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Abstract

Traditional studies in data envelopment analysis (DEA) view system
as a whole when measuring the efficiency, ignoring the operation of in-
dividual process within a system. As a result, DEA sensitivity analysis
does not take into account perturbation of the processes and the inter-
relationship of the processes within the system to measure the radius
of stability for the system. All of the network models with the different
weights for intermediate products are discussed. It is shown that these
models in the series network reduce to the black-box model of one of
the processes. As a result, further investigations such as the radius of
stability, sensitivity analysis and congestion for the system is obtained
from those of one of the process.

Keywords: Data envelopment analysis (DEA), Network DEA, Series sys-
tem

1 Introduction

Data envelopment analysis (DEA), introduced by Charnes et al. [2] and ex-
tended by Banker et al. [1], is a useful method to assess the relative efficiency
of multiple-input and multiple-output units. Its aim is to classify the decision
making unit (DMU) into two classes: inefficient and efficient. The standard
DEA models and sensitivity analysis methods think about production as a
”black box”. The important issue is that inputs are transformed in this box
into the outputs. The actual transformation process and the performance of
the component processes interacting with each other in this system are not
considered explicitly; rather, one simply specifies what enters the box and
what exits. For systems composed of several processes interrelated with each
other, the black-box models ignored the performance of individual processes.
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Consequently, the black-box efficiency did not properly represent the aggregate
performance of the component processes. Therefore, the black-box sensitivity
analysis methods can not decide about the influence of sub-processes in the
stability regions. Certainly, the black-box models and associated sensitivity
analysis methods can be applied to measure the efficiency and find the sta-
bility region of each process independently; however, the relationship between
the system efficiency, the system stability, and the process efficiencies, process
stability, respectively, are not revealed. Networks are the Systems with more
than one process connected with each other. To measure the efficiency and
find the stability region of a network system, a network DEA model is needed.
Network DEA does not have a standard form in despite of the conventional
DEA model. In question it depends on the structure of the network. There-
fore, sensitivity analysis in network DEA is also associated with the structure
of the network and its model. Färe and Grosskopf [3] and [5] developed several
network models that can be used to discuss variations of the standard DEA
model. One is static model, which attempts to model the black box of the pro-
duction process. This model which has been used by Färe and Grosskopf [4],
Lewis and Sexton [12], and Prieto and Zofio [13] modeled intermediate prod-
ucts, where some outputs of certain processes are consumed by other processes
as inputs. Another model is technology adoption, which models the allocation
of a fixed factor of input among alternative uses. The study of Färe et al. [7]
for allocating farmland to various crops is an example. For systems composed
of two processes connected in series, Kao and Hwang [8] developed a DEA
model to measure the efficiencies of the system and the component processes
at the same time. An interesting finding is that the efficiency of the system
is the product of those of the two processes. Their model can be extended to
more than two processes. The most inefficient process in the system can, thus,
be identified. For the systems composed of a set of processes connected in
parallel, Kao [11] developed a DEA model to decompose the inefficiency slack
of the system to the sum of those of the component processes. The inefficient
processes are also identified. The series structure and parallel structure are
the two basic structure of a network system. Kao [11] also showed that a
network system can be transformed into a series system where each stage in
the series has a parallel structure which is composed of a number of processes.
In this paper, we discuss various series model with different weights also the
weak points of these models are investigated and analyzed. The current article
proceeds as follows: In the next section, the black-box models, the network
models with different weights in series structure are briefly reviewed. On the
basis of these models, in Section 3 the mentioned models in section 2 will be
taken into consideration. Also, it will be shown that how each of these mod-
els converts into a much simpler model. Finally, some conclusions are drawn
based on preceding discussion.
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2 Basic black box and network structures

Without loss of generality and for simplification of notation, consider a series
system of two processes. Let xij , i = 1, ..., m, and yrj, r = 1, ..., s, be the ith
input and rth output, respectively, of the jth DMU, j = 1, ..., n. Denote zpj

as the pth intermediate product, p = 1, ..., q, of the first process, for DMUj .
Here, it is assumed that data are positive. Fig.1 is a pictorial expression of
this series system.

Figure 1: Series Network with two processes.
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The
black-box DEA model to measure the relative efficiency of DMUk under an
assumption of constant return to scale is the CCR model (Charnes et al. [2]):

ECCR
k = Max

�s
r=1 uryrk�m
i=1 vixik

s.t
�s

r=1 uryrk�m
i=1 vixik

≤ 1, j = 1, ..., n,

ur, vi ≥ 0 r = 1, ..., s, i = 1, ..., m.

(1)

where ECCR
k is the efficiency of DMUk, ur and vi are the multiplier associated

with the rth output and ith input, respectively, to be determined by this
mathematical program. This model is a fractional linear program which can
be transformed into the following linear program:

ECCR
k = Max

∑s
r=1 uryrk

s.t.
∑m

i=1 vixik = 1,∑s
r=1 uryrj −

∑m
i=1 vixij ≤ 0, j = 1, ..., n,

ur, vi ≥ 0 r = 1, ..., s, i = 1, ..., m.

(2)

The above model is a linear program and has a dual, it can be formulated as
follows:

ECCR
k = Min θ

s.t.
∑n

j=1 λjxij ≤ θxik, i = 1, ..., m,
∑n

j=1 λjyrj ≥ yrk, r = 1, ..., s,

λj ≥ 0, j = 1, ..., n.

(3)

It should be mentioned, for specified aims, we can apply one of the follow-
ing normalization constraints instead of

∑m
i=1 vixik = 1 in the multiplier form



788 F. Hosseinzadeh Lotfi, G.R. Jahanshahloo and E. Aslanzadeh

models.
(1)

∑m
i=1 vi = 1,

(2)
∑s

r=1 ur = 1,
(3)

∑m
i=1 vi +

∑s
r=1 ur = 1.

Therefore, since we assumed that data are positive, each of the foregoing nor-
malization constraints implies that

∑m
i=1 vixik �= 0. So, there exists one-to-one

correspondence between the feasible solutions of model (2) and each of models
that obtained from the substitution the normalization constraint of model (2)
with one of the foregoing normalization constraint. Thus, these substitutions
are valid.
In the following model, denote wp as the multiplier, or the importance, asso-
ciated with the pth intermediate product of the first process. For comparing
and analyzing various types of series model with different weights we consider
the model of Kao and Hwang [8]. The system efficiency of DMUk is calculated
by the following model generalized from the tandem system of Kao and Hwang
[8]:

EN
k = Max

∑s
r=1 uryrk

s.t.
∑m

i=1 vixik = 1,∑s
r=1 uryrj −

∑q
p=1 wpzpj ≤ 0, j = 1, ..., n,

∑q
p=1 wpzpj −

∑m
i=1 vixij ≤ 0, j = 1, ..., n,

ur, vi, wp ≥ 0, r = 1, ..., s, i = 1, ..., m, p = 1, ..., q.

(4)

In the above model, the second and third sets of constraints correspond to
the first and second process, respectively. Note that the sum of the process
constraints of a DMU is equal to its system constraint, i.e.,

∑s
r=1 uryrj −∑m

i=1 vixij ≤ 0, j = 1, ..., n. Hence, the system constraints are redundant and
omitted from the above model.
Let u∗

r, v∗
i and w∗

p denote the optimal multipliers solved from model (4). The
network efficiency of each process for DMUk is calculated as:

EN(1)

k =
�q

p=1 w∗
pzpk

�m
i=1 v∗i xik

, EN(2)

k =
�s

r=1 u∗
ryrk�q

p=1 w∗
pzpk

(5)

Since EN
k > 0, therefore,

∑s
r=1 u∗

ryrk,
∑q

p=1 w∗
pzpk and

∑m
i=1 v∗

i xik are not equal

to zero. Therefore, EN(t)

k , t = 1, 2, are real numbers. The important weakness

of the above definition is that EN(t)

k , t = 1, 2, are not invariant in presence of
the alternative optimal solutions. Exceptionally, when DMUk is N-efficient,
i.e., EN(1)

k = EN(2)

k = 1. Therefore, EN(t)

k , t = 1, 2, only in this case, are invari-

ant. The product of EN(t)

k , t = 1, 2, is (
∑s

r=1 u∗
ryrk /

∑m
i=1 v∗

i xik), which is the
network-efficiency of the system. Therefore, a DMU is network-efficient if and
only if all its processes are network-efficient.
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Mathematically, the system efficiency will be low if there is a process which is
very inefficient and will be high only when all processes have high efficiencies.
In model (4), when the process constraints are removed and the system con-
straints which are redundant for model (4) are added, the conventional CCR
model is obtained. Evidently, EN

k will not exceed ECCR
k , because the former

has extra constraints corresponding to the processes. ECCR
k is the highest pos-

sible score for EN
k in model (4).

The DEA models have two forms, the ratio form (or multiplier form) and the
envelopment form. Model (4) is a ratio form and associated with its, envelop-
ment form as follows:

EN
k = Min θN

s.t.
∑n

j=1 λjxij ≤ θNxik, i = 1, ..., m,
∑n

j=1 λjzpj −
∑n

j=1 δjzpj ≥ 0, p = 1, ..., q,
∑n

j=1 δjyrj ≥ yrk, r = 1, ..., s,

λj, δj ≥ 0.

(6)

The principle underlying model (6) is the multiplier of a factor which is always
the same, no matter where or how it is used, i.e., the intermediate products
Zj , j = 1, .., n, always have the same multiplier W , and no matter whether it is
produced by the first process or the inputs for second process. This is not the
case for the network model of Färe et al. [7+], where different multipliers were
used. In fact, the difference between Kao’s and Färe’s models is the manner
of apply the weights of intermediate products. The basic model developed by
Färe et al. [7+] is of envelopment form.
Corresponded to his model, we have the following model for the series network
with two processes:

ENF
k = Min θNF

s.t
∑n

j=1 λjxij ≤ θNF xik, i = 1, ..., m,
∑n

j=1 λjzpj ≥ zp, p = 1, ..., q,
∑n

j=1 δjzpj ≤ zp, p = 1, ..., q,
∑n

j=1 δjyrj ≥ yrk, r = 1, ..., s,

λj , δj, zp ≥ 0, j = 1, ..., n, p = 1, ..., q.

(7)

It is obvious that in model (7), each of the process’s constraints has been
considered with free possibility variation in the intermediate products, whereas
in model (6) both of the intermediate product’s essences has not been attended
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separately. Consider the following model which is the dual of model (7):

ENF
k = Max

∑s
r=1 uryrk

s.t.
∑m

i=1 vixik = 1,
∑s

r=1 uryrj −
∑q

p=1 w
(2)
p zpj ≤ 0, j = 1, ..., n,

∑q
p=1 w

(1)
p zpj −

∑m
i=1 vixij ≤ 0, j = 1, ..., n,

w
(2)
p − w

(1)
p ≤ 0, p = 1, ..., q,

ur, vi, w
(1)
p , w

(2)
p ≥ 0 r = 1, ..., s, i = 1, ..., m, p = 1, ..., q.

(8)

Since ENF
k > 0, therefore, if (U∗, W (2)∗ , W (1)∗ , V ∗) is an optimal solution for

the above model, we have
∑s

r=1 u∗
ryrk and

∑q
p=1 w

(2)∗
i zpk, are not equal to zero

and Similar to the network model with the same weights, we can define the
network efficiency for each process.

2.1 Investigation of series structural models

In this section various models with different weights will be discussed.
(1) In this case the model which was presented by Fre et al. [7+] has been
taken into consideration. If (θ∗, λ∗) is an optimal solution for model (3), then
(θ∗, λ∗, λ∗,

∑n
j=1 λ∗

jzpj) is a feasible solution for model (7). Thus, ECCR
k ≥

ENF
k . Additionally, if (U∗, W ∗, V ∗) is an optimal solution for model (4), then

(U∗, W ∗, W ∗, V ∗) is a feasible solution for model (8). From the foregoing in-
equality and this relation, we have:

EN
k ≤ ENF

k ≤ ECCR
k . (9)

From the above inequality, if DMUk is N-efficient, then it is NF-efficient and
CCR-efficient. Note that

∑n
j=1 λjzpj ≥ zp, zpj , λj ≥ 0, p = 1, ..., q, j = 1, ..., n.

Thus, zp ≥ 0, p = 1, ..., q are redundant constraints and we can remove them.

By eliminating zp ≥ 0, (p = 1, .., q) from Fere’s model, in its dual w
(2)
p −w

(1)
p ≤

0, (p = 1, ..., q) will active. Apparently, model (8) is the network model with
different weights, whereas the NF-model is equivalent to the N-model.
(2)In the model (7), to obtain the smallest value of θNF there is the possibility
of free variation in the intermediate products. If this possibility is omitted, we
will have the following model:

ERN
k = Min θRN

s.t
∑n

j=1 λjxij ≤ θRNxik, i = 1, ..., m,
∑n

j=1 λjzpj ≥ zp, p = 1, ..., q,
∑n

j=1 δjzpj ≤ zp, p = 1, ..., q,
∑n

j=1 δjyrj ≥ yrk, r = 1, ..., s,

λj, δj , zp ≥ 0, j = 1, ..., n, p = 1, ..., q.

(10)
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If (θ(1)∗ ,λ(1)∗) is an optimal solution for the black-box model of the first pro-
cess, (θ(1)∗ ,λ(1)∗ ,ek) is a feasible solution for model (10) and if (θ∗RN ,λ∗,δ∗) is an
optimal solution for model (10), (θ∗RN ,λ∗) is a feasible solution for the black-
box model of the first process. Thus, θ(1)∗ = θ∗RN . Resulting this fact, model
(10) does not worth to evaluate.
(3) Now by partial modification of Färe’s model, i.e., removing weight restric-
tion constraints of the intermediate products, we have:

EDiW
k = Max

∑s
r=1 uryrk

s.t.
∑m

i=1 vixik = 1,
∑s

r=1 uryrj −
∑q

p=1 w
(2)
p zpj ≤ 0, j = 1, ..., n,

∑q
p=1 w

(1)
p zpj −

∑m
i=1 vixij ≤ 0, j = 1, ..., n,

ur, vi, w
(1)
p , w

(2)
p ≥ 0 r = 1, ..., s, i = 1, ..., m, p = 1, ..., q.

(11)

its dual is, as follows:

EDiW
k = Min θDiW

s.t
∑n

j=1 λjxij ≤ θDiW xik, i = 1, ..., m,
∑n

j=1 λjzpj ≥ 0, p = 1, ..., q,
∑n

j=1 δjzpj ≤ 0, p = 1, ..., q,
∑n

j=1 δjyrj ≥ yrk, r = 1, ..., s,

λj , δj ≥ 0, j = 1, ..., n.

(12)

Since δj ≥ 0 (j = 1, ..., n) and Zj �= 0, (j = 1, ..., n). Thus, 0 ≤ ∑n
j=1 δjZj ≤

0. Therefore, for each j, δj = 0. Thus, Yk ≤ 0, which is a contradiction.
Therefore, model (12) is infeasible. Since model (11) is feasible; therefore, it is
unbounded. In the network-model with the same multiplier, the constraints of
system automatically holds. But it is possible for model (11) not to be held.
Therefore, If system constraints are added to model (11), The infeasibility
problem is solved. But, if (U∗, V ∗) is an optimal solution for the black-box
model, then (U∗, 1qM, 0, V ∗) is a feasible solution for the under discussion
model, i.e., model (13) with system constraints, where M > 0 sufficiently
large scaler. If (U∗, W (2)∗, W (1)∗, V ∗) is an optimal solution for model (11)
with system constraints, then (U∗, V ∗) is a feasible solution for the black-box
model.
So, its optimal value is equal to ECCR

k . Therefore, model (11) with system
constraints does not worth to evaluate.
(4) One of the tasks of normalization constraint is bounded objective value.
Since normalization constraint of model (11) cannot repress unboundence, we
apply other normalization constraints and objective functions, as follows:
(4-1) In this case, the objective function is considered as to be equal to the
weighted sum of final outputs and normalization constraint have been taken
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into account as to be the weighted sum of the processes inputs. Thus, we have:

EDW
k,(1) = Max

∑s
r=1 uryrk

s.t.
∑m

i=1 vixik +
∑q

p=1 w
(2)
p zpk = 1,

∑s
r=1 uryrj −

∑q
p=1 w

(2)
p zpj ≤ 0, j = 1, ..., n,

∑q
p=1 w

(1)
p zpj −

∑m
i=1 vixij ≤ 0, j = 1, ..., n,

ur, vi, w
(1)
p , w

(2)
p ≥ 0 ∀r,∀i,∀p.

(13)

sumn
j=1λjzpj ≥ 0, p = 1, ..., q,

∑n
j=1 δjzpj ≤ θzpk, , p = 1, ..., q,∑n

j=1 δjyrj ≥ yrk, r = 1, ..., s,
λj , δj ≥ 0, j = 1, ..., n.

Obviously,
∑n

j=1 λjzpj ≥ 0, p = 1, ..., q, is redundant constraint and can re-
move it.
Therefore, the DW1-model and its dual convert to the simple models, as fol-
lows:

EDW
k,(1) = Max

∑s
r=1 uryrk

s.t.
∑m

i=1 vixik +
∑q

p=1 w
(2)
p zpk = 1,

∑s
r=1 uryrj −

∑q
p=1 w

(2)
p zpj ≤ 0, j = 1, ..., n,

−∑m
i=1 vixij ≤ 0, j = 1, ..., n,

ur, vi, w
(2)
p ≥ 0 , ∀r,∀i,∀p.

(14)

∑n
j=1 δjzpj ≤ θzpk, p = 1, ..., q,

∑n
j=1 δjyrj ≥ yrk, r = 1, ..., s,

λj , δj ≥ 0, j = 1, ..., n.

it is a direct conclusion of the series network’s essence, i.e., only the last
process has the final outputs, and the first process produce the intermediate
products. Thus, we can conclude DMUk is DW1-efficient if and only if its
processes constraint are active. The only problem of under discussion model
is that it is possible that V ∗ becomes zero in an optimal solution.
If system constraints are added to model (15), this problem is solved. But, the



Series structural models with different weights 793

optimal value always remains smaller than 1.
Therefore, in the base of model (15) we cannot define the DW1-efficiency of
the constraints, unless applied weight restriction constraints.
Obviously, If (θ∗, λ∗, δ∗) is the optimal solution for model (16) (envelopment
form), then (θ∗, δ∗) is a feasible solution for the second process black-box model.
Thus, the DW1−efficiency ≥ the second process′s Black−Box efficiency.
Therefore, if the second process is CCR-efficient, DMUk is DW1-efficient. On
the other hand, for each optimal solution of model (15) as (U∗, W (2)∗, V ∗),
we have U∗t

Yk > 0. Resulting from this relation W (2)∗t
Zk > 0. There-

fore, (U∗/W (2)∗t
Zk, W

(2)∗/W (2)∗t
Zk) is a feasible solution of the second pro-

cess black-box model (multiplier form). Thus, if DMUk is DW1-efficient, then
U∗t

Yk − W (2)∗t
Zk = 0 and V ∗t

Xk = 0. Therefore, U∗t
Yk = W (2)∗t

Zk = 1
and (U∗, W (2)∗) is a feasible solution of the second process black-box model
(multiplier form), that U∗t

Yk = 1. Thus, the second process is CCR-efficient.
From these relations, the following lemma is obvious.

lemma 1: DMUk is DW1-efficient if and only if its second process is CCR-
efficient.
From the above lemma, to obtain the stability region of DMUk, in this case, we
have to find the region of stability according to the second process’s stability
region. For this aim, we have to apply models that applied in Jahanshahloo et
al. (2004) for the second processes. Thus, the DW1-efficiency, in this case, is
independent from the input’s variety and this is the basic deficiency of model
(15).
(4-2) In this case, the objective function is equal to the weighted sum of the
processes’ outputs and normalization constraint convert to the weighted sum
of the process’s inputs. Thus, model (17) and its dual are as follows:

∑n
j=1 λjzpj ≥ zpk, p = 1, ..., q,

∑n
j=1 δjzpj ≤ θzpk, , p = 1, ..., q,∑n

j=1 δjyrj ≥ yrk, r = 1, ..., s,
λj , δj ≥ 0, j = 1, ..., n.

Obviously, if DMUk is DW2-efficient, then both of its constraints are active
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and conversely. Since the constrains of the processes are not dependent to-
gether, this model is composed of the black-box constraints of the processes.
Thus, DW2-efficiency= Max{The CCR-efficiency of the first process, The
CCR-efficiency of the second process}.
Therefore, the DW2-efficiency is equal to the largest process’s CCR-efficiency.
In fact, the weights associated to the most inefficient process vanished, and this
is the basic problem of this model. If both of these processes are CCR-efficient,
then DMUk is DW2-efficient in this case. Conversely, suppose DMUk is DW2-
efficient. Therefore, for each optimal solution of model (15) as (U∗, W (2)∗, V ∗),
we have W (2)∗ �= 0 or V ∗ �= 0. Thus, (U∗/W (2)∗t

Zk, W
(2)∗/W (2)∗t

Zk) or
(W (1)∗t

/V ∗t
Xk, V

∗t
/V ∗t

Xk) is the feasible solution of the second or first pro-
cess black-box model (multiplier form), respectively. Resulting from these
relations, if DMUk is DW2-efficient, then some of these processes are CCR-
efficient.
Therefore, to obtain the stability region of DMUk in this case, we have to
obtain it for its CCR-efficient process. For this aim, we have to apply model
(5) for its CCR-efficient processes. Thus, the DW2-efficiency in this case is
independent from the input’s variety or output’s variety.
(4-3) In this case, the objective function is considered to be equal to the
weighted sum of the system outputs and normalization constraint have been
taken into account to be the the sum of the pure weighted sum of the inter-
mediate product from input point of view and weighted sum of the inputs of
system. Now, we have:

s.t
∑n

j=1 λjxij ≤ θxik, i = 1, ..., m,

∑n
j=1 λjzpj ≥ θzpk, p = 1, ..., q,

∑n
j=1 δjzpj ≤ θzpk, , p = 1, ..., q,∑n

j=1 δjyrj ≥ yrk, r = 1, ..., s,
λj , δj ≥ 0, j = 1, ..., n.

Obviously, for the optimal solution of envelopment form as (θ∗, λ∗, δ∗), we have
θ∗ > 0. Thus, we can divide the first process’s constraints to θ. If β denotes
λ/θ, then the envelopment form of model (20) converts to the following model:
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Min θ
s.t

∑n
j=1 βjxij ≤ xik, i = 1, ..., m,

∑n
j=1 βjzpj ≥ zpk, p = 1, ..., q,

∑n
j=1 δjzpj ≤ θzpk, , p = 1, ..., q,

∑n
j=1 δjyrj ≥ yrk, r = 1, ..., s,

βj , δj ≥ 0, j = 1, ..., n.

(15)

obviously, this case individually evaluates the second process and loses the
first process analysis. Thus, to obtain the stability region, we have to find the
second process’s stability region.
(4-4) In this case, the objective function is considered to be equal to the sum

of the pure weighted sum of the intermediate product from output point of
view and weighted sum of the outputs of system and normalization constraint
have been taken into account to be the weighted sum of the inputs.Now, we
have:

Min θ
s.t

∑n
j=1 λjxij ≤ θxik, i = 1, ..., m,

∑n
j=1 λjzpj ≥ zpk, p = 1, ..., q,

∑n
j=1 δjzpj ≤ zpk, , p = 1, ..., q,

∑n
j=1 δjyrj ≥ yrk, r = 1, ..., s,

λj, δj ≥ 0, j = 1, ..., n.

(16)

obviously, this case individually evaluates the first process and loses the second
process analysis. Thus, to obtain the stability region, we have to find the
stability region of the first process. It is observed that all of the foregoing cases
reduced to some of the individual process’s assessments, and lost the entire
analysis. Resulting from this fact, in the series-network it is recommended
that the network models not to be applied with different weights.

3 Conclusion

Traditional studies in DEA view systems as a whole ignores the performance
of their component processes in calculating the relative efficiency and finding
the stability region of a set of production systems. The deficiencies are, firstly,
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that the efficiency score may not properly represent the aggregate performance
of processes of a system. Secondly, it does not show which process causes the
instability of an efficient system. Therefore, investigating, analyzing and find-
ing various types of series models is necessary. In this paper, series structural
models with different weights have been mooted. Thereafter, it has been shown
that these models due to their essence have been converted into the black box
models of DMUk or their correspondence processes have been converted into
the the models with identical weights. As a result, we draw conclusion that
with these models we can not investigate radius of stability, sensitivity analysis
and congestion. Hence, it is noteworthy to recommend that for examining the
aforesaid instances the kao’s model with the identical weights should be uti-
lized. For further investigation of relevant concepts, analyzing different types
of more complicated models and examining primary axioms and production
possibility sets, more specifically for parallel network, can be considered from
this point of view.
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