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Abstract

Bezier is one of the influent polynomial and important tool for in-
terpolation because it is easy to compute and is also very stable. In this
paper, we develop very simpler constraints for Quadratic and Cubic
Bezier curve which they ensure to constrained by a line. The end con-
trol points of the Quadratic and Cubic Bezier curve will be left on user
desire and only middle control points of Quadratic and Cubic Bezier
curve will change the whole shape which looks like smooth and in-
teractive curve. Therefore, in order to determine the constraints for
Quadratic and Cubic Bezier curve, the location of each middle control
points to be identified, so that the curve will only touch the constraint
line but without crossing it. The middle cubic Bezier ordinate provides
the C-shape and S-shape curves which are may be useful in the path
planning and Highway or railway rout design.
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1 Introduction

Bezier is one of the influent polynomial and important tool for interpolation.
The Bezier interpolating curve always lies within the convex hull and it never
oscillates wildly away from the control points. Bezier polynomial has sev-
eral applications in the fields of engineering, science and technology such as
highway or railway rout designing, networks, Computer aided design system,
animation, environment design, robotics, communications and many other dis-
ciplines because it is easy to compute and is also very stable. One of the main
approaches to robot motion is through the use of Quadratic and Cubic Bezier
spline functions.

Parametric Quadratic and Cubic curves are very fashionable in CAD appli-
cation because these are the lowest degree curves. Such curves are very useful
for the compositions of G2 blending curves. The parametric quadratic and
cubic Bezier curves are mostly used in Computer aided design and Computer
aided geometric design applications because of its numerical and geometric
properties. Many researchers have followed their use in different applications
like font design and data fitting. For the application in the design of trajec-
tories of mobile robots, it is enviable that transitions be fair. The important
of using fair curves in the design process is well documented in the literature
([2]-[5]).

Many authors have studied numerous kinds of spline for curve and surface
design and control ([9]-[7]).Brodlie,etal [4] have constructed modified quadratic
shepard method which interpolates a scattered data of any dimensionality
can be constrained to preserve the positivity. Quadratic basis functions are
compulsory to be positive. They extended the method to handle other type
of constraints including lower bound zero and upper bound one as occur with
fractional data. Further, they extended for creating an interpolant that lies
between any two specified functions as the lower and upper bound for general
range restrictions. Meek,etal [1], For a given set of ordered points lying on one
side of a polyline, the problem of constructing a planar interpolating G2 curve
to these planar data which lies on the same side of the polyline as the data is
considered. An existing method addresses this problem using rational cubics
with multiple lines as constraints and where all the data points lie strictly on
one side of these lines. The method presented here extends that method to
allow a polyline as a more general constraint where all the data points need
not lie on one side of the infinite line through each of its edges. It also allows
data points to lie on the constraint polyline. Goodman,etal [9],developed two
schemes of interpolating to preserve the shape of data lying on one side of the
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straight line by rational cubic function. Firstly, they preserved the shape of
data lying above the straight line by scaling the weights by some scale factor.
Secondly, they preserved the shape of data by the insertion of new interpolation
point. The interpolant is actually a non parametric rational cubic Bezier curve.

Jeok,Ong [10] has investigated the cubic Bezier-like curves in monotonic-
ity preserving interpolation and constrained interpolation. The cubic Bezier-
like polynomial functions are extensions of the Bezier polynomial functions
with two additional parameters that can be used in the modification of the
curve. Conditions on these parameters for monotonicity preserving interpo-
lation and constrained interpolation are derived. Based on these conditions,
two smooth curve interpolation schemes are constructed. The first interpo-
lation scheme generates C1 monotonicity preserving curves while the second
generates G1curves which are constrained to lie on the same side of the given
constraint lines as the data. Asim,etal [6] constructed global scheme for the vi-
sualization of positive scattered data by Modified Quadratic Shepard Method.
The positivity of the data achieved by scaling the basis functions as far as it is
necessary.Hussain,etal [7],developed a very nice and visually pleasing scheme
to visualize constrained data in the view of constrained curves by most gener-
alized form of C1piecewise rational cubic function.
In general, our Bezier curve interpolation is the fixed interpolation which means
that the shape of the interpolating curve is fixed for the given interpolating
data and control polygon, since the interpolating function is unique for the
given control points. If the user wishes to modify the shape of the interpolat-
ing curve, the control points need to be changed.

In recent years, the rational spline with parameters has gained attention
in the literature ([1], [4]-[7]).However; it has many shortcomings due to its
rational form and nonpolynomial form. For example repeated differentiation
produces curves of very high degree.

In this paper, we introduce very simpler approach to preserve the quadratic
and cubic Bezier curves on the constraint line (The constraint line is the x-axis
or any straight line).it is based on the ideas that the shape of the curves are
controlled by the middle ordinates of the quadratic and cubic Bezier function.
Therefore, these curves have more simplify form and clear geometric mean-
ing than rational Bezier curves.No insertion of new interpolation point in the
interval.

The rest of the paper has been made in this a way that section(2) describes
about the Bezier curve of degree n. The constrained quadratic Bezier curve
interpolation is discussed in the Section(3). The theorems, algorithm and
numerical examples are discussed in the subsections (3.1-3.4) respectively. The
constrained cubic Bezier curve interpolation is discussed in the Section(4). The
theorems, algorithm, C-shape and S-shape curves and graphical results are
discussed in the subsections (4.1 -4.5) respectively. Finally, the conclusion of
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the paper is discussed in the Section(5).

2 Bezier Curve

Let (Pi = (xi, yi), i = 0, 1, 2, ..., n) be the control points of Bezier curve (BC).
The BC of degree ’n’ can be defined as

P (t) =
n∑

i=0

Bn
i (t)Pi 0 ≤ t ≤ 1 (1)

where Bn
i (t) =

(
n
i

)
ti(1− t)n−i, i = 0, 1, 2, ..., n are Bernstein polynomials of

degree n.

3 Quadratic Bezier Constrained curve inter-

polation (when n=2)

In general, a quadratic Bezier curve has three control points (Pi = (xi, yi), i =
0, 1, 2).The end control points will be given with y0, y2 ≥ 0.So, only one control
point in the quadratic Bezier curve (QBC) has to be identified in the middle
of it. The control points will be intelligent to make the QBC to constrained
by a line. In this order the quadratic Bezier constrained curve interpolation is
divided into two parts

Theorem 3.1 Let P (t) be a quadratic Bezier curve with three control points
will be constrained by a line (x-axis) with y0, y2 ≥ 0 if the middle ordinates of
P (t) have a minimum value can be defined as

y1 = −√
y0y2

Proof: Let quadratic Bezier curve P (t) can be defined as:

P (t) = (1 − t)2P0 + 2t(1 − t)P1 + t2P2 0 ≤ t ≤ 1 (2)

where P0 = (x0, y0), P1 = (x1, y1), P2 = (x2, y2) are the three control points
and y0, y1, y2 ∈ R1 are the Bezier ordinates of the curve P (t).In order to obtain
the sufficient condition on the ordinate y1 of QBC whose provide the guarantee
that the curve constrained by a line(x-axis), the minimum value of y1 has to
be identified when y0, y2 ≥ 0 are given.

We consider a transformation in the form of

t =
x − x0

x2 − x0

(3)
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So P (t) will transform into P (x).The QBC will touch the x-axis when P ′(x) =
0.So the value of ‘x’ obtained in the term of y1 is given below

x =
y1(x2 + x0) − (x2y0 + x0y2)

2y1 − (y2 + y0)
(4)

We rewrite the equation (2) by using equations (3-4)

P (x) =
−y2

1 + y0y2

(y0 + y2) − 2y1
(5)

From equation (5), when P (x) = 0.Then y1 = ±√
y0y2 We have two values of

y1 , so y1 =
√

y0y2 is not perfect value because that is not minimum value.
Hence QBC touches the x-axis, when

y1 = −√
y0y2 (6)

Hence the required result will be done.

3.1 Algorithm:

1. Define Quadratic Bezier curve P (t).

2. Make a transformation for ‘t’.

3. Solve P ′(x) = 0, for the value of ‘x’.

4. Substitute ‘x’ in P (x).

5. Solve P (x) = 0, for the value of y1.

6. Take the minimum value of y1.Then the curve will touch the constraint
line (x-axis).

3.2 Numerical Example:

1. Given that P0 = (x0, y0) = (1, 2) &P2 = (x2, y2) = (3, 4) be the end control
points. The obtained result will be P1 = (x1, y1 = −√

y0y2) = (2,−√
8) shown

in Figure.1 and Figure.2
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Figure 1: QBC constrained by a line (x-axis) without control polygon.
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Figure 2: QBC constrained by a line (x-axis) with control polygon

Theorem 3.2 Let P (t)be a quadratic Bezier curve with three control points
will be constrained by a line (any straight line) with y0, y2 ≥ 0 if the middle
ordinates of P (t) have a minimum value can be defined as

y1 = c +
1

2
m(x0 + x2) −

√
(c + mx0 − y0)(c + mx2 − y2)

where m ≥ 0 & c are the slope and intercept of the line.

Proof: Let quadratic Bezier curve P (t) can be defined as:

P (t) = (1 − t)2P0 + 2t(1 − t)P1 + t2P2 0 ≤ t ≤ 1 (7)

where P0 = (x0, y0), P1 = (x1, y1), P2 = (x2, y2) are the three control points
and y0, y1, y2 ∈ R1 are the Bezier ordinates of the curve P (t).In order to obtain
the sufficient condition on the ordinate y1 of QBC whose provide the guarantee
that the curve constrained by a line (any straight line), the minimum value of y1

has to be identified when y0, y2 ≥ 0 are given. Consider G(x) = mx+c, m ≥ 0
is any straight line having ‘m’ and ‘c’ is the slope and intercept of the line
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respectively.
We consider a transformation in the form of

t =
x − x0

x2 − x0
(8)

So P (t) will transform into P (x).The QBC will touch to any straight line when
P ′(x) = G′(x).So the value of ‘x’ obtained in the term of y1 and ‘m’ is given
below

x =
−m(x0 − x2)

2 + 2y1(x0 + x2) − 2(x2y0 + x0y2)

4y1 − 2(y0 + y2)
(9)

We rewrite the equation (7) by using the equations (8-9)

P (x) =
4y2

1 − m2(x0 − x2)
2 − 4y0y2

8y1 − 4(y0 + y2)
(10)

From equation (10), if P (x) = G(x).Then

y1 = c + 1
2
m(x0 + x2) ±

√
(c + mx0 − y0)(c + mx2 − y2)

We have two values of y1 , so y1 = c+1
2
m(x0+x2)+

√
(c + mx0 − y0)(c + mx2 − y2)

is not exact value because that is not minimum value. Hence QBC constrained
by any straight line if

y1 = c +
1

2
m(x0 + x2) −

√
(c + mx0 − y0)(c + mx2 − y2) (11)

Hence prove the theorem.

3.3 Algorithm:

1. Define Quadratic Bezier curve P (t).

2. Make a transformation for‘t’.

3. Solve P ′(x) = G′(x), for the value of ‘x’.

4. Substitute ‘x’ in P (x).

5. Solve P (x) = G(x), for the value of y1.

6. Take the minimum value of y1.Then the curve will touch the constraint
line (any straight line).

3.4 Numerical Example:

1. Given that P0 = (x0, y0) = (−1, 1) &P2 = (x2, y2) = (3, 5) be the end
control points.G(x) = 5

3
x − 2 where m = 5

3
& c = −2 The obtained result will

be P1 = (x1, y1) = (1,−3.38888) shown in Figure.3 and Figure.4
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Figure 3: QBC constrained by a line(straight line) without control polygon
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Figure 4: QBC constrained by a line(straight line) with control polygon

4 Cubic Bezier Constrained curve interpola-

tion (when n=3)

In general, a Cubic Bezier curve (CBC) has four control points (Pi = (xi, yi), i =
0, 1, 2, 3).The end control points will be given with y0, y3 ≥ 0.So, two control
point in the Cubic Bezier curve (CBC) have to be identified in the middle of
it. The control points will be intelligent to make the CBC constrained by a
line and will change the shape of the CBC either in the form of S-Shape and
C-shape. In this order Cubic Bezier constrained curve interpolation is divided
into two parts.

Theorem 4.1 Let R(t)be a Cubic Bezier curve with four control points
(P0 = (x0, y0), P1 = (x1, y1), P2 = (x2, y2), P3 = (x3, y3)) will be constrained by
a line (x-axis) with y0, y3 ≥ 0 if the middle ordinates of R(t) have a minimum
and real values can be defined as

y1 =
y4

2 + 8 y2 y0 y32 + y2
2( A + B)1/3 + ( A + B)2/3

4 y3( A + B)1/3
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where
A = y6

2 −20y3
2y0y

2
3 −8y2

0y
4
3 , B = 8

√
y0y2

3(−y3
2 + y0y2

3)
3 and the Bezier ordinate

y2 preserve the C-shape curve if y2 = −2y
1/3
0 y

2/3
3 and the S-shape curve if

y2 = −2−2/3y01/3y32/3.

Proof: Let R(t) be a cubic Bezier curve defined as:

R(t) = (1− t)3P0 +3t(1− t)2P1 +3t2 (1− t)P2 + t3P3 0 ≤ t ≤ 1 (12)

where P0 = (x0, y0), P1 = (x1, y1), P2 = (x2, y2), P3 = (x3, y3) are the four
control points and y0, y1, y2, y3 ∈ R1 are the Bezier ordinates of the curve
R(t).In order to obtain the sufficient condition on the ordinate y1& y2 of CBC
whose provide the guarantee that the curve constrained by a line (x-axis), the
minimum and real value of y1 & y2 has to be identified when y0, y3 ≥ 0 are
given.We take a transformation in the form of

t =
x − x0

a
: a = x3 − x0 (13)

So R(t) will transform into R(x).The CBC will touch the x-axis when R′(x) =
0.So the value of ‘x’ obtained in the term of y1 & y2 is given below

x =
a(2y1 − y2 − y0) + x0(3y1 − 3y2 − y0 + y3) −

√
a2(y2

1 + y2
2 − y2y0 + y0y3 − y1(y2 + y3))

3(y1 − y2) − (y0 − y3)
(14)

Substitute Equations (13-14) in Equation (12), then we solve the equation
R(x) = 0 for the following minimum and real value of y1.

y1 =
y4

2 + 8y2y0y32 + y2
2(A + B)1/3 + (A + B)2/3

4y3(A + B)1/3
(15)

where

A = y6
2 − 20y3

2y0y
2
3 − 8y2

0y
4
3 , B = 8

√
y0y2

3(−y3
2 + y0y2

3)
3

We solve the above equation (15) for the value of y2.So we obtained two values
of y2 which one for S-Shape and other for C-Shape curve.

y2 = −2y
1/3
0 y

2/3
3

y2 = −2−2/3y01/3y32/3

respectively.
Q.E.D
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4.1 Algorithm:

1. Define Cubic Bezier curve R(t).

2. Make a transformation for‘t’.

3. Solve R′(x) = 0, for the value of ‘x’.

4. Substitute ‘x’ in R(x).

5. Solve R(x) = 0, for the value of y1.

6. Take y1 as a new function, then solve for the two values of y2 which one
for C-shape and other is S-shape curve.

7. Take the minimum and real value of y1.Then the curve will constrained
by a line (x-axis).

4.2 Graphical Results:

4.3 C-Shape curve

Given that P0 = (x0, y0) = (0, 3) &P3 = (x3, y3) = (6, 4) is the end con-
trol points. The obtained result will be P1 = (x1, y1) = (2,−7.04948 ×
10−16) & P2 = (x2, y2) = (4,−2.28943) shown in Figure.5 and Figure.6

1 2 3 4 5 6
x � axis

1

2

3

4

y� axis

Figure 5: Cubic Bezier(C-shape) curve constrained by a line (x-axis) without
control polygon.

4.4 S-Shape curve

Given that P0 = (x0, y0) = (−2, 3) &P3 = (x3, y3) = (4, 4) is the end con-
trol points. The obtained result will be P1 = (x1, y1) = (0, 9.5428) & P2 =
(x2, y2) = (2,−7.2684) shown in Figure.7 and Figure.8
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Figure 6: Cubic Bezier(C-shape) curve constrained by a line (x-axis) with
control polygon.

�2 �1 1 2 3 4
x � axis

1

2

3

4

y� axis

Figure 7: Cubic Bezier(S-shape) curve constrained by a line (x-axis) without
control polygon.
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Figure 8: Cubic Bezier(S-shape) curve constrained by a line (x-axis) with
control polygon.

Theorem 4.2 Let R(t)be a Cubic Bezier curve with four control points
(P0 = (x0, y0), P1 = (x1, y1), P2 = (x2, y2), P3 = (x3, y3)) will be constrained by
a line (any straight line) with y0, y3 ≥ 0 if the middle ordinates of R(t) have a
minimum and real values can be defined as
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y1 =
c(2 − 3u) + m(2(−1 + u)2x0 + (1 − 2u)ux3) − 2y0 + 6uy0 − 6u2y0 + 2u3y0 + u3y3

3(−1 + u)2u

y2 =
c − 3cu + m(x0 − 3ux0 + 2u2x0 − 2u2x3) − y0 + 3uy0 − 3u2y0 + u3y0 + 2u3y3

3(−1 + u)u2

Proof: Let R(t) be a cubic Bezier curve defined as:

R(t) = (1−t)3P0 +3t(1−t)2P1 +3t2 (1−t)P2 + t3P3 0 ≤ t ≤ 1 (16)

where P0 = (x0, y0), P1 = (x1, y1), P2 = (x2, y2), P3 = (x3, y3) are the four
control points and y0, y1, y2, y3 ∈ R1 are the Bezier ordinates of the curve
R(t).In order to obtain the sufficient condition on the ordinate y1& y2 of CBC
whose provide the guarantee that the curve constrained by a line (any straight
line), the minimum value of y1 & y2 has to be identified when y0, y3 ≥ 0 are
given.
Consider a straight line

y = mx + c, m ≥ 0 (17)

where ‘m’ and ‘c’ is the slope of the line and intercept of the line respectively.
We take a transformation in the form of

t =
x − x0

a
: a = x3 − x0 (18)

So R(t) will transform into R(x).The CBC will touch the straight line when
R′(x) = y′, where prime represent the derivative with respect to ‘x’. The value
of y1 obtained in the term of y2.
For the value of y2, we solve the equation R(x) = y.
From equation (17), we have

x =
y − c

m
(19)

Also we have

y = (1 − u)(mx0 + c) + u(mx3 + c) 0 ≤ u ≤ 1 (20)

Using the Equations (18-20), we get the values of two middle ordinates of the
cubic Bezier curve are given below.

y1 =
c(2 − 3u) + m(2(−1 + u)2x0 + (1 − 2u)ux3) − 2y0 + 6uy0 − 6u2y0 + 2u3y0 + u3y3

3(−1 + u)2u
(21)

y2 =
c − 3cu + m(x0 − 3ux0 + 2u2x0 − 2u2x3) − y0 + 3uy0 − 3u2y0 + u3y0 + 2u3y3

3(−1 + u)u2

(22)
Hence the equations (21-22) provide the guarantee to cubic Bezier curve inter-
polation to preserve the shape on the any straight line.
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4.5 Algorithm:

1. Define Cubic Bezier curve R(t).

2. Make a transformation for‘t’.

3. Solve R′(x) = y′, for the value of y1.

4. Solve R(x) = y, for the value of y2.

5. Put the values of x = y−c
m

&y = (1 − u)(mx0 + c) + u(mx3 + c) in step
(3) and (4).

6. Take the minimum and real values of y1 and y2 for the preservation of
curve that constrained by a line.

4.6 Graphical Results:

4.7 C-Shape curve

Given that P0 = (x0, y0) = (1, 4) &P3 = (x3, y3) = (6, 5) is the end control
points.G(x) = 2

3
x − 1 where m = 2

3
& c = −1 & u = 0.5.The obtained result

will be P1 = (x1, y1) = (8/3,−1.4444) & P2 = (x2, y2) = (13/3, 2) shown in
Figure.9 and Figure.10

2 3 4 5 6
x � axis
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2

3

4

5

y� axis

Figure 9: Cubic Bezier(C-shape) curve constrained by a line( straight line)
without control point.
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Figure 10: Cubic Bezier(C-shape) curve constrained by a line( straight line)
with control point.

4.8 S-Shape curve

Given that P0 = (x0, y0) = (−1, 2) &P3 = (x3, y3) = (4, 5) is the end control
points.G(x) = 1

2
x−2 where m = 0.5 & c = −2 & u = 0.3.The obtained result

will be P1 = (x1, y1) = (2/3,−8.36054) & P2 = (x2, y2) = (7/3, 5.9047) shown
in Figure.11 and Figure.12.
The purpose of Bezier curve and a constraint line can be shown through the
example of robotic motion. For instance, the robotic motion is a straight line
and the constraint line acts as the path motion of the robot.When we have
the Bezier curve acts as a parabolic wall, so the tangent slope of constraint
line has to be determined in order to produce the path motion of the robot
through points (a,b).Hence the robot can move in a straight motion without
crashing into the parabolic wall as shown in Figure.13.
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Figure 11: Cubic Bezier(S-shape) curve constrained by a line( straight line)
without control point.
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Figure 12: Cubic Bezier(S-shape) curve constrained by a line( straight line)
with control point.
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Figure 13: Robot motion through point (4,4)

5 Conclusion

In this paper, we develop a simpler algorithm for the Quadratic and Cubic
Bezier curve constrained interpolation. The middle Bezier ordinates provide
a guarantee to preserve the shape of quadratic and Cubic Bezier curve con-
strained by a line. The constrained line has two types which one is the x-axis
and other is any straight line. In this order, we develop simpler constraints
on the middle Bezier ordinates. In cubic Bezier curve interpolation, we con-
struct a C-shape and S-shape curves. These curves may be very useful in path
planning, highway or railway rout designing or car-like robot path planning.
This interpolation also may be useful for the robotic motion. In future, this
work may be extending by increasing the degree of Bezier curve which is more
useful in CAD, CAGD and also in engineering as well.
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