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Abstract

A numerical simulation of steady and unsteady two-dimensional

flows past cylinder with dimples based on highly accurate pseudospec-

tral method is the subject of the present paper. The vorticity and

streamfunction formulation of two-dimensional incompressible Navier-

Stokes equations with no-slip boundary conditions is used. The sys-

tem is formulated on a unit disk using curvilinear body fitted coor-

dinate system. Key issues of the curvilinear coordinate transforma-

tion are discussed, to show its importance in properly defined node

distribution. For the space discretization of the governing system the

Fourier-Chebyshev pseudospectral approximation on a unit disk is im-

plemented. For steady flow simulations the non-linear time-independent

Navier-Stokes problem is solved using the Newton’s method. For the

time-dependent problem the semi-implicit third order Adams-Bashforth

backward differentiation scheme is used. Finally numerical result for

both steady and unsteady problems are presented. A comparison of re-

sults for the smooth cylinder with those from other authors shows good

agreement. Spectral accuracy is demonstrated using the steady solver.
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1 Introduction

Flow over a circular cylinder has been under intensive experimental and numer-
ical investigations for many decades. Among some reasons for its popularity
are the simplicity of geometry and interesting flow features: steady stable vor-
tices behind the cylinder at low Reynolds number, bifurcation into a stable
oscillatory wake at higher Reynolds number, bifurcation into flows with three–
dimensional structures with a further increase in Reynolds number and finally
development into turbulence at still higher Reynolds number.

While most of the numerical simulations employ either the finite differ-
ence or finite element discretization, we use a Fourier–Chebyshev collocation
method to obtain a spectrally accurate solution. We also map the flow do-
main into the interior of the unit disk which means that there is no need to
impose any non–physical boundary condition at the artificial boundary of the
finite computational domain in most other studies. As a by product, it is not
much more difficult to simulate domains whose outer boundary is given by
r = g(θ) where (r, θ) are the polar coordinates and g is a smooth function. For
instance, the boundary of a dimpled cylinder (two–dimensional golf ball) can
be modeled by r = 1 + ε cosnθ for some integer n.

See [30] for a review of dynamics of flow over a cylinder. Some important
monographs on spectral methods include [1], [2], [5], [11], [14], [15], [18], [22],
[28]. Works on finite difference simulations of flow over a cylinder include
[4], [10], [13], [17], [24], [25]. Some representative papers on finite element
simulations include [6], [12], [20]. Spectral collocation method has been used
by [8], [21], [27], [29], among others. [3] uses finite volumes while [31] employs
a least–squares meshfree method. A lattice Boltzmann approach was taken in
[16]. This list is just the tip of the iceberg of studies on this problem and many
important papers have been omitted.

There is also a large community interested in turbulence in this problem.
See, for instance, [7], [19], [26] and the references therein.

All papers known to us carry out the computations in a truncated physical
domain except for [17] which transforms the domain to a rectangle. Except
for [4], most have simulation results for flow over simple objects such as disks
or ellipses. A dimpled cylinder imposes an additional challenge to an already
complicated problem.

We focus on the two–dimensional problem. For Reynolds numbers smaller
than about 190, all flow features are known to be intrinsically two–dimensional.
Three-dimensional effects become important at higher Reynolds numbers.
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2 Problem Formulation

Assume the fluid is viscous and incompressible. The domain of interest is
exterior to an object with boundary given by r = a + ε cos(kθ) where (r, θ)
are the polar coordinates. Here a and ε are positive with ε � a in case of a
golf ball (although this fact is not explicitly needed). Assume that the object
is stationary in a uniform external flow with constant velocity U at infinity
in the direction of the positive x–axis. The two–dimensional non–dimensional
Navier–Stokes equations in the streamfunction–vorticity formulation is

∂ω

∂t
=

2

Re
4ω +G(ω, ψ),

0 = −4ψ − ω,

where G(ω, ψ) is the Jacobian |∂(ω,ψ)
∂(x,y)

|, and the Reynolds number is

Re =
ρU2a

µ

with ρ, µ representing the density and dynamic viscosity while U is the uniform
velocity of the flow at infinity. After non–dimensionalization, it is assumed that
a = 1 and U = 1.

There are two boundary conditions for the streamfunction ψ:

ψ = 0 =
∂ψ

∂ν

along Γ, the boundary of the object and no boundary condition for the vorticity
ω. At infinity,

ψ → y + C, ω → 0,

where C is a constant. In fact C = 0 since the streamline along the x–axis
from −∞ to the stagnation point on Γ implies that ψ = C = 0.

For computations, most authors truncate the domain at some large ra-
dius and apply some unphysical numerical boundary condition at the artificial
interface. It is well documented that this can pollute the solution near the
boundary of the object. We map the domain exterior to the object to the in-
terior of the unit disk, with infinity mapped to the origin. One small obstacle
is that the value of ψ at infinity is y which cannot be mapped in a one–to–one
fashion to a unique value at the centre of the disk. One simple solution is to
make a change of variable from ψ to ψ−y so that the new variable approaches
zero at infinity.

Consider the simplest case ε = 0. That is the object is the unit disk. The
naive mapping (r, θ) → (R, θ) where R = r−1 takes the domain exterior to the
disk to the interior of the disk. Now if the Fourier–Chebyshev pseudospectral
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method is used to solve the problem inside the disk, then since the nodes
cluster near the boundary, this corresponds to an overly dense set of nodes
near the boundary and not enough nodes in the region far from the boundary
( see figure 1 ).

In general, let the boundary of the object be described by

(x, y) = γ(θ) (cos θ, sin θ)

for some smooth function γ. Take the transformation from the computational
domain to the physical domain as

(x, y) =W (R, θ) = f(R)γ(θ) (cos θ, sin θ).

The function f is twice continuously differentiable and maps the interval [0, 1]
to [1,∞). It is reasonable to require that f satisfies the following constraints

f(1) = 1,

lim
R→0+

f(R) = ∞,

∂f

∂R
< 0.

As remarked above, f(R) = R−1 is not appropriate for our purposes. One guid-
ance is that the Laguerre function e−x/2Ln(x) where Ln is the n–th Laguerre
polynomial is the appropriate orthogonal function used in spectral method on
the interval [1,∞). Hence it is reasonable to take f(R) = 1 − c lnR for some
positive c. This map gives a good distribution of nodes far from the object. To

get a good spacing near the cylinder, we use the rational map b
1− R

1 +R
where

b > 0. Thus a map which can accommodate a general distribution is the
combination

f(R) = 1− c lnR + b
1 −R

1 +R
. (1)

On the unit disk, the naive Fourier–Chebyshev pseudospectral method ex-
pands a function as a double summation with Chebyshev polynomials in the
radial variable R ∈ [0, 1] and Fourier modes in the angular variable θ ∈ [0, 2π).
This is wasteful because of a clustering of nodes near the origin. Fornberg [14]
proposes an elegant solution where R ∈ [−1, 1] and θ ∈ [0, π]. When R ∈ (0, 1]
and θ ∈ (π, 2π), we define

u(−R, θ − π) = u(R, θ).
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Figure 1: The difference in the distribution of nodes for maps f(R) = 1 −
c lnR + b1−R

1+R
and f(R) = 1

R
for the number of grid points r × θ = 41 × 40,

here c=2, b=60.

3 Numerical Results

All numerical experiments were performed in MATLAB. To determine the
coefficients b and c of the map 1 we use the distribution of Laguerre points on
the interval [1,∞) with a scaling parameter s. Let ln be the set of n Laguerre
collocation nodes. Define points by

Lnj =

{

1, j = 0
1 + s

n
lnj, j = 1, ..., n

The values of b and c are determined by the least square approximation of
points f(Rnj) to Lnj . In our computations we use the value s between 20 and
30.

Steady state flow simulations were obtained by solving the steady Navier-
Stokes equations using Newton’s method. As a benchmark for the steady state
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solutions, simulated flows were compared with experimental [9] and numerical
[10, 13, 25] results reported in the literature.

For the steady fluid flow past a circular cylinder, the characteristic quan-
tities usually include the drag coefficient CD, the separation angle θs and the
wake length Lw. The wake length, Lw is the distance between the rear of
the cylinder to the end of the separated region. It can be measured using
the x-component of the velocity u along the x-axis, which changes its sign at
the point where wake ends. The separation angle θs can be determined from
zero-vorticity at the surface of the cylinder. The drag coefficient on a circular
cylinder can be computed by

CD = −
1

2

∫ 2π

0

(p)R=1 cos θdθ −
2

Re

∫ 2π

0

(ω)R=1 sin θdθ, (2)

where p and ω are dimensionless pressure and vorticity on the cylinder surface.
The computations were done for 10 ≤ Re ≤ 40 on grids with size 61× 60 and
clustering parameter s = 20, 30, and results for the wake length, separation
angle , drag and vorticity on the boundary are shown in figures 2, 3, 4 and
5 respectively. Results demonstrate good agreement with reference numerical
[10, 13, 25] and experimental [9] data reported by other authors.

Figure 2: Wake length Lw over the diameter d = 2 for the steady flow past
circular cylinder compared with results of Dennis & Chang [10], Takami &
Keller [25] and Coutanceau & Bouard [9].
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Figure 3: Separation angle θs for the steady flow past circular cylinder com-
pared with results of Dennis & Chang [10] and Coutanceau & Bouard [9].

To demonstrate the high order of spatial approximation, a series of numer-
ical experiments for the flow past a smooth cylinder at Re = 10 and Re = 40
were carried out. In these experiments we fixed the coefficients of the map (1)
and varied the number of points to track convergence. We chose the values
b = 66 and c = 2, which correspond to the scaling of Laguerre nodes s ≈ 20,
and b = 99 and c = 3, corresponding to s ≈ 30. Let N be the number of
Fourier nodes and N + 1 be the number of Chebyshev nodes on (0, 1]. We
first simulate the flow on a fine grid with N = 72 to obtain the solution with
high accuracy, and then use it as a reference solution for computation of errors
on coarser grids. To obtain the values at the same points as in the reference
solution we apply Fourier–Chebyshev spectral interpolation to the solution on
a coarser grid. Then the relative error of the solution for the streamfunction

is computed by
‖ψ72−ψN‖

2

‖ψ72‖2
( see fig.6).

Results of numerical experiments clearly show spectral convergence proper-
ties of pseudospectral approximation. From the experiments we conclude that
the coarsest mesh which attains convergence to the solution for the steady flow
problem for Re ≤ 20 is 29×28. For larger Re (20 < Re ≤ 40) one should take
a mesh of size 53× 52 at least. For the flow with zero Re (linear problem) the
accuracy of the solution is ∼ 10−14 on a mesh of any size ≥ 21× 20.

Now we present several experiments for dimpled cylinders. In order to have
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Figure 4: Drag coefficient CD for the steady flow past circular cylinder com-
pared with Dennis & Chang [10] and Takami & Keller [25].

enough memory space to store dense matrices, experiments were carried out
for 4 and 8 dimples. For the larger number of dimples the grid size has to be
large enough to handle small–scale vortices. It was observed, that the number
of grid points per dimple in angular direction M has to be 4-6 in order to
obtain reasonable results with good resolution of the flow. In our simulations
the grid size was 61× 48.

To study the influence of dimples on a steady state flow characteristics we
performed a series of computations: for k = 4 and for k = 8, with ε = π/(8k)
in both cases. For 10 ≤ Re ≤ 40 we recorded the drag coefficient CD, the
separation angle θs and the wake length Lw. See fig. 7, 8 and 9.

Below we present flow pictures at Re = 10 for a smooth cylinder and
cylinders with 4 and 8 dimples of size ε = π/(4k), which means the depth of
each dimple (= 2ε) is 4 times smaller then its width (= 2π/k). See fig.10 and
fig.11.

For the unsteady flow simulations the 3–rd order semi–implicit scheme is
used, in which Adams-Bashforth extrapolation is applied to the non–linear part
of the vorticity equation and the time derivative is approximated by backward
differentiation:
(

11

6∆t
+

2

Re
∆

)

ωl+1 = 3G(φl, ωl)− 3G(φl−1, ωl−1) +G(φl−2, ωl−2) +
3

∆t
ωl−
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Figure 5: Vorticity on the boundary ωb for the steady flow past circular cylinder
compared with results of Dennis & Chang [10] and Fornberg [13].

−
3

2∆t
ωl−1 +

1

3∆t
ωl−2.

Some qualitative results for unsteady flows past smooth and dimpled cylin-
ders are shown below on fig.12, 13 and fig.14 by plots of streamfunction and
vorticity. The mesh size in case of smooth cylinder is 41× 60 and for the dim-
pled cylinders it is 41×40. The time step varies between 0.02 and 0.025. As we
increase Re or grid–size we have to take smaller time–steps and computations
become costly in terms of time.

4 Conclusion

Our strategy of mapping the exterior physical domain to the interior of the
unit disk is a good one in theory since it relieves us of determining the location
of the far–field boundary as well as the boundary condition there. In practice,
we found that our method is somewhat sensitive to the choice of parameter in
our mapping. Since there does not appear to be any guideline to choose these
parameters, our conclusion is that the present method is not superior to the
method of truncation of the domain.

The present method can be improved in many ways. First, all the impor-
tant physics are downstream and so instead of having a uniform grid in the
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Figure 6: Spectral convergence of the solution for the flow at Re=10, 40.

angular direction, it is more efficient to have more nodes behind the body. [2]
proposes a map

ξ(θ) = 2 arctan

(

K tan
θ

2

)

, θ ∈ [−π, π]

where K is a stretching parameter. This allows for a clustering of nodes near
the angle 0.

To simulate flow at higher Reynolds, a domain decomposition technique
will be necessary. The region close to the body is still modeled by the viscous
Navier–Stokes while elsewhere, the Euler equations can be used. The exchange
of data between the two regions is a non–trivial issue. See [23]. Of course, at
these higher Reynolds numbers, the three–dimensional model must be solved.
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smooth cylinder:

k=4:

k=8:

Figure 10: Streamlines at Re = 10 and s = 20 for the steady flow past smooth
cylinder and cylinders with 4 and 8 dimples with size ε = π

4k
.
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smooth cylinder:

k=4:

k=8:

Figure 11: The vorticity contours at Re = 10 and s = 20 for the steady flow
past smooth cylinder and cylinders with 4 and 8 dimples of size ε = π

4k
.
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Figure 12: Unsteady flow past a smooth cylinder at Re = 100 and s = 25:
streamlines (top) and vorticity contours (bottom).
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Figure 13: Unsteady flow past a cylinder with 4 dimples of size ε = π
2k2

at
Re = 50 and s = 20: streamlines (top) and vorticity contours (bottom).
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Figure 14: Unsteady flow past a cylinder with 10 dimples of size ε = π
k2

at
Re = 50 and s = 20: streamlines (top) and vorticity contours (bottom).


