ = Ax + Bf (x)

(1)

where x ∈ Rn is the state vector, A ∈ Rn×n , B ∈ Rn×n are metrics and vectors
of system parameters, and f : Rn −→ Rn is a nonlinear function. Eq.(1) is
considered as a drive system.
By introducing an additive control U ∈ Rn , then the controlled response
system is given by
ẏ = A1 y + B1 g(y) + U

(2)

where y ∈ Rn denotes the state vector of the response system, A1 ∈ Rn×n , B1 ∈
Rn×n are metrics and vectors of this controlled response system parameters,
and g : Rn −→ Rn is a nonlinear function. A = A1 , B = B1 , for two identical
chaotic systems, A = A1 , B = B1 , for two diﬀerent chaotic systems. The antisynchronization problem is to design a controller U which anti-synchronizes
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the states of both the drive and response systems. We add Eq.(2) to Eq.(1)
and get
ė = A1 y + B1 g(y) + Ax + Bf (x) + U

(3)

where e = x+y, the aim of the anti-synchronization is to make lim e(t) = 0.
t→∞

Then let Lyapunov error function be V (e) = 12 eT e, where V (e) is a positive
deﬁnite function. Assuming that the parameters of the drive and response
systems are known and the states of both systems are measurable, we may
achieve the anti-synchronization by selecting the controller U to make the ﬁrst
derivative of V (e), i.e., V̇ (e) < 0. Then the states of response and drive systems
are anti-synchronized asymptotically globally.

3

Systems description

The hyperchaotic Lorenz system [14]. is described by
ẋ
ẏ
ż
ẇ

=
=
=
=

a(y − x) + w,
−xz + rx − y,
xy − bz,
−xz + dw.

(4)

where a, b, r, and d are constants. When parameters a = 10, r = 28, b = 8/3
and d = 1.3, the system (4) has two positive Lyapunov exponents λ1 = 0.3985
and λ2 = 0.2481. Thus, the system (4) shows hyperchaotic behavior.
The hyperchaotic Lü system [15] is described by
ẋ
ẏ
ż
ẇ

=
=
=
=

a(y − x) + w,
−xz + cy,
xy − bz,
xz + dw,

(5)

where x, y, z, and w are state variables, and a, b, c, and d are real constants.
When a = 36, b = 3, c = 20, −1.03 ≤ d ≤ −0.46, system (5) has periodic
orbit, when a = 36, b = 3, c = 20, −0.46 < d ≤ −0.35, system (5) has chaotic
attractor, when a = 36, b = 3, c = 20, −0.35 < d ≤ 1.3, system (5) has
hyperchaotic attractor.

4

Anti-Synchronization of two diﬀerent hyperchaotic systems

In order to achieve the behavior of the anti-synchronization between the hyperchaotic Lorenz system and the hyperchaotic Lü system by using the proposed
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method, assume that the hyperchaotic Lorenz system is the drive system whose
variables are denoted by subscript 1 and the hyperchaotic Lü system is the response system whose variables are denoted by subscript 2. The drive and the
response systems are described, respectively, by the following equations:
x˙1
y˙1
z˙1
ẇ1

=
=
=
=

a1 (y1 − x1 ) + w1 ,
−x1 z1 + r1 x1 − y1 ,
x1 y1 − b1 z1 ,
−x1 z1 + d1 w1 .

(6)

a2 (y2 − x2 ) + w2 + u1 ,
−x2 z2 + c2 y2 + u2 ,
x2 y2 − b2 z2 + u3 ,
x2 z2 + d2 w2 + u4 .

(7)

and
x˙2
y˙2
z˙2
ẇ2

=
=
=
=

where U = [u1 , u2, u3 , , u4]T is the controller function. In the following, we
design a nonlinear controller to achieve the anti-synchronization between the
hyperchaotic Lorenz system and the hyperchaotic Lü system. By adding Eq.
(7) to Eq. (6) yields the error dynamical system between Eq. (6) and (7):
ė1
ė2
ė3
ė4

=
=
=
=

a2 (e2 − e1 ) + e4 + (a1 − a2 )(y1 − x1 ) + u1 ,
c2 e2 − (1 + c2 )y1 + r1 x1 − x2 z2 − x1 z1 + u2 ,
−b2 e3 + (b2 − b1 )z1 + x2 y2 + x1 y1 + u3 ,
d2 e4 + (d1 − d2 )w1 + x2 z2 − x1 z1 + u4 .

(8)

where e1 = x2 + x1 , e1 = y2 + y1 , e3 = z2 + z1 and e4 = w2 + w1 . In order to
determine the controller, let
u2 = u12 + u22 , where u22 = x2 z2 + x1 z1
u3 = u13 + u23 , where u23 = −x2 y2 − x1 y1
u4 = u14 + u24 , where u24 = −x2 z2 + x1 z1
Then we rewrite (8) in the following form:
e˙1
e˙2
e˙3
e˙4

=
=
=
=

a2 (e2 − e1 ) + e4 + (a1 − a2 )(y1 − x1 ) + u1 ,
c2 e2 − (1 + c2 )y1 + r1 x1 + u12 ,
−b2 e3 + (b2 − b1 )z1 + u13 ,
d2 e4 + (d1 − d2 )w1 + u14 .

By taking a Lyapunov function for Eq. (9) into consideration
V (e) = 12 eT e

(9)
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we get the ﬁrst derivative of V (e):
V̇

=

e1 [a2 e2 − a2 e1 + (a1 − a2 )(y1 − x1 ) + e4 + u1 ]
+e2 [c2 e2 + r1 x1 − (1 + c2 )y1 + u12 ]
+e3 [−be3 + (b2 − b1 )z1 + u13 ]
+e4 [d2 e4 + (d1 − d2 )w1 + u14 ]

(10)

Therefore, if we choose Uas follows:
u1
u12
u13
u14

=
=
=
=

−e4 − (a1 − a2 )(y1 − x1 ),
−a2 e1 − 2c2 e2 − r1 x1 + (1 + c2 )y1 ,
−(b2 − b1 )z1 ,
−2d2 e4 − (d1 − d2 )w1 .

(11)

then
V̇ = −a2 e21 − c2 e22 − b2 e23 − d2 e24 .

(12)

where V̇ (e) < 0 is satisﬁed. Since V̇ (e) is a negative-deﬁnite function, the
error states
lim e(t) = 0.
t→∞
Therefore, this choice will lead the error states e1 , e2 , e3 , e4 to converge
to zero as time t tends to inﬁnity and hence the anti-synchronization of two
diﬀerent hyperchaotic systems is achieved.

4.1

Numerical simulation results

The fourth-order Runge-Kutta integration method is used to solve the systems
of diﬀerential equations (6) and (7). In addition, a time step size 0.001 is
employed. We select the parameters of the hyperchaotic Lorenz system as
a = 10, b = 8/3, r = 28, d = 1.3, and for the hyperchaotic Lü as a = 36, b =
3, c = 20, d = 1.3, so that these systems exhibits a hyperchaotic behavior.
The initial values of the drive and response systems are x1 (0) = 5, y1 (0) =
8, z1 (0) = −1, w1 (0) = −3 and x2 (0) = 3, y2 (0) = 4, z2 (0) = 5, w2(0) = 5,
respectively. A mirroring eﬀect of the anti-synchronization is illustrated in
Fig. (1) and the error dynamics shown in Fig. (2) dictates the eﬀectiveness
of this anti-synchronization scheme. Fig. (1)–(2) visually shows the eﬀects of
the hyperchaotic Lü system being controlled to be hyperchaotic Lorenz.
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Figure 1: The time response of states for drive system (hyperchaotic Lorenz)
and the response system (hyperchaotic Lü) via nonlinear control (a) signals
x1 and x2 ; (b) signals y1 and y2 ; (c) signals z1 and z2 (d) signals w1 and w2 .

5

Conclusion

Based on the Lyapunov stability theory, we propose a nonlinear control method
to anti-synchronize two diﬀerent hyperchaotic systems. The simulation results
show that the two diﬀerent hyperchaotic systems, the hyperchaotic Lü system
is controlled to trace the hyperchaotic Lorenz system and the states of two
systems become the same ﬁnally. This shows that our proposed method has
strong robustness.
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Figure 2: Anti-synchronization error in hyperchaotic Lorenz system and hyperchaotic Lü system via nonlinear control (a) signals x1 and x2 ; (b) signals
y1 and y2 ; (c) signals z1 and z2 ; (d) signals w1 and w2 .
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