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Abstract 

 
       There exist many different ranking methods for ranking efficient Decision Making Units 
(DMUs) in Data Envelopment Analysis (DEA). However, since each of these methods 
considers a certain theory for ranking, they may give different ranks. In practice, choosing a 
ranking method, the results of which the Decision Maker (DM) would be able to trust is an 
important issue. In this paper, we consider some CCR efficient DMUs, and then rank them 
by using some ranking methods, each of which is important and significant. Afterwards, by 
using TOPSIS method, we suggest the ranks of efficient DMUs. 
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1. Introduction 
 
      Data envelopment analysis (DEA) was originated in 1978 by Charnes et al. [1] and the 
first DEA model was called the CCR (Charnes, Cooper and Rhodes) model. DEA is a linear  
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programming based technique for measuring the relative efficiency of a fairly homogeneous 
set of decision making units (DMUs) in their use of multiple inputs to produce multiple 
outputs. It identifies a subset of efficient ‘best practice’ DMUs and for the remaining DMUs, 
the magnitude of their inefficiency is derived by comparison to a frontier constructed from 
the ‘best practices’. Efficient DMUs are identified by an efficiency score equal to 1, and 
inefficient DMUs h 
ave efficiency scores less than 1. Although efficiency score can be a criterion for ranking 
inefficient DMUs, this criterion cannot rank efficient DMUs. During the last decade, a 
variety of methods were developed to rank DMUs. While each technique (method) is useful 
in a specific area, no one methodology can be prescribed here as the complete solution to the 
question of ranking. Hence, selecting the best ranking method or the way of combining 
different ranking methods for ranking DMUs is an important point in ranking DMUs in 
DEA. In this paper we propose a methodology based upon the TOPSIS method for ranking 
DMUs. This method is especially applicable when we cannot prefer any ranking method to 
others. 
      This paper has been organized as follows: In section 2, we pay attention to the TOPSIS 
method. In section 3 by giving a numerical example we introduce our proposed method and 
section 4 contains our conclusions. 
 
 
2. TPSIS method 
 
       The Multiple Attribute Decision Making (MADM) techniques which are used in diverse 
fields such as engineering, economics, management science, transportation planning and etc, 
deal with candidate priority alternatives with respect to various attributes. The structure of 
the alternative performance matrix is expressed as shown in Table 1:  
 
Table 1: Structure of the Alternative Performance 

 Criterion 1 Criterion 2 … Criterion n 
Alternative 1 X11 X12 … X1n 

Alternative 2 X21 X22 … X2n 

… … … … …

Alternative m Xm1 Xm2 … Xmn 

 W1 W2 … Wn 

 
Where xij is the rating of alternative i with respect to criterion j, wj is the weight of criterion 
j. Although the importance of the weights can be defined by decision makers directly, they 
can be obtained by pairwise comparisons. If the assessments of the weights are in pairwise 
comparisons, the importance of the weights can be determined by different methods such as  
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the eigenvector method, weighted least square method, entropy method, AHP, and 
LINMAP. Indeed, the selection among these methods depends on the nature of the problem.  
       TOPSIS (technique for order preference by similarity to an ideal solution) method is a 
popular approach to MADM and has been widely used in the literature. TOPSIS was first 
developed by Hwang and Yoon [2] for solving a MADM problem. TOPSIS simultaneously 
considers the distances to the ideal solution and negative ideal solution regarding each 
alternative and selects the most relative closeness to the ideal solution as the best alternative. 
That is, the best alternative is the nearest one to the ideal solution and the farthest one from 
the negative ideal solution. A relative advantage of TOPSIS is the ability to identify the best 
alternative quickly. The procedure of TOPSIS is summarized as follows: 
 
1. Calculation of normalized decision matrix: The normalized value nij is calculated as  
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2. Calculation of the weighted normalized decision matrix: The weighted normalized value 
vij is calculated as: 
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3. Determination of the positive ideal and negative ideal solution:  
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where I is associated with benefit criteria, and J is associated with cost criteria. 
4. Calculation of the separation of each alternative from the positive ideal (d+) and negative 
ideal (d-) solution measures, using the n-dimensional Euclidean distance: 
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5. Calculation of the relative closeness to the ideal solution: 
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6. Ranking the preference order: The closer the jS  is to 1 implies the higher priority of the 
j’th alternative. 
 
 
 



 

808                                                       F. Hosseinzadeh Lotfi, R. Fallahnejad and N. Navidi 
 
 
3. Proposed method 
 
       Suppose that we have some DEA efficient DMUs. For example suppose we consider 
some CCR efficient DMUs. The question is: which of these efficient DMUs must be located 
in the higher position. As was mentioned earlier, there is a great variety of DEA ranking 
methods for ranking DMUs, e.g., cross-efficiency, super-efficiency, benchmarking, 
statistical techniques and so on. Also, there exist different viewpoints for utilizing the 
ranking technique, for instance, input-oriented and output-oriented views. Now, the main 
problem is the selection of the most suitable method and viewpoint, because the rankings of 
units obtained by various methods may not be the same. For example, one ranking method 
may assign rank A to a DMU while another one assigns rank B to the same DMU and so on. 
Thus, one may not trust the rank obtained by a certain ranking method. If we can prefer a 
ranking method over others, then there is not any problem. But we cannot usually select the 
best. Each of the above-mentioned methods and viewpoints has some advantages which we 
wouldn’t like to ignore. For example one method may have the ability of more 
interpretability, invariance, independency on the orientation and so on compared to the other 
method which may have less computational complexity. So, it seems logical to try different 
methods and combine the results of the different methods and viewpoints.  
      Suppose that m DEA efficient DMUs are evaluated by n ranking methods as shown in 
Table 2.  
 
Table 2: DMUs Ranking Related Scores 

 Method 1 Method 2 … Method n 

DMU 1 11θ  12θ  … n1θ  

DMU 2 21θ  22θ  … n2θ  

… … … … …

DMU m 1mθ  2mθ  … mnθ  

 
Where ijθ is the ranking related score of DMUi with respect to ranking method j. Suppose 
that more ijθ  indicates higher rank. It is clear that if all methods give the same rank to an 
under-evaluation DMU, then we can certainly give a special rank to that DMU. Suppose 

( )knkkkP θθθ ,...,, 21=  be the ranking related scores vector corresponding to DMUk. It is clear 
that if rP  dominates sP , which means that ( ) ( )snssrnrr θθθθθθ ,...,,,...,, 2121 ≠

≥ , then one can 

locate DMUr in a higher position than DMUs. But it rarely happens that ranking related 
scores vector corresponding to a DMU dominate all ranking related scores vectors and so 
locate in the highest position. The possibility of ranking other units using this procedure is 
rarely met. As a result, in this case the DM should decide by considering different criteria, 
which are the various models, which one he should place in a higher rank among different 
alternatives, which are the DMUs. It is obvious that here, like conventional decision making 
problems in which the criteria are usually in conflict with each other, the model results are in  
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conflict as well, because each one assigns different ranks to DMUs. As a result, DM should 
solve a multi-criterion decision making problem. There are various ways to solve such 
multi-criterion programming problems and as stated before, TOPSIS is one of them. That is, 
the decision maker might tend to rank DMUs such that the ranking vector associated with 
their ranking score be closer to the positive ideal and have the greatest distance from the 
negative ideal. The positive ideal solution is composed of all the best ranking related scores, 
whereas the negative ideal solution is made up of all the worst attainable ranking related 
scores. In order to do this we should take the stated steps in TOPSIS method for the 
mentioned problem. 
 
       In what follows, we describe our proposed method with a simple example, taken from 
Sexton et al. [4], Adler et al. [5] and Jahanshahloo et al. [6]. There are six DMUs, each using 
two inputs to produce two outputs. The raw data are presented in Table 3. In this paper, we 
consider constant returns to scale. As can be seen in the last column of Table 3, DMUs A, B, 
C and D are CCR efficient and DMUs E and F are inefficient. We rank these four efficient 
DMUs using some ranking methods. The references of the methods which are used in this 
paper are presented in Table 4. Note that in Table 4 the methods are denoted by M1, M2,… 
 
 
Table 3: Raw Data for Numerical Example 

Inputs   Outputs  CCR 
Efficiency 

A  150  0.2  14000  3500  1 
B  400  0.7  14000  21000  1 
C  320  1.2  42000  10500  1 
D  520  2.0  28000  42000  1 
E  350  1.2  19000  25000  0.978 
F  320  0.7  14000  15000  0.868 
 
 
Table 4: DEA Ranking Methods Which We Use 
 DEA ranking methods References 
M1 AP [7] 
M2 Changing the reference set  [6] 
M3 Maj [8] 
M4 Modified Maj [9] 
M5 LJK [10] 
M6 SBM [11] 
M7 SA DEA [12] 
M8 L Infinity [13] 
M9 CSW1 [14] 
M10 CSW2 [15] 
M11 Cross Efficiency [4] 
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Table 5 shows the ranking related scores assigned to DMUs by ranking methods. In table 6 
the distance to the ideals, relative closeness, and the proposed rank can be seen.  
 
Table 5: Ranking Related Scores Assigned to DMUs by Ranking Methods 
 M1 M2 M3 M4 M5 M6 M7 M8 M9 M10 M11 

A 2 0.94
1 1.1 1.5 1.05 1.416

7 
1.90705
1 0.0625 1.002

5 1.0296 0.1 

B 1.42857
1 

0.99
7 

1.1
4 1.7 1.07127

7 
1.166
7 

1.27884
6 

0.070707
1 0.864 0.684210

5 0.07 

C 1.40625 0.92
3 

1.2
5 

1.00166
7 1.125 1.203

1 
1.27031
2 

0.134020
6 

1.502
1 

0.902777
8 

0.07031
2 

D 1.13076
9 

0.93
8 

1.1
7 

1.00122
3 

1.09166
7 

1.061
4 

1.05628
2 

0.061371
8 

1.000
2 

0.730337
1 

0.05653
8 

 
Table 6: Using TOPSIS Method for Efficient DMUs  

 d+ d- s The Proposed 
rank 

A 0.478136  0.596213 0.554953  1 
B 0.625103  0.313919  0.334304  3 
C 0.458159  0.548758 0.544988 2 
D 0.774329  0.076027  0.089406  4 
 
By using this method we can obtain the rank for each DMU with more certainty, because 
this method has inherently considered various.  
     A few points are worth mentioning with respect to the proposed method: 
1. Although we can consider a certain group of ranking methods such as super-efficiency 

methods, it is better to consider other ranking methods in other groups as well. It is clear 
that combining the results of different DEA ranking methods in different groups provides 
more realistic ranking results for managers. Almost all methods have some shortcomings, 
but using the combination of the results obtained from them may reduce the effects of 
their shortcomings. 

2. Many of the introduced methods may not be able to rank in some cases which rarely may 
happen to fall. This should not cause to ignore such methods in other cases. For example, 
as we know, AP method has some problems and after the introduction of the method by 
Andersen and Petersen, many researchers introduced methods to overcome these 
problems. However, in spite of the problems, the method is still in use for reasons like 
simplicity in implementation or its theoretical basis. 

3. Although we assume equal weights for various ranking methods (criteria) in this paper, it 
might be possible to confront a case where a decision maker prefers some ranking 
methods to others. In such cases, we can consider various weights for the ranking 
methods and therefore for their ranks. We can incorporate relative importance of ranking 
methods in TOPSIS method. The importance of the weights can be determined by 
different methods. Two kinds of weights can be seen in the literature, subjective and 
objective weights. The subjective weights are determined only according to the 
preference of decision makers. They can be obtained by methods such as AHP method, 
eigenvector method, weighted least square method, Delphi method and linear 
programming for multi-dimension of analysis preference (LINMAP). The objective 



 

Ranking efficient units in DEA                                                                                           811 
 
 
 
     methods, for example, the entropy method, multiple objective programming, principal 

element analysis, etc, determine weights by solving mathematical models without any 
consideration of the decision maker’s preferences. In order to obtaining such weights we 
can consider the ability or pitfalls of various ranking methods. Some factors such as 
feasibility or stability, interpretability, the ability of ranking all DMUs, the ability of 
ranking all extreme and non-extreme efficient DMUs, computational complexity, 
dependency to the orientation, having alternative optimal solution, unit invariance, etc 
can be considered for obtaining the subjective weight. In addition, weighted entropy 
method with interpretation of the power of the discrimination of ranking DEA methods 
can be considered as an objective weight method. 

 
4. We considered L2 to measure distance from positive or negative ideal points, although 

considering other commonly used metrics (L1, L infinity,   ) is possible. 
 
5. It’s obvious that the number of criteria in a MADM problem influences the final ranking.  

Besides, the number of ranking models can influence the ranking of units by using the 
proposed method. As a result, selecting models and their numbers depends on the opinion 
of the decision maker who makes up his/her mind using different criteria. However, we 
suggest that he/she use all the available methods, if possible. 

 
 

Finally, the Steps of the proposed method can be summarized as follows: 
 

Step 1: Determine efficient DMUs which must be ranked. 
 
Step 2: Select a suitable ranking method and then obtain the related ranking scores of 
DMUs by using them. 
 
Step 3: Consider each of the ranking methods as a criterion and each DMU as an 
alternative and use TOPSIS method for ranking the DMUs. 

 
 
 
4. Empirical Example 
 
       Let us rank 20 Iranian bank branches by our proposed method. The data can be seen in 
[3] and [6] (see Table 7). Note that the data are scaled. As can be seen in the last column of 
Table 7, DMUs 1,4,7,12,15,17 and 20 are CCR efficient. Now, consider Table 8, in which 
11 ranking methods are used to rank these DMUs. Table 8 shows the ranking related scores 
of DMUs obtained by the ranking methods. In table 9 the distance to the ideals, relative 
closeness, and the proposed rank can be seen. Under-evaluated DMUs are denoted by D1, 
D2,… 
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Table 7: DMUs’ Data (Empirical Example) and Their CCR Efficiencies  
Branch  Inputs Outputs CCR efficiency 
 Staff Computer 

terminals 
Space 
(m2) Deposits Loans Charge  

D1  0.950 0.700 0.155 0.190 0.521 0.293 1.000 
D2  0.796 0.600 1.000 0.227 0.627 0.462 0.833 
D3  0.798 0.750 0.513 0.228 0.970 0.261 0.991
D4  0.865 0.550 0.210 0.193 0.632 1.000 1.000 
D5  0.815 0.850 0.268 0.233 0.722 0.246 0.899 
D6  0.842 0.650 0.500 0.207 0.603 0.569 0.748 
D7  0.719 0.600 0.350 0.182 0.900 0.716 1.000 
D8  0.785 0.750 0.120 0.125 0.234 0.298 0.798 
D9  0.476 0.600 0.135 0.080 0.364 0.244 0.789 
D10  0.678 0.550 0.510 0.082 0.184 0.049 0.289 
D11  0.711 1.000 0.305 0.212 0.318 0.403 0.604 
D12  0.811 0.650 0.255 0.123 0.923 0.628 1.000 
D13  0.659 0.850 0.340 0.176 0.645 0.261 0.817 
D14  0.976 0.800 0.540 0.144 0.514 0.243 0.470 
D15  0.685 0.950 0.450 1.000 0.262 0.098 1.000 
D16  0.613 0.900 0.525 0.115 0.402 0.464 0.639 
D17  1.000 0.600 0.205 0.090 1.000 0.161 1.000 
D18  0.634 0.650 0.235 0.059 0.349 0.068 0.473 
D19  0.372 0.700 0.238 0.039 0.190 0.111 0.408 
D20  0.583 0.550 0.500 0.110 0.615 0.764 1.000 
 
Table 8: Ranking Related Scores Assigned to DMUs by Ranking Methods 
 M1 M2 M3 M4 M5 M6 M7 M8 M9 M10 M11 

D1 1.100470 0.1958082 0.0473412 0.0409316 0.0617977 0.1140344 0.040703 0.0231277 0.0985633 0.1105762 0.6589581 

D4 1.933270 0.205381 0.0598622 0.0596816 0.0737442 0.1379005 0.0720008 0.4192966 0.184778 0.2286057 1.1576407 

D7 1.172494 0.2024802 0.0518213 0.0451041 0.066107 0.1193306 0.0484252 0.1101573 0.2101415 0.2184613 0.7020958 

D12 1.110409 0.1963884 0.0486656 0.0424713 0.0626931 0.1150384 0.0453848 0.0685281 0.1591022 0.1961 0.6649102 

D15 4.902439 0.2291681 0.1745348 0.1631328 0.1887625 0.1501921 0.1615811 1.4630802 0.1831481 0.1351805 2.9355689 

D17 1.347673 0.1963884 0.0510896 0.0455571 0.065075 0.1207209 0.0482621 0.1424955 0.1102596 0.1369974 0.3826587 

D20 1.184034 0.1972586 0.0516167 0.0439542 0.0636773 0.1171018 0.0452893 0.1306681 0.155238 0.1878194 0.708994 

 
 
Table 9: Using TOPSIS Method for Efficient DMUs (Empirical Example) 

 d+ d- s 
The 

Proposed 
rank 

D1 1.79003076638475  0.0798403953433646 0.0426983403870333  7 
D4 1.39380266732087  0.531807778135339  0.276176201365248  2 
D7 1.68083529970878  0.367493217032634  0.179411268275101  3 
D12 1.72810420087827  0.246950819631145  0.125034906403494  5 
D15 0.207656855902716  1.7963734737236  0.896380382655468  1 
D17 1.72571310042463  0.12013754400544  0.0650851922217864  6 
D20 1.69048146619159  0.244015347004343  0.126138924261763  4 
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As can be seen in Table 9, the first position is assigned to D15. It can be seen in Table 8 that 
this unit gets the most ranking related score by 9 methods (all methods except M9 and M10), 
so as can be seen in Table 9, it has the nearest distance to the positive ideal 
(0.207656855902716) and also the farthest distance to the negative ideal 
(1.7963734737236). So it seems that it is logical for D15 to have the highest rank. D1 
,which is located in the last position by the proposed method, gets the lowest ranking related 
score by the 10 methods and according to Table 8 it’s distance to the positive and negative 
ideal is 1.79003076638475 and 0.0798403953433646 respectively. 
In chart 1 the scores associated with the ranking obtained from the 11 ranking methods for 7 
efficient units (normalized by formula 1) are presented. Using this chart, you can observe 
the logicality and predictability of the obtained results by the proposed method better. The 
chart compares the scores associated with the ranking of a unit to that of other units. If we 
restrict ourselves merely to the sum of the scores associated with ranking of a unit obtained 
from various models, we might expect that each of the following units assign these ranks to 
themselves: 
Unit 15, rank 1; unit 4, rank 2; unit 7 rank 3; unit 20, rank 4; unit 12, rank 5; unit 17, rank 6 
and unit 1, rank 7. These results are the same as what the proposed method suggests. 
Although it seems that there is a direct relation between the sum of the scores associated 
with the ranking and the proposed method, but it must be noted that the proposed method 
has been expressed based on an accepted criterion (TOPSIS), while the sum of the ranking 
scores is not a criterion with a proper interpretation for ranking. 
 

 
Chart 1: Comparison of the normalized ranking related scores for efficient DMUs in practical example 
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5. Conclusions 
 
       In real problems of Data Envelopment Analysis, it often happens that we would like to 
rank the Decision Making Units. There exist many different DEA methods. Hence, selecting 
the best method for ranking DMUs is a main question in DEA. These methods do not often 
have any theoretical problems dealing with most data. Since each of these methods considers 
a certain theory for ranking, they may give different ranks. As a result, in practice, choosing 
a ranking method, the results of which the Decision Maker (DM) would be able to trust, is 
an important issue. In this article a method has been proposed by which ranking is carried 
out by using different ranking methods, each of which is important and significant. The 
method was based on the TOPSIS method.  
In the proposed method, efficient DMUs and ranking methods play the role of alternatives and 
criteria respectively. Then by using the TOPSIS method we rank the alternatives. One of the most 
important points about the proposed method is that it removes the concern of the DM in 
choosing a particular method for ranking. Since each method decides the ranking score only 
based upon one viewpoint, it can be concluded that each ranking method shows only a 
percentage of the reality and therefore, using only one method, in case we would be able to 
choose it, would be untrustworthy. The proposed method provides the possibility of using 
the results of all existing ranking methods and therefore its results will be more reliable for 
the DM.  
In this article, the proposed method was used for ranking 20 Iranian bank branches to 
demonstrate its validity. 
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