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Abstract 
 

A method for generating exponential equations for four- and five-point data arrays is 
illustrated by examples. The fifth datum usually lies at the center of the design but it is 
not restricted to that location. The method often renders more than one candidate 
equation for the array.  
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1. Introduction 
 
The bilinear equation has traditionally been used to represent four numbers in a 

rectangular array as defined by the vertices of prism face ABDC in Fig. 1. As the name 
implies, the equation is exact on bilinear numbers. It does not estimate curvature 
coefficients. An alternative four-point equation is exact on bilinear numbers and their  



 

1734                                                                                                                  G. L. Silver 
 
 
squares [1,2]. Equations for the five-point array, where the fifth datum is at or near the 
center design, are seldom elaborated in textbooks [3,4].  

 
The designation “five-point rectangle”, where the fifth datum is at or near the  

center of the design, can be strictly interpreted according to its name: a rectangular 
array requiring five measurements. Alternatively, it can be interpreted as a four-point 
rectangular array with an adjustable parameter. The latter perspective lends an element 
of versatility to the four-point array that most textbooks do not make apparent.  

 
In laboratory work, the function generating experimental data is seldom known. A 

recent exposition illustrated the development of cubic and exponential equations for the 
five-point design [4]. It was there remarked that the exponential approach seemed to be 
the more practical one. This paper illustrates another approach to the treatment of 
laboratory measurements by means of exponential equations. Such equations deserve 
consideration because of their unexploited merits: they seldom render spurious 
inflections or extrema, and many natural phenomena adhere to exponential-type laws. 
The equations apply in the –1 .. 1 coordinate system.  

 
 

2. First method for exponential equations for the five-point rectangle 
 
  Recently illustrated applications of operational equations to the four- or five-point 

array were based on equations for the eight-point rectangular prism [4,5]. This array, 
also called an eight-point cube, can be represented by polynomial, exponential, and 
trigonometric equations. The nine-point cube, where the ninth datum is situated at the 
center of the design, also has an exponential representation [6].  

 
  Let four measurements at the bottom of the nine-point cube be denoted A, B, C, D 

as in Fig. 1. Let the measurements at the top of the cube be represented by F=A+TT, 
G=B+TT, H=C+TT, I=D+TT, respectively, as also in Fig. 1. The number at the center 
point of the design can be taken as E+TT/2. Similar notation is applied elsewhere [4]. 
The double-letter notation TT represents a variable. It uses double letters to avoid 
confusion with the single letters that are used to represent the eight- and nine-point 
prismatic arrays [5,6].   

 
For example, suppose that measurements at vertices A, B, C, D in Fig. 1 are 

A=12, B=20, C=34, D=46. Choose a number for the center of the rectangle, say 19. The 
temporary assignment E=(19+TT/2) applies at the center of the prism in Fig. 1. 
Substitute the nine assignments for A .. I into the exponential equation for the nine-
point cube [6] and then put z=(–1). Denote the resulting, tedious expression E5(TT) as 
in Eq. (1). In that equation, the letter E represents “exponential”, the numeral 5 refers to  
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five data, and (TT) represents dependence on the parameter TT. Solve Eq. (1) for TT. It 
has two roots: ±15.04, nearly. Substitute the roots separately into E5(TT). The result of 
both substitutions is Eq. (2). It is an exponential equation that reproduces the data at 
vertices A, B, C, D in Fig. 1. It also reproduces the number assigned to the center point 
of the rectangle, 19. The coordinates at the center point of the rectangle are (x,y)=(0,0). 
The (x,y) coordinates of A, B, C, D are (–1,–1), (1,–1), (–1,1), (1,1), respectively. The 
coefficients in Eq. (2) have been rounded.  

 
E5(TT) – 19 = 0                                                                                                           (1) 
 
R = 8.817 + (1.755)(2.326)(x+1) + (1.370)(4.050)(y+1) + (0.05888)(2.326)( x+1)(4.050)(y+1) 

                                                                                                                                        (2) 
  The assignment 19 at the center point of rectangle ABDC was not a random 

choice. It lies within the numerical range of the other data. This means that Eq. (1) 
usually has a nonzero root. Otherwise, the illustrated approach may not apply. The 
introduced datum, E=19, need not have coordinates (x,y)=(0,0). Another assignment, 
(x,y)=(–0.1,–0.2), renders Eq. (3) as the new interpolating equation. Another possibility 
also appears: Eq. (4). Laboratory results address this ambiguity just like they are used 
to make the initial assignment for E. That letter is either a datum or an adjustable 
parameter.   

 
 

R = 5.353 + (2.942)(1.868)(x+1) + (3.434)(2.634)(y+1) + (0.2705)(1.868)(x+1)(2.634)(y+1)  
                                                                                                                                      (3) 

R = 20.29 – (8.357)(0.2101)(x+1) + (0.07648)(18.53)(y+1)  
          – (0.01222)(0.2101)(x+1)(18.53)(y+1)                                                               (4) 
 
 
  3. Second method for exponential equations for the five-point rectangle 
 
  The first method relied on the prism assignment E=19+TT/2. The second method 

uses a simpler assignment, E=19. This approach renders Eq. (5) as the new 
interpolating equation for the four data and the introduced number. Equation (5) 
reproduces all of the data. Now let the coordinates of the introduced datum be changed 
to (x,y)=(–0.1,–0.2). The new interpolating equation is Eq. (6).  

 
 

R = 190.9 – (179.3)(0.9777)(x+1) + (2.259)(7.130)(y+1) – (1.817)(0.9777)(x+1) (7.130)(y+1)  
                                                                                                                    (5) 

R = 20.40 – (8.507)(0.2487)(x+1) + (0.1289)(14.31)(y+1)  
       – (0.02092)(0.2487)(x+1)(14.31)(y+1)                                                                         (6) 
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  4. Third method for exponential equations for the five-point rectangle 
 
  The preceding sections introduced two methods for obtaining exponential 

equations for the four- or five-point rectangle as rendered by an operational, 
exponential equation for the nine-point prismatic array. The methods use a fifth number 
at or near the center point of the rectangle. In the prism, it assumed the form E or 
E+TT/2. The illustrated approach is more versatile than the examples suggest. It can 
also be applied using the triple product (E)(TT)(PP) where PP is a multiplier or a 
divisor.    

 
    For example, let the data be A=12, B=20, C=34, D=46, E=28. The coordinates of 

E are presently taken as (x,y)=(0,0). Now let PP=1/100. It renders three potential 
interpolating equations that reproduce the data. One of them is Eq. (7). If PP=1/10, the 
interpolating equation is Eq. (8). If PP=1, the interpolating equation is Eq. (9). The 
three equations reproduce the original data.  

  
   R = 66.91 + (13.28)(1.593)(x+1) – (60.12)(0.8230)(y+1)  – (8.071)(1.593)(x+1)(0.8230)(y+1) 
                                                                                                                                        (7) 
   R= 74.40 + (22.31)(1.431)(x+1) – (70.02)(0.8604)(y+1) – (14.68)(1.431)(x+1)(0.8604)(y+1) 
                                                                                                                                        (8) 
   R = 85.60 + (66.79)(1.226)(x+1) – (89.54)(0.9183)(y+1) – (50.85)(1.226)(x+1)(0.9183)(y+1)  
                                                                                                                                        (9) 
 
    Other forms are also possible. For example, Eq. (10) results if the prism center 

point is taken as TT/28 and Eq. (11) derives from the assignment 28/TT. In other 
words, the variety of possibilities renders a variety of potentially useful equations for 
the five-point rectangle or the four-point rectangle with an adjustable parameter.  

 
   R = 56.69 + (5.782)(1.993)(x+1) – (47.39)(0.7511)(y+1) – (3.089)(1.993)(x+1)(0.7511)(y+1)  
                                                                                                                                      (10) 
   R = 56.25 + (5.540)(2.019)(x+1) – (46.85)(0.7471)(y+1) – (2.941)(2.019)(x+1)(0.7471)(y+1) 
                                                                                                                                      (11) 
   
 

5. Discussion 
 
  Many cases of four or five data in a rectangular array can be represented by 

means of operational equations for eight- and nine point cubes [4]. The fifth number, an 
assignment on which the methods depend, typically falls within the rectangle. It can lie 
at the center of design, where (x,y)=(0,0), but it is not restricted to that point. It can be a  
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   measurement or it can be a number introduced to improve the correspondence between 

laboratory results and the equation proposed to represent them. These methods, and  
those illustrated in the references, illustrate the versatility of the operational approach to 
data treatment and its potential utility to the experimentalist.    

 
    The operational equations have assumed polynomial or exponential forms. The 

first sometimes generate spurious curvature on one or more edges of the rectangle. That 
problem is seldom encountered when the data are represented by exponential forms. 
The polynomials enjoy historical primacy. This advantage should not be interpreted as 
exclusivity. The methods illustrated here are not universally applicable but they are 
simple, easy numerical approaches in many cases. The operational approaches illustrate 
that the privilege of exclusive representation of laboratory data by linear equations need 
not be assumed [5-11]. The best choice of the interpolating equation is ordinarily 
earned by agreement between the theory and the practice. Operator-related 
methodology typically offers many alternatives. The illustrated applications treat the 
five-point design as four-point rectangular array with an adjustable parameter. The 
references illustrate recent applications of the operational approach to problems in data 
treatment. The illustrations use monotonic-increasing data but the equations are not 
limited to this special case.  

 
 
 

 
 
 

   
  
    
 
 
 
 

 
 

Fig. 1. The nine-point rectangular prism or cube. 
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