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Abstract

This paper analyzes how a non-positive population growth rate hy-
pothesis affects the dynamics of the standard AK Solow model.
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1 Introduction

Many properties of the neoclassical model associated with Solow [15] are de-
pendent on the assumption that the rate of growth of population is constant
and positive. Some authors have recently explored the consequences of in-
vestigating the neoclassical model under non-constant population growth laws
(see, e.g., Bucci and Guerrini [1], Ferrara and Guerrini [2-4], Germanà and L.
Guerrini [5], Guerrini [6-13]). According to 2002 reports by the United Nations
Population Division [16] and the US Census Bureau [17] population decline is
occurring today in some regions. Hence, it is felt that the theory of economic
growth should be generalized to negative rates of population growth. In this
article, we follow this proposal by investigating the dynamic effects of consid-
ering a non-positive population growth rate into the Solow model with AK
technology (Rebelo [14]). We find that the model’s dynamics are richer than
those of the basic Solow model with AK technology. Furthermore, depreciation
now plays a fundamental role in the phenomena of convergence.

2 The model

We start by considering the Solow model with AK technology (Rebelo [14]),

whose fundamental law of motion of capital stock is
.

kt = (sA − δ − n) kt,
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where kt is per capita capital stock, δ is capital depreciation, s ∈ (0, 1) is the
saving rate, and A > 0 is a parameter reflecting the level of the technology.

Population Lt grows at the constant rate n =
.

Lt/Lt > 0. We now modify
this model by considering the population growth rate to be non-constant but

variable over time. More precisely, we assume
.

Lt/Lt = nt, where nt is such
that −m ≤ nt ≤ 0, with m > 0, and there exists lim

t→∞
nt = n∞. Note that Lt is

monotone decreasing, so that there exists L∞ = lim
t→∞

Lt. If today’s population

is, for simplicity, normalized to one, L0 = 1, by integrating the inequality
−m ≤ nt ≤ 0 between 0 and t, and then by exponentiating the result, we get
e−mt ≤ Lt ≤ 1, for all t. Hence, 0 ≤ L∞ ≤ 1. Since L∞ < ∞, we know it must
be n∞ = 0 (see Guerrini [6]). This modified version of the AK Solow model
has dynamics described by

.

kt = (sA − δ − nt) kt. (1)

Eq. (1) governs the trajectory of kt from any arbitrary starting value k0 > 0
and so it characterizes the system.

3 Dynamics and long-run behaviour

The next Lemma characterizes the evolution of the capital-labor ratio over
time.

Lemma 3.1. The time path of per capita capital is kt = k0e
(sA−δ)tL−1

t .

Proof. Eq. (1) is an homogenous first order differential equation, whose so-
lution, from elementary differential calculus, is known to be given by kt =
k0e

� t
0 (sA−δ−nt)]dt = k0e

(sA−δ)t−lnLt = k0e
(sA−δ)t/Lt.

Theorem 3.2. Let sA − δ = 0. Starting from k0, the capital stock kt in-
creases monotonically to k0L

−1
∞ . Let sA − δ > 0. Then kt increases monoton-

ically from k0 to ∞. Let sA − δ < 0. Then kt converges from k0 to zero. If,
moreover, sA − δ + m ≤ 0, the convergence is monotonic.

Proof. Let γkt ≡
.

kt/kt denote the per capita capital stock growth rate. Rewrit-
ing Eq. (1) as γkt = sA − δ − nt we can derive the following results on the
relationship between economic growth and the net adjusted savings rate sA−δ.
If sA− δ = 0, then γkt = −nt ≥ 0 for each t. Consequently, the growth rate of
the per capita capital stock tends to zero when t goes to infinity. If sA−δ > 0,
then we have γkt > 0 for each t ∈ [0,∞). Hence, the growth rate of the per
capita capital stock is positive even when t goes to infinity. Finally, let us
suppose sA − δ < 0. If sA − δ + m ≤ 0, then γkt ≤ 0 for each t, so that the
growth rate of the per capita capital stock is negative when t goes to infinity,
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while if sA−δ+m > 0, no conclusion can be made. In this case, the possibility
of some understanding relies on the specification of the population growth rate
nt.

Remark 3.3. The convergence behaviour of this modified AK Solow model
vanishes if there is no capital depreciation. In fact, if δ = 0, Theorem 3.2 yields
that an economy that starts from a stock of per capita capital equal to k0 will
perpetually accumulate physical capital and its per capita capital stock will
rise toward infinity.
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