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Abstract

In this work, we mainly review two methods for improving the uni-
form convergence of the known Lagrange interpolation polynomial put
forward by Bernstein, namely, the method of weighted mean for basic
functions of interpolation and the method of lowering some interpolation
conditions. Moreover, we present the conclusions for the constructed
interpolation polynomials based on the two basic ideas and list some
important references for proving the conclusions based on the algebraic
nodes or the trigonometric nodes.
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1. Introduction

Assume that y = f(x) ∈ C[a,b] and that yi = f(xi), where xi ∈ [a, b] and

xi ≤ xi+1. The known Lagrange interpolation polynomial is given by

Ln(f ; x) =
n∑

k=0

yklk(x), (1)

where li(x) (i = 0, 1, · · · , n) are called the basic functions associated with the

Lagrange interpolation polynomial and they satisfy

lk(xj) =

{
1, k = j,

0, k �= j,
j, k = 0, 1, · · · , n. (2)
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Let ωn(x) =
n∏

i=0
(x − xi), it leads to

lk(x) =
ωn(x)

(x − xk)ω′
n(xk)

, k = 0, 1, · · · , n. (3)

Obviously, Eq.(1) satisfies the interpolation conditions, namely,

Ln(f ; xj) =
n∑

k=0

yklk(xj) = yi, j = 0, 1, · · · , n. (4)

As is well known, the Lagrange interpolation polynomial plays an important

role in functional approximation and in many numerical methods, such as

numerical integration and differentiation, numerical solutions for differential

equations, finite element method, and so on. However, from the known Faber’s

theorem we also know that the Lagrange interpolation polynomial does not

converge to arbitrary continuous function f(x) uniformly. In 1930’s, Bernstein

put forward some classical methods for improving the uniform convergence of

the known Lagrange interpolation polynomial, the relative information can be

seen in [1]. Thereafter, many significant works based on these methods are

presented, which may be found in [2∼18]. In this work we mainly review the

development of two of these methods put forward by Bernstein, namely, the

method of weighted mean for basic function of interpolation and the method

of lowering some interpolation conditions.

2. Method of weighted mean for basic function of interpolation

This method means that one can take the weighted mean of the basic

functions of interpolation, or equivalently, take the weighted mean of the in-

terpolated function, and then construct a new interpolation polynomial.

The interpolation polynomial is constructed as follows:

Let

Δr
hf(xk) =

1

2r

r∑
i=0

(−1)s+i

(
r

i

)
f(xk+1+i−s), (5)

where h = b−a
n

, s =
[

r
2

]
+1, [g] means that this function takes the integer part

of the number g,

(
r

i

)
= r!

i!(r−i)!
, Δr

hf(xk) is the r-th order center difference

of the function f(x) at the node xk with the step h and r is an even number.

In this case, An(f ; r, x) can be written as

An(f ; r, x) =
n∑

k=0

Bklk(x), (6)
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where Bk = f(xk) + Δr
hf(xk).

For the constructed interpolation polynomial An(f ; r, x), some interesting

conclusions have been proved to be valid, namely, (1) if f(x) ∈ C[a,b], then

the following limit expression lim
n→∞An(f ; r, x) = f(x) is valid uniformly for any

x ∈ [a, b]; (2) if f(x) ∈ Cj
[a,b] (0 ≤ j ≤ v), where v is an arbitrary positive

integer, then for any x ∈ [a, b], we have

|An(f ; r, x) − f(x)| = O
(

1

nj
ω(f (j),

1

n
) +

1

nj+1

)
, (7)

where O is independent of n, x, f, · · · , f (j), ω(f (j), δ)is the modulus of conti-

nuity of f (j)(x)on [a, b]; (3) for any continuous functions on [a, b], the highest

convergence order of An(f ; r, x) can not exceed 1/nr.

Remark 1. If the interpolation nodes are taken as algebraic nodes, based

on the zero nodes of some known orthogonal polynomials, such as Chebyshev

polynomial of the first kind and the second kind, Jacobi polynomial, and so

on, the above conclusions may be found in [2, 3], moreover, some techniques

are used near the two end points of the interpolation interval, i.e.,

(i) as k + 1 + i − s = −j(j = 01, 2, · · · , s − 2), let f(xj) = f(x−j−1);

(ii) as k + 1 + i − s = n + j(j = 01, 2, · · · , s − 1), let f(xn+j) = f(xn−j).

On the other hand, the general interpolation interval [a, b] can be turned

into [−1, 1] by a simple linear transformation y = 2x
b−a

− b+a
b−a

.

Remark 2. If the interpolation nodes are taken as trigonometric nodes, the

general interpolation interval [a, b] can be turned into [0, 2π] by a simple linear

transformation y = 2πx
b−a

− 2πa
b−a

. Moreover, the similar conclusions may be found

in [4-6]. In particular, [7] presented the best answer for this method based on

the trigonometric nodes.

3. Method of lowering some interpolation conditions

The basic idea of this method is as follows.

For the given value of λ (1 < λ < 2) and for an arbitrary given continuous

function, if it is possible to construct an interpolation polynomial with the

degree of M (M < λN), it is equal to f(x) at the given N points and it

converges to f(x) uniformly as N → ∞. In 1954, Bernstein[8] constructed an

an 2u−adjusted interpolation polynomial and answered the above question.

Thereafter, some significant works were also presented.

The interpolation polynomial Fn(f ; x) based on this idea is constructed as

follows:
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For the given even 2u(2 ≤ u ∈ N), the zero nodes {xk}n
0 are divided into

s groups according to 2u, where s ∈ N , n = 2us + d(0 ≤ d < 2u). The

constructed interpolation polynomial Fn(f ; x) is equal to f(x) at the 2u − 1

points of each group and is equal to D2ut (t = 1, 2, · · · , s), where

D2ut = f(x2ut) +
2u∑

p=1

(−1)pΔa+1
h f(x2u(t−1)+p) = f(x2ut) + D∗

2ut. (8)

In Eq.(8), h = 2π
2n+1

, a is an odd,

Δa+1
h f(xk) =

1

2a+1

a+1∑
i=0

(−1)s+i

(
a + 1

i

)
f(xk+1+i−s), (9)

(
a + 1

i

)
= (a+1)!

i!(a+1−i)!
and s = a+3

2
.

Therefore, we have

Fn(f ; x) =
n∑

k=0

Dk(x)lk(x), (10)

where Dk is given by Eq.(8) as k = 2at(t = 1, 2, · · · , c) and is equal to f(xk)

at other points.

It is proved that Fn(f ; x) converges to any given functions f(x) ∈ C[a,b]

uniformly, which may be found in [9-11] for algebraic nodes or in [12,13] for

trigonometric nodes. Moreover, if f(x) ∈ Cj
[a,b] (0 ≤ j ≤ v), the authors have

proved that the following expression is valid based on the zero nodes of some

known orthogonal polynomials, i.e.,

|Fn(f ; x) − f(x)| = o
(

1

nv
ω(f (v),

1

n
) +

1

nv+1

)
(11)

where O is independent of n, x, f, · · · , f (j), ω(f (j), δ) is the modulus of conti-

nuity of f (j)(x)on [a, b]. Interestingly, for any continuous functions on [a, b],

the highest convergence order of Fn(f ; x) can not exceed 1
na+1 .

In particular, in [14-18] the authors generalized these methods and obtained

some similar conclusions.

4. Conclusions

In this work, we mainly review the development for improving the uniform

convergence of the known Lagrange interpolation polynomial, and list some
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significant references based on the improving methods of Bernstein types.
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