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Abstract

This paper deals to solve the one dimensional bin-packing problem
with conflicts. The conflicts are represented by a graph whose nodes are
the items, and adjacent items cannot be packed into the same bin. We
propose an adaptation of Minimum Bin Slack heuristic also with a com-
bination of heuristics based on the uses of the classical bin-packing meth-
ods to packing items of maximal-stable-subsets (MSS) which founded
through two ways from the conflicts graph. Computational results on
benchmark instances taken from the literature show the effectiveness of
the proposed procedures.

Mathematics Subject Classification: Combinatorial problems, Opti-
mization
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1 Introduction

The bin-packing problem with conflicts called BPPC is one of problems often
encountered in daily life; it consists to determine the minimal number of iden-
tically bins needed to store a set of items with height is less than the capacity
of bins, where some of this items are incompatible with each other, therefore
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cannot be packed together in the same bin. This problem occurs in a num-
ber of industrial and transportation contexts where one wishes to optimally
affect jobs of different lengths to machines or load diverse type of items into
expensive container. Other obvious examples of these contexts are: loading
flammable and explosive items, backup of a several types of files, telecommu-
nication signals affectation. So, each item has some space requirement, which
is met by the bins.

The BPPC is a variation of the classical one dimensional bin-packing prob-
lem (BPP) which is a combinatorial problem and known to be NP-hard [7],
where there are many solution approaches available in literature. However, a
few works carried out to solve this problem with conflicts constraint. In [11]
Jansen et al. developed an asymptotic fully polynomial approximation scheme
for the BPPC restricted to d-inductive graphs such as trees, grid graphs, pla-
nar graphs and graphs with constant treewidth. Also, Kalfakakou et al. [13]
provided a single pass heuristic where enumerated compatible subsets of items
which can fit in the bins space are first assigned. After that, in [12] authors
developed six heuristics based on adaptation of a well-known heuristic for the
classical BPP and both a graph coloring procedure and a clique computation.
Moreover, Basnet and Wilson [3] have been extended existing greedy heuristic
for loading problem without conflicts [14] and applied the beam search tech-
nique in the conflicts case. Recently, Muritiba et al.[2] treated the problem
with an exact approach, based on a set covering formulation solved through a
branch-and-price algorithm. And finally, Khanafer et al. [1] proposed a gen-
eral framework for deriving new data-dependent dual feasible functions in the
order to described new lower bounds for the problem.

In the remaining of the paper, we will develop, test and compare several
heuristics for solving the BPPC in an offline mode and a general conflicts
graph. In the next Section, we present existing heuristics for the classical BPP
without conflicts, on which we based to develop after that (Section 3) our
solution approaches to the problem with conflicts. In Section 4 we evaluate
all the algorithms by means of computational tests on benchmark instances,
followed in the last Section by concluding remarks.

In the next, we assume the following notations:
C: Bin capacity;
I: Set of item;
i;j: Index of items and bins respectively;
wi: Weight or size of item i;
di: Degree of item i;
K: Set of items constituted a maximal-clique in conflicts graph;
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G(V ; E): Conflicts graph of V vertex and E edges;
Gext(V ; Eext): Extended conflicts graph, where Eext defined as:

Eext = E ∪ {(i, j) : i, j ∈ V and wi + wj > C}.

2 Heuristics for the BPP without conflicts

In this section, we review important heuristics usually used to solve the clas-
sical problem of BPP, and which we have adapted in the order to solve the
problem with the conflicts case.

2.1 Well-known algorithms

First Fit Decreasing (FFD) and Best Fit Decreasing (BFD) are two well-known
algorithms developed by Coffman et al.[9], often used to solve the BPP without
conflict. Sorted items in the non-increasing order of size, the current item is
placed in the first opened bin and the smallest residual capacity bin respectively
in FFD and BFD, else, a new bin is opened. Johnson et al.[4] showed that
FFD and BFD guarantee asymptotic worst case performance bounds of 11/9.
These algorithms can be implemented in O(n log n) time.
Gendreau et al.[12] proposed a new heuristic called Modified FFD which based
on an adaptation of FFD in the case of conflicts, where, in each packing, a
compatibility test of the current item with already assigned items is carried
out.

2.2 The Minimum Bin Slack (MBS) heuristic

The MBS heuristic of Gupta and Ho [8] is bin-focused. At each step, an
attempt is made to find a set of items (packing) that fits the bin capacity as
much as possible. In this sense, MBS is similar to Hoffmann’s algorithm [15]
for solving assembly line balancing problems.
At each stage, a list I

′
of n

′
items not assigned to bins so far, sorted in the

decreasing order of sizes is kept. Each time a packing is determined, the items
involved are placed in a bin and removed from I

′
, preserving the sort order.

The process begins with I
′
= I and it ends when the list I

′
becomes empty.

Each packing is determined in a search procedure that tests all possible subsets
of items on the list I

′
which maximally fit the capacity of bin. The subset that

leaves the least slack is adopted. If the algorithm finds a subset that fills the bin
up completely, the search is stopped, and there is no better packing possible
in this state. The search is started from items of greater size, i.e., from the
beginning of I

′
because items of relatively big sizes are usually harder to pack

in bins and, therefore, an attempt to pack them first should be undertaken.
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3 Proposed heuristics

3.1 Adapted MBS heuristic (AMBS)

We define now our heuristic which consists in a simple adaptation of MBS
heuristic called in the sequel AMBS. In this heuristic we execute the MBS
procedure, where before each assignment we test the compatibility of the cur-
rent item with the already taken items. The AMBS heuristic is summarized
in the following:

• Sort the items into a list I
′
in decreasing order of their size;

• Until there are no items in a list I
′
:

– Apply the MBS-one packing search procedure on I
′

with test of
compatibility of the current item with already considered items and
given the best subset,

– Remove the founded subset from the set I
′
.

Although according to [10] the complexity of MBS procedure is in the order of
O(2n), computational experience shows that it is quite efficient in solving prac-
tical problem instances with various parameters. This is due to the fact that
in practical problem instances, the number of items involved in each packing
is much smaller than n. If the maximal number of items which can be placed
in one bin is u, then the complexity of MBS-one-packing search procedure is
reduced to O(nu) and thus packing for all bins is built in O(nu+1). This is why
MBS, which is non-polynomial algorithm, gives solution in reasonable time.
Consequently, the complexity of AMBS is O(nu+2).

3.2 MSS based heuristics

We describe now a combination of heuristics for solving the BPPC, this com-
bination is based on the packing of MSS deduced iteratively from the conflicts
graph. The main principle is to convert the problem with conflicts to a set
of sub-problems without conflicts, which resolutions methods are beforehand
available. This principle has been inspired from H6-heuristic proposed by Gen-
dreau et al.[12] where authors proceeded to collect the items of high degrees
in conflicts graph, simultaneously with mutually compatible items, in order to
discharge the density of the conflicts graph progressively in each iteration.
For that, we define a set U of unassigned items initially contains items with
the property that each item is incompatible with at least one other item (item
of positive degree in conflicts graph), and we define also a set F of free items
(items of zero degree) which are compatible with any other items. Then, in
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the next we consider the conflicts graph without items of a set F.

In these heuristics, items with the highest degree in the conflict graph which
are mutually incompatible (maximal clique VK) are isolated firstly. Then, for
each item i of the maximal clique (denoted in the follows the master item),
mutually compatible items belonging to the remaining items of the conflicts
graph which are also compatible with the master item are grouped together, in
order to built an MSS based on considered item i called Si. In fact, these items
constitute a maximal clique of complementary sub-graph Gc(V

′
; E

′
c) defined

as V
′
= (V \ VK) ∪ {i} and E

′
c = {(i, j) : i, j ∈ V

′
and i, j �∈ E}.

At this step, all subsets Si contain both item i and mutually compatible items
and can be treated like BPP without conflicts. Thus, we apply classical bin-
packing techniques in order to assign items of Si to bins and only created bin
which contains the master item i is selected. All other items of Si are moved
back to the set of unassigned items. This procedure is repeated until a set
U of unassigned items becomes empty. Finally, attempts are made to include
items of a set F in the created bins.
Note that, the search of a maximal clique in graph is also NP-hard problem. An
efficient polynomial heuristic to solve this problem is the greedy procedure of
Johnson [5], implemented in O(n log n) time. Ordering vertices of the conflicts
graph in the decreasing order of degrees, this procedure starts with including a
vertex of highest degree in the maximal clique, and attempts to add successive
vertices each of which has edges with all the vertices already included in the
clique.
For summarizing, MSS based heuristics procedure can be describe in five steps
hereafter:

Step 1 Let U denote a set of unassigned items contains items with positive
degree in the conflicts graph, and let F be a set of free items (items of
zero degree in the conflicts graph);

Step 2 Let G be a conflicts graph defined only for a set U of items. Define a
set VK of maximal clique from the conflict graph G(V ; E) using Johnson’s
heuristic;

Step 3 For each item i of VK , Define a set V
′
K(i) of maximal clique containing

item i from the complementary sub-graph Gc(V
′
; E

′
c), using also John-

son’s heuristic. Let Si be a resulting subset;

Step 4 For each subset Si, Apply the classical bin-packing method to assign
items to bins. Only the bin containing item i is selected. Then, remove
from U all items assigned to the bin containing i;

Step 5 If U is not empty go to step 2. Else, Assign the items of set F to the
existing bins, and possibly new ones, using FFD method.
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It is obvious that for a given iteration, each created bin contains one item of
the maximal clique set and consequently the density of the conflicts graph has
been progressively discharged.

Now, we will define a combination series of heuristics based on the execution
of the same steps described above. For that, we have varied in both the used
technique to obtain the maximal clique in the second step, and the deployed
classical bin-packing methods in the fourth step.
In the second step, we apply two proceeding way in the calculation of the
maximal clique, called in what follows W1 and W2 respectively. The W1 way
has been inspired from Gendreau et al.[12], where authors found a maximal
clique directly on extended conflict graph Gext using Johnson’s heuristic. In
this sense, items with high size have systematically high degree in Gext and
they are favored to be first included in the clique, even when they do not belong
to large clique of initial conflict graph G. The second procedure of maximal
clique calculation, inspired from the improvement of Muritiba et al.[2]. This
procedure used both initial conflict graph G and extended conflicts graph Gext,
it consists on finding a set of larger clique K initially on conflict graph G using
Johnson’s heuristic, then authors enlarge this clique by added items in V \ K
from extended conflict graph Gext obtained by updating E to Eext. In [2]
authors indicate that this strategy leads to larger cliques than those obtained
by applying the Johnson’s algorithm directly on graph Gext.
Whilst in the fourth step we apply three different methods of the classical BPP
which are FFD, BFD, and MBS procedures (see Section 2).

Consequently, six heuristics are provided from this combination noted in
the sequel HX

Y where X represent an element of the set of the classical BPP
methods and Y is an element of the set of the used technique for searching
clique. Note that the heuristic HFFD

W1
is similar to Gendreau’s H6-heuristic

[12].

Using BFD or FFD, the overall complexity of MSS based heuristics is
O(n2 log n), whereas the complexity of the proposed heuristics using MBS in
the fourth step is O(nu+2), where u is the maximal number of items that can
be placed into one bin.

4 Computational results

All heuristics have been coded in C + + and ran on a Pentium IV 2.8 GHz
processor with 512MB of RAM under a Windows XP operating system.

We consider two data-sets inspired from the classical BPP literatures and
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generated by Faulkenauer [6]. Each one includes 4 classes of 20 different in-
stances, and used like a test platform in most paper [1] [2] [3] [12]. These
data-sets are widely recognized as being rather difficult. We selected only the
first 10 instances from each class. The first data-set known as uniform data-
set instances, includes bins of capacity C = 150 and items with integer size
uniformly distributed in the interval [20-100]. The number of items n for each
class is 120, 250, 500 and 1000 respectively. The second data-set is called the
triplet bin-packing instances includes bins of capacity C = 100. The number
of items n in each class is respectively 60, 120, 249 and 501. This data-set
includes items with integer size uniformly distributed in the interval [25-50]
with one decimal digit; therefore each bin cannot be filled with more than
three items.

A conflicts graph G was generated with ten different densities for each
instances of the 8 described classes. For each vertex which represents an item
i in the conflicts graph, an uniform value vi on [0-1] is assigned, and an edge
(i, i

′
) is created if (vi + vi′ )/2 ≤ d where d is the considered density of the

conflicts graph which taken values on d = {0%, 10%, ..., 90%}.

The total resulting test-bed yield 800 instances of 400 uniform instances and
400 triplet instances. The performance and average run time of both proposed
heuristics are shown in Tables 1-8. Each line contains average results over ten
BPPC instances and the best results are shown in boldfaced characters. Table
headings are as follows:

Density : density of the conflict graph;
Dev.: deviation of corresponding heuristic (H) from the lower

bound (LB) provided by Gendreau et al.[4], where:
dev(%) = 100 · (UB − LB)/LB;

sec.: computational time in seconds;

Tables 1-4 showed computational results for the Falkenauer uniform in-
stances. From these results we note the same deviation behavior for all pro-
posed heuristics. The average deviations decreases when the problem size
increases, and for a given number of items the deviation taken values as a
function as the density (decreases for d = 0% to d = 10%; increases in the
density interval [10%-40%]; and it decreases beyond 40%). This is due to
the convergence of lower bound from the optimal solution. In fact, the lower
bound provides far solutions from the optimal solution for a small number
of items and performs better when the number of items increases; moreover,
this lower bound, which is based in the matching of both maximal clique cal-
culation and continuous bound, it’s very significant in the two extremity of
densities values when the conflicts graph is not intense or becomes dense. In
average, HMBS

W1
performs better than others heuristics, more particularly for a
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positive smallest densities (d > 10%), and gives an average deviation of 3.16%
to 1.04% for n = 120 to n = 1000 respectively, followed by HMBS

W2
which tends

to be marginally better when the conflicts graph becomes dense. For d ≤ 10%,
AMBS performs better, and there is not surprising in the order where MBS
heuristic showed its practical performances compared to FFD (resp. BFD) in
the BPP without conflicts [8]. Obviously, when d = 0% (problem without con-
flicts) both proposed heuristics except AMBS give the same deviation value.
In this case, all items are mutually compatible with zero degree in conflicts
graph and constitute a set F of free items, then both MSS based heuristics ex-
ecute the same packing procedure which is the FFD defined in Step5 of MSS
description. These conclusions do not prove that the solution quality of both
heuristics which used FFD (resp. BFD) to packing items of MSS is bad, they
provide near good performances, but it were always much faster. In addition
we remark that both heuristics used the MBS procedure have high time re-
quirement compared to others, this result is awaited seen the complexity of
MBS procedure, but is acceptable if we take into consideration the off-line
mode of algorithms execution.
Moreover, computational time increases with the problem size. Generally, for a
given problem size, the time requirement decreases when the density increases
except for AMBS where the execution time increases with the density, this
remark can be explain by the fact that overall time is required in the packing
of compatible items and the higher requirement time is encountered when we
have a few stable subsets with many items to be packing.

In tables 5-8 we present the computational results of proposed heuristics
for the Falkenauer triplet instances. From these results, the overall attracting
remarks that we can withdrawn are that the variation of the clique search
strategy does not influence the deviation values, then the same values of devi-
ation are provided when the clique search strategies varied. As well, heuristics
used either FFD or BFD in the packing of stable subsets provide the same re-
sults and only heuristics used MBS procedure give a further solutions. These
remarks can be explain by the fact that the Falkenauer triplet instances are
particularly difficult and the optimal solution contains bins with maximally
three items in the best case, therefore it is enough to find three items in each
subset, beyond that the search of subsets with maximally number of items
becomes useless. Moreover, from these tables we note the same deviation
behavior for all proposed heuristics. For a given problem size, the average
deviations decreases when the density increases and tends to the optimal solu-
tion for d = 90%, except for AMBS when the deviation is smaller for both the
smallest and the largest densities values (d ≤ 20% and d ≥ 70%). In average,
HMBS

W1
and HMBS

W2
heuristics perform better and showed best performances for

all classes of this data-set when the density is greater than 20%. Otherwise,
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for the smallest densities (d ≤ 20%), AMBS heuristic gives the best perfor-
mances.
Computational time confirms the performance of proposed heuristics which
does not exceed in the worst case the quarter of a second and decreases when
the density increases except for AMBS where this time increases with the den-
sity. These values of time requirement can be explain by the fact that on MSS
based heuristics the number of items of each created stable subset decreases
when the density increases, thus packing them becomes much faster. Then
again for AMBS heuristic, only one set containing all items will be considered
and the conflicts tests make a supplementary requirement time, more particu-
larly when the density increases.

For summarizing, computational results indicate that using MBS heuris-
tic to packing each maximal-stable-subset gives the best results for all class
of instances in reasonable execution time. AMBS heuristic provides the best
results for both d ≤ 10% in uniform instances and d ≤ 20% in triplet in-
stances. So, for the other values of density, we can conclude that for uniform
instances, W1 clique search strategy can be adopted for the smallest densities
(until d = 40%) and W2 clique search strategy for the highest densities. For
the triplet instances, the search clique strategy is not important and MBS
based heuristics provide the best performances beyond 30% of density with
reasonable computing time, generally in the order of milliseconds.

Finally, from average columns, we can confirm that in the general case
where the density of the conflicts graph is unknown, the uses of MBS heuristic
with the W1 clique search strategy is very performing and interesting.

5 Conclusion

The bin-packing problem with conflicts is an NP-hard combinatorial prob-
lem often encountered in the practical field; it generalizes both the classical
bin-packing problem and the vertex coloring problem, both well known and
notoriously difficult. We presented in this paper, a combination of heuristics
based in the packing of the given maximal-stable-subsets from the conflicts
graph by using approaches resolution of the classical BPP. Computational re-
sults based on a benchmark test bed show the good performance of proposed
heuristics both on quality of solution, and on required execution time.
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Table 1: Computational results for the Falkenauer uniform instances (n =
120,C = 150).

Density AMBS HF F D
W1

HF F D
W2

HBFD
W1

HBFD
W2

HMBS
W1

HMBS
W2

(%) Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec.
0 3.389 0.002 4.037 0.011 4.037 0.010 4.037 0.013 4.037 0.012 4.037 0.012 4.037 0.012
10 2.959 0.002 3.811 0.009 3.811 0.009 3.811 0.016 3.811 0.018 3.172 0.020 3.607 0.023
20 6.136 0.002 3.367 0.008 3.779 0.008 3.367 0.012 3.571 0.018 3.163 0.015 3.367 0.015
30 10.3370.002 6.959 0.007 6.995 0.007 7.181 0.013 6.995 0.017 4.431 0.010 4.405 0.010
40 12.7920.003 8.506 0.005 9.278 0.005 8.506 0.018 9.278 0.013 5.421 0.007 6.292 0.006
50 8.052 0.003 5.778 0.003 6.132 0.004 5.778 0.007 6.132 0.006 3.828 0.004 3.679 0.004
60 6.073 0.003 3.805 0.003 4.086 0.003 3.805 0.005 4.086 0.004 3.392 0.003 3.151 0.003
70 5.468 0.003 1.835 0.002 1.608 0.002 1.951 0.003 1.608 0.003 1.740 0.002 1.952 0.003
80 2.814 0.004 2.050 0.002 2.146 0.002 2.050 0.002 2.146 0.002 1.644 0.002 1.843 0.002
90 1.103 0.004 0.827 0.002 0.825 0.002 0.827 0.002 0.825 0.002 0.827 0.002 1.012 0.002

Average 5.912 0.003 4.097 0.005 4.270 0.005 4.131 0.009 4.249 0.009 3.165 0.008 3.334 0.008

Table 2: Computational results for the Falkenauer uniform instances (n =
250,C = 150).

Density AMBS HF F D
W1

HF F D
W2

HBFD
W1

HBFD
W2

HMBS
W1

HMBS
W2

(%) Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec.
0 1.897 0.008 2.898 0.047 2.898 0.049 2.898 0.048 2.898 0.049 2.898 0.049 2.898 0.048
10 0.977 0.008 1.878 0.041 1.879 0.043 1.976 0.041 1.878 0.046 1.281 0.127 1.777 0.166
20 3.547 0.009 1.777 0.037 1.880 0.038 2.171 0.050 2.078 0.052 1.580 0.107 2.171 0.109
30 8.427 0.010 2.855 0.033 2.763 0.034 2.772 0.036 2.473 0.052 1.681 0.075 4.638 0.064
40 15.8800.012 7.540 0.028 7.462 0.028 8.771 0.030 7.362 0.038 3.387 0.043 2.894 0.033
50 9.125 0.012 4.084 0.018 4.680 0.019 4.163 0.021 4.590 0.030 2.882 0.024 2.504 0.020
60 7.669 0.014 3.553 0.015 3.417 0.016 3.553 0.018 3.417 0.021 2.368 0.018 1.832 0.017
70 5.419 0.018 2.458 0.011 2.506 0.012 2.458 0.015 2.506 0.017 2.270 0.013 1.888 0.013
80 3.993 0.023 1.212 0.008 1.146 0.009 1.212 0.011 1.146 0.010 1.006 0.008 0.949 0.009
90 1.744 0.030 0.982 0.005 0.939 0.006 0.982 0.006 0.939 0.007 0.803 0.005 0.632 0.006

Average 5.868 0.014 2.924 0.024 2.957 0.026 3.096 0.028 2.929 0.032 2.015 0.047 2.218 0.048

Table 3: Computational results for the Falkenauer uniform instances (n =
500,C = 150).

Density AMBS HF F D
W1

HF F D
W2

HBFD
W1

HBFD
W2

HMBS
W1

HMBS
W2

(%) Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec.
0 1.191 0.041 1.988 0.235 1.988 0.251 1.988 0.268 1.988 0.252 1.988 0.245 1.988 0.238
10 0.695 0.038 1.438 0.200 1.486 0.212 1.488 0.241 1.486 0.238 1.238 1.098 1.336 1.546
20 3.265 0.045 1.636 0.184 1.787 0.193 1.836 0.201 1.736 0.198 1.341 0.853 2.176 0.877
30 8.472 0.043 2.376 0.172 2.474 0.183 3.128 0.191 2.826 0.205 1.730 0.588 3.599 0.436
40 15.3250.059 7.530 0.153 7.437 0.164 8.199 0.162 7.391 0.186 2.208 0.337 3.638 0.206
50 9.840 0.071 3.875 0.116 2.764 0.126 3.754 0.164 2.764 0.158 1.754 0.163 1.390 0.126
60 7.062 0.091 2.440 0.098 2.014 0.104 2.674 0.129 2.014 0.126 1.588 0.122 1.384 0.105
70 5.782 0.118 2.301 0.067 2.042 0.072 2.330 0.081 2.042 0.087 1.897 0.077 1.691 0.073
80 4.596 0.167 1.332 0.040 1.385 0.045 1.332 0.060 1.385 0.054 0.805 0.043 0.904 0.046
90 1.954 0.238 0.888 0.023 0.753 0.026 0.888 0.026 0.753 0.028 0.619 0.023 0.509 0.026

Average 5.818 0.091 2.580 0.129 2.413 0.138 2.762 0.152 2.439 0.153 1.517 0.355 1.862 0.368
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Table 4: Computational results for the Falkenauer uniform instances (n =
1000,C = 150).

Density AMBS HF F D
W1

HF F D
W2

HBFD
W1

HBFD
W2

HMBS
W1

HMBS
W2

(%) Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec.
0 0.547 0.183 1.548 1.312 1.548 1.421 1.548 1.433 1.548 1.484 1.548 1.547 1.548 1.441
10 0.497 0.186 1.473 1.084 1.473 1.150 1.547 1.153 1.547 1.180 1.322 8.791 1.471 8.813
20 1.998 0.162 1.145 1.033 1.269 1.066 1.195 1.165 1.294 1.125 0.946 8.375 1.419 7.674
30 6.598 0.158 1.621 1.043 1.517 1.072 1.945 1.121 1.418 1.134 1.045 6.854 3.604 3.349
40 14.7990.266 7.217 0.991 6.567 1.023 7.907 1.173 7.342 1.215 1.979 3.505 3.570 1.329
50 9.148 0.417 2.661 0.840 1.808 0.907 2.899 1.074 1.807 1.002 1.110 1.381 0.653 0.905
60 6.642 0.532 1.543 0.676 0.995 0.716 1.641 1.026 0.979 0.772 0.746 0.927 0.319 0.715
70 4.214 0.810 1.126 0.452 0.969 0.491 1.138 0.822 0.983 0.531 0.764 0.539 0.385 0.491
80 2.782 1.201 0.831 0.255 0.732 0.280 0.893 0.381 0.732 0.301 0.595 0.283 0.359 0.280
90 1.626 1.768 0.431 0.107 0.420 0.126 0.420 0.125 0.420 0.132 0.321 0.109 0.243 0.126

Average 4.885 0.568 1.960 0.779 1.730 0.825 2.113 0.893 1.807 0.888 1.038 3.231 1.357 2.512

Table 5: Computational results for the Falkenauer triplet instances (n =
60,C = 1000).

Density AMBS HF F D
W1

HF F D
W2

HBFD
W1

HBFD
W2

HMBS
W1

HMBS
W2

(%) Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec.
0 5.000 0.001 15.5000.002 15.5000.001 15.5000.001 15.5000.001 15.5000.001 15.5000.002
10 5.000 0.001 15.0000.002 15.0000.002 15.0000.002 15.0000.002 15.0000.002 15.0000.002
20 10.0000.002 13.5000.002 13.5000.002 13.5000.002 13.5000.002 13.5000.002 13.5000.002
30 18.1700.003 9.733 0.001 9.733 0.001 9.733 0.001 9.733 0.001 7.847 0.001 7.847 0.001
40 17.8680.004 6.345 0.001 6.345 0.001 6.345 0.001 6.345 0.001 4.941 0.001 4.941 0.001
50 14.1820.003 5.853 0.001 5.853 0.001 5.853 0.001 5.853 0.001 4.016 0.001 4.016 0.001
60 9.225 0.002 4.388 0.001 4.388 0.001 4.388 0.001 4.388 0.001 3.726 0.001 3.726 0.001
70 5.493 0.002 2.182 0.001 2.182 0.001 2.182 0.001 2.182 0.001 1.478 0.001 1.478 0.001
80 1.696 0.001 0.839 0.001 0.839 0.001 0.839 0.001 0.839 0.001 0.853 0.001 0.853 0.001
90 1.525 0.001 1.145 0.001 1.145 0.001 1.145 0.001 1.145 0.001 1.145 0.001 1.145 0.001

Average 8.816 0.002 7.449 0.001 7.449 0.001 7.449 0.001 7.449 0.001 6.801 0.001 6.801 0.001

Table 6: Computational results for the Falkenauer triplet instances (n =
120,C = 1000).

Density AMBS HF F D
W1

HF F D
W2

HBFD
W1

HBFD
W2

HMBS
W1

HMBS
W2

(%) Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec.
0 2.500 0.001 13.7500.007 13.7500.007 13.7500.007 13.7500.007 13.7500.007 13.7500.007
10 2.750 0.004 14.2500.008 14.2500.008 14.2500.008 14.2500.008 13.7500.008 13.7500.008
20 6.000 0.009 13.0000.007 13.0000.007 13.0000.007 13.0000.007 11.2500.007 11.2500.007
30 17.0330.013 10.4470.007 10.4470.007 10.4470.007 10.4470.007 8.464 0.007 8.464 0.007
40 18.6230.014 4.103 0.006 4.103 0.006 4.103 0.006 4.103 0.006 3.639 0.006 3.639 0.006
50 9.862 0.012 3.593 0.003 3.593 0.003 3.593 0.004 3.593 0.004 2.087 0.003 2.087 0.004
60 6.388 0.010 1.923 0.003 1.923 0.003 1.923 0.003 1.923 0.003 1.225 0.003 1.225 0.003
70 4.408 0.007 1.440 0.002 1.440 0.002 1.440 0.002 1.440 0.002 0.956 0.002 0.956 0.002
80 2.712 0.005 1.056 0.002 1.056 0.002 1.056 0.002 1.056 0.002 0.642 0.002 0.642 0.002
90 1.385 0.005 0.925 0.002 0.925 0.002 0.925 0.002 0.925 0.002 0.645 0.001 0.645 0.002

Average 7.166 0.008 6.449 0.005 6.449 0.005 6.449 0.005 6.449 0.005 5.641 0.005 5.641 0.005
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Table 7: Computational results for the Falkenauer triplet instances (n =
249,C = 1000).

Density AMBS HF F D
W1

HF F D
W2

HBFD
W1

HBFD
W2

HMBS
W1

HMBS
W2

(%) Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec.
0 1.928 0.001 14.3370.042 14.3370.042 14.3370.042 14.3370.043 14.3370.042 14.3370.042
10 2.289 0.022 14.5780.043 14.5780.043 14.5780.042 14.5780.043 13.8550.042 13.8550.042
20 4.337 0.037 12.2890.039 12.2890.040 12.2890.040 12.2890.040 11.3250.038 11.3250.039
30 16.2050.042 11.0610.036 11.0610.036 11.0610.036 11.0610.036 9.376 0.035 9.376 0.035
40 16.3680.046 4.210 0.030 4.210 0.030 4.210 0.031 4.210 0.032 2.102 0.029 2.102 0.030
50 9.473 0.045 2.349 0.018 2.349 0.018 2.349 0.019 2.349 0.020 1.284 0.018 1.284 0.019
60 6.980 0.044 2.155 0.014 2.155 0.015 2.155 0.015 2.155 0.016 1.354 0.015 1.354 0.016
70 4.687 0.035 1.509 0.011 1.509 0.012 1.509 0.011 1.509 0.012 1.049 0.011 1.049 0.012
80 2.471 0.036 0.908 0.008 0.908 0.009 0.908 0.008 0.908 0.009 0.546 0.008 0.546 0.009
90 1.431 0.035 0.494 0.006 0.494 0.006 0.494 0.005 0.494 0.006 0.448 0.005 0.448 0.006

Average 6.617 0.034 6.389 0.025 6.389 0.025 6.389 0.025 6.389 0.026 5.568 0.024 5.568 0.025

Table 8: Computational results for the Falkenauer triplet instances (n =
501,C = 1000).

Density AMBS HF F D
W1

HF F D
W2

HBFD
W1

HBFD
W2

HMBS
W1

HMBS
W2

(%) Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec. Dev. sec.
0 2.275 0.001 13.8920.210 13.8920.211 13.8920.208 13.8920.207 13.8920.208 13.8920.207
10 2.275 0.075 13.4130.204 13.4130.206 13.4130.203 13.4130.203 12.9940.202 12.9940.201
20 2.695 0.148 11.9160.190 11.9160.188 11.9160.188 11.9160.188 10.5990.182 10.5990.182
30 12.5960.178 9.921 0.175 9.921 0.175 9.921 0.176 9.921 0.176 8.545 0.169 8.545 0.169
40 10.1320.191 0.981 0.158 0.981 0.159 0.981 0.160 0.981 0.162 0.739 0.156 0.739 0.158
50 6.710 0.205 1.372 0.121 1.372 0.124 1.372 0.126 1.372 0.129 0.638 0.121 0.638 0.124
60 4.946 0.199 1.026 0.094 1.026 0.097 1.026 0.097 1.026 0.100 0.395 0.094 0.395 0.098
70 3.586 0.181 0.680 0.066 0.680 0.070 0.680 0.068 0.680 0.072 0.313 0.066 0.313 0.070
80 2.312 0.210 0.574 0.040 0.574 0.044 0.574 0.041 0.574 0.045 0.225 0.041 0.225 0.045
90 1.149 0.261 0.442 0.021 0.442 0.025 0.442 0.022 0.442 0.026 0.286 0.021 0.286 0.025

Average 4.868 0.165 5.422 0.128 5.422 0.130 5.422 0.129 5.422 0.131 4.863 0.126 4.863 0.128


