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Abstract

Our aim in this work is to determine congestion with productions
trade-offs or, equivalently, under weights restrictions in data envelop-
ment analysis (DEA). For this purpose, we review a two-model approach
to evaluate congestion (Cooper et al, 1996), and after that we have
brief view in relation with computation of efficient targets with produc-
tion trade-off in Podinovski’s procedure (Podinovski, 2007a). So, our
method is a hybrid of two above procedure: computation of congestion
with weight restrictions which is supported by an experimental example
(Podinovski, 2007b).
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1 Introduction

In data envelopment analysis (DEA), the efficiency of decision-making units
(DMUs) is assessed by solving a pair of mutually dual linear programming
problems. One of these, is referred to as the envelopment, and the other
one as multiplier form. These two forms provide a different framework for
the interpretation of the radial efficiency of the decision-making unit (DMU)
under the assessment.

The feasible set of the envelopment model is explicitly related to the eco-
nomic notion of the production possibility set (PPS). The efficiency measured
by this model has the meaning of the ultimate radial improvement factor by
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which the inputs or outputs of the DMUo under the assessment can change,
while the resulting DMU remains within the PPS.

In the multiplier model, the efficiency of DMUo is assessed by associating
variable weights with its inputs and outputs. By varying these weights, the
model maximizes the ratio of the total weighted output to the total weighted
input of DMUo in relation with the similar ratios of the other units. The ob-
tained maximum ratio is the managerial efficiency of DMUo, which by duality
coincides with the radial efficiency assessed in the envelopment model.

Often DEA models do not provide sufficient discrimination between the
efficiency of DMUs. One method that traditionally be used to overcome this
drawback, is the use of weight restrictions Allen et al. (1997) and (Thanas-
soulis, 2001). These are usually based on the perceived importance of different
inputs and outputs or their monetary values. This approach has a well-known
drawback, namely, the envelopment DEA forms become distorted and the ef-
ficiency measures lose their clear technological meaning Allen et al. (1997).

Another approach for improvement of DEA models was suggested based
on the incorporation of production trade-offs in the envelopment DEA mod-
els (Podinovski, 2004, 2005, 2007b). Such trade-offs represent simultaneous
changes to the inputs and outputs that are technologically possible. The math-
ematical effect of the incorporation of trade-offs in the envelopment models is
the same as the effect caused by weight restrictions in the multiplier forms:
the resulting DEA models discriminate better.

Concept of congestion indicates an economic state and it occurs when re-
ducing some inputs can increase some outputs. (Fare and Grosskopf, 1983) first
introduced an approach for analyzing congestion. Later, Fare et al. (1985) dis-
cussed data envelopment analysis related models and methods (called FGL ap-
proach) for production efficiency evaluation. Cooper et al. (1996) introduced
an alternative approach for evaluating the concept congestion. In existing re-
searches, so far, it is not to be attention to computation of congestion with
productions trade-offs or, equivalently, under weights restrictions issue which
is surveyed in this paper extensively.

The paper is organized as follows: in section 2 we review a two-model ap-
proach to evaluate congestion, section 3 introduced a procedure for practical
application of models that incor- porate production trade-offs between inputs
and outputs or, equivalently, weight restrictions imposed on their dual mod-
els and the proposed models for assess of congestion of such models, also a
numerical example are given in section 4, and in section 5 conclusion is put
forward.
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2 A two-model approach to evaluate conges-

tion

We start with a two-model approach that used to evaluate congestion. As-
sume we have n observed DMUs, DMUj (Xj, Yj), j = 1, 2, ..., n, and every
DMUj produces the same s outputs in (possibly) different amounts, yrj, r =
1, 2, ..., s, using the same inputs, xij , i = 1, 2, ..., m, also in (possibly) different
amounts. All inputs and outputs are assumed to be nonnegative, but at least
one input and one output are positive, i.e., Xj = (x1j , ..., xmj) ≥ 0, Xj �= 0
and Yj = (y1j, ..., ysj) ≥ 0, Yj �= 0. Now, to maintain contact with Cooper et
al. (2002), we begin with the following version of a BCC model:

max φ + ε(Σm
i=1s

−
i + Σs

r=1s
+
r )

s.t.

n∑
j=1

λjxij + s−i = xio, i = 1, ..., m, (1)

n∑
j=1

λjyrj − s+
r = φyro, r = 1, ..., s,

n∑
j=1

λj = 1,

λj , s
−
i , s+

r ≥ 0 j = 1, ..., n,

i = 1, ..., m, r = 1, ..., s.

Here ε > 0 is a ”non-Archimedean element” defined to be smaller than any
positive real number. This means that ε is not a real number. The standard
procedure is to avoid any needs for explicitly assigning a value to ε by using
the following two-stage process. Stage one: maximize φ while ignoring the
slacks, s−i , s+

r , in the objective. Stage two: replace φ with φ∗ = maxφ in (1)
and maximize the sum of the slacks, then determine whether DMUo is efficient
or inefficient in accordance with the following definition.

Definition 2.1. (BCC Efficiency ) DMUo is efficient if and only if the fol-
lowing two conditions are both satisfied:

(i) φ∗ = 1.
(ii) All slack variables are zero in optimal solutions.

Definition 2.2. (BCC-Projection ) For a BCC-inefficient DMUo, we define
its BCC-projection, based on an optimal solution for Model (1), as follows:

(x̂io = xio − s−∗
i , ŷro = φ∗yro + s+∗

r ),
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the improved activity (X̂o, Ŷo) is BCC-efficient.

As described in Cooper et al. (2001), the x̂io and ŷro values together with
the xij and yrj ,as defined in (1), are used to erect the following new problem:

max
n∑

i=1

δ−i

s.t.

n∑
j=1

λjxij − δ−i = x̂io, , i = 1, ..., m, (2)

n∑
j=1

λjyrj = ŷro, r = 1, ..., s,

n∑
j=1

λj = 1,

δ−i ≤ s−∗
i ,

λj ≥ 0, j = 1, ..., n,

δ−i ≥ 0, i = 1, ..., m.

Finally, to identify the congesting inputs and to estimate their amounts,
we utilize the i = 1, ..., m input constraints δ−i ≤ s−∗

i in (2) to obtain

s−c∗
i = s−

∗
i − δ−

∗
i , i=1,2,...,m, (3)

where δ−
∗

i is obtained from (2). s−c∗
i is then the congesting amount in the total

slack associated with s−
∗

i in input i = 1, ..., m, as obtained from (1) and δ−
∗

i

is the (maximum) amount of this total slack that can be assigned to purely
technical (non-congesting) inefficiency, as obtained from (2).

3 Computation of congestion with produc-

tions trade-offs

We follow the notation in (Podinovski, 2007) and let (P,Q), trade-offs be-
tween the inputs and/or outputs, represent the possible simultaneous change
to the inputs and outputs in the entire technology. Various examples of pro-
duction trade-offs are discussed in (Podinovski, 2004).

Suppose that we can specify k trade-offs:

(Pt, Qt), t=1,2,...,k. (4)
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The use of trade-offs (4) in the standard VRS technology leads to the expanded
technology TV RS−TO, where the abbreviation TO stands for ”trade-offs”, as in
the following form

TV RS−TO = {(X, Y )|X ≥ 0, Y ≥ 0, X ≥ ∑n
j=1 λjXj +

∑k
t=1 πtPt,

Y ≤ ∑n
j=1 λjYj +

∑k
t=1 πtQt, Σ

n
j=1λj = 1, λj≥0; πt ≥ 0; j = 1, ..., n; t = 1, ..., k}.

(5)

The output radial efficiency of DMUo in TV RS−TO is defined as max{φ|(φXo, Yo) ∈
TV RS−TO}. This leads to the following LP formulation:

max φ

s.t.
n∑

j=1

λjXj +
k∑

t=1

πtPt + d = Xo, (A1)

n∑
j=1

λjYj +
k∑

t=1

πtQt − e = φYo, (A2)

n∑
j=1

λjXj +
k∑

t=1

πtPt + d ≥ 0, (A3)

n∑
j=1

λjYj +
k∑

t=1

πtQt − e ≥ 0, (A4)

n∑
j=1

λj = 1, (A5)

λ, π, e, d ≥ 0. (A6)

We now observe that (A3) is redundant because it follows from (A1). Since,
(φ = 1, πt = 0; t = 1, 2, ..., k, d = 0, e = 0, λo = 1, λj = 1; j = 1, 2, ..., n, j �= o)
is a feasible solution for above model and the objective function maximizing
φ, so, φ∗ ≥ 1 therefore, A4 can be deleted. This is implies that the model is



668 G.R. Jahanshahloo et al

equivalent to the following LP formulation:

max φ

s.t.

n∑
j=1

λjXj +

k∑
t=1

πtPt ≤ Xo, (6)

n∑
j=1

λjYj +

k∑
t=1

πtQt ≥ φYo,

n∑
j=1

λj = 1,

λ, π ≥ 0.

The output radial efficiency of DMUo is equal to the optimal value φ∗ of the
objective function in Model (6). Due to the constraints of the model, the
target DMU (Xo, φ

∗Yo) is a valid member of the PPS TV RS−TO and located
on its boundary. Therefore, the radial efficiency φ∗ of DMUo has a meaning
of technologically feasible radial improvement factor for the outputs of the
DMUo.

It is must to be attention that the introduction of trade-offs (4) in the
envelopment models is equivalent to the incorporation of weight restrictions

uTQt − vT Pt ≤ 0, t = 1, ..., k (8)

in the dual multiplier forms.

In VRS DEA models with production trade-offs, the second stage of the
optimization procedure is a testing for possible non-radial improvements to
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the radial targets. A linear program for this purpose is developed as follows:

max
m∑

i=1

di +
s∑

r=1

er

s.t.
n∑

j=1

λjXj +
k∑

t=1

πtPt + w + d = Xo,

n∑
j=1

λjYj +
k∑

t=1

πtQt − e = φ∗Yo,

n∑
j=1

λjXj +
k∑

t=1

πtPt + w >= 0, (8)

n∑
j=1

λj = 1,

λ, π, e, d, w ≥ 0.

Model (8) maximizes the sum of residual slacks subject to the explicit
condition that the resulting efficient target has only nonnegative inputs. This
stage produces a fully efficient target of DMUo.

Let λ∗, π∗, e∗, w∗andd∗ be any optimal solution to model (8). Define

X̂o =
∑n

j=1 λ∗
jxj +

∑k
t=1 π∗

t Pt + w∗,
Ŷo =

∑n
j=1 λ∗

jyj +
∑k

t=1 π∗
t Qt.

(9)

Clearly, DMU (X̂o, Ŷo) is a member of technology TV RS−TO.

Theorem 1. The DMU (X̂o, Ŷo) is paretto-efficient in technology TV RS−TO.

According to Theorem (1), if φ∗ = 1 and optimal vectors e∗ and d∗ are

zero vectors, DMUo coincide with DMU (X̂o, Ŷo) and is therefore efficient.

Otherwise DMUo is inefficient and (X̂o, Ŷo) can be regarded as its efficient
target.

As was told in section 2, firstly, by applying Model (2), the BCC-projection

of a DMUo, that is, (X̂o, Ŷo) according to definition (2.2) is obtained, which is
used to compute the congestion. Similarly, at first, under weight restrictions,
we want to find the radius target of a DMUo using model (6), which will be
used to obtain the correspondence efficient target in model (8) according to
(9). By incorporating the mentioned efficient target in Model (10) we are going
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to compute the congestion.

max
n∑

i=1

δ−i

s.t.
n∑

j=1

λjxij +
k∑

t=1

πtPt − δ−i = x̂io, , i = 1, ..., m, (10)

n∑
j=1

λjyrj +
k∑

t=1

πtQt = ŷro, r = 1, ..., s,

n∑
j=1

λj = 1,

δ−i ≤ d∗
i ,

λj ≥ 0, j = 1, ..., n,

πt ≥ 0, t = 1, ..., k,

δ−i ≥ 0, i = 1, ..., m.

Finally, to identify the congesting inputs and to estimate their amounts, we
utilize the i = 1, ..., m input constraints δ−i ≤ d∗

i in (10) to obtain

dc∗
i = d∗

i − δ−
∗

i , i=1,2,...,m. (11)

where δ−
∗

i is obtained from (10). dc∗
i is then the congesting amount in the total

slack associated with dc∗
i in input i = 1, ..., m, as obtained from (1), and δ−

∗
i

is the (maximum) amount of this total slack that can be assigned to purely
technical (non-congesting) inefficiency, as obtained from (10).

for numerical treatment of the above explanations we give an experimental
example.

4 Experimental example

The example used in this paper involves six hypothetical university depart-
ments (Table 1), each of which has two inputs and three outputs as follows:

Inputs
T/S: Teaching staff
R/S: Research staff

Outputs
U/S: Undergraduate students
M/S: Master students
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P: Publications

Table 1
The data set

Department U/S M/S P T/S R/S
A 1540 154 59 100 70
B 1408 186 23 120 123
C 690 59 76 50 20
D 674 73 90 67 17
E 1686 197 12 98 20
F 982 63 15 76 12

Table 2
optimal slack solutions and efficiency in the standard VRS model

Department s−∗
1 s−∗

2 s+∗
1 s+∗

2 s+∗
3 Efficiency

A 0 0 0 0 0 1
B 209484

9731
887343
9731

2307612
9731

0 0 9775
9731

C 0 0 0 0 0 1
D 0 0 0 0 0 1
E 0 0 0 0 0 1
F 0 0 0 0 0 1

The main implied reason for using this example that already used in (Podi-
novski, 2007b) is that the functioning of university departments is an area that
is almost intuitively understood by everyone.

Table (2) shows the efficiency of all departments and the corresponding
optimal slack solutions according to Model (2). As is noted, only the second
department, B, is inefficient. Therefore we compute the BCC-projection of
this unit using Definition 2.2. In the following we give the results:

(x̂1 =
958236

9731
, x̂2 =

309570

9731
, ŷ1 =

16070812

9731
, ŷ2 =

1818150

9731
, ŷ3 =

224825

9731
).

If we incorporate the BCC-projection in Model (2), the congesting inputs and
their amounts obtain as follows:

s−c∗
1 =

209484

9731
, s−c∗

2 =
887343

9731
,
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Table 3
optimal weights and efficiency in the standard VRS model

Department u∗
1 u∗

2 v∗
1 v∗

2 v∗
3 Efficiency

A 0.0006 0 0.0014 0.01 0 96.20
B 0 0.004 0.0024 0.0083 0 79.88
C 0 0.0096 0.0057 0.02 0 100.00
D 0 0.0068 0.0056 0.0121 0.011 100.00
E 0 0.0051 0 0.0102 0 100.00
F 0.0009 0 0.0081 0.0021 0.0699 100.00

In this part, we want to know the conditions that a vector would be called
trade-off. Specially in current example, we would like to know the structure
of these vectors.

On the left-hand side (LHS) of model (6) we see the composite DMU made
by a convex combination of observed DMUs with coefficients λj. This, tech-
nologically, implies possibility in our VRS technology. The added term on the
LHS is the nonnegative combination of vectors (Pt, Qt) with coefficients πt ≥ 0
as following:

(

k∑
t=1

πtPt,

k∑
t=1

πtQt) (12)

In the standard envelopment model, without this added term (12), the
composite unit on the LHS outperforms, in the weak sense of non-strict in-
equalities, the unit on the right-hand side (RHS). This explains why the scaling
factor φ is regarded as a technologically possible output increasing factor.

The term (12), modifies the composite DMU on the LHS of (6). We want
to make sure that this modification is meaningful and the resulting unit on the
LHS is technologically possible. If this is achieved, this unit on the LHS will
dominate in the weak sense the unit on the RHS, and the meaning of efficiency
φ will remain intact.

To achieve this goal, we have to make sure that happen simultaneous
changes in outputs and inputs, respectively, by forcing Qt and Pt will be pos-
sible. If this is true, we shall call vector (Pt, Qt) as production trade-off.

The above development gives us a method to the construction of weight
restrictions that preserves the technological meaning of efficiency. We refer to
this method as the trade-off approach. According to this approach, at first, a
technologically possible production trade-off should be constructed and then
it must be rewritten with imposing weight restrictions.

Our aim is to show how production trade-offs can be assessed in real tech-
nologies and specially, in this example.
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Table 3 shows the efficiency of all departments and the corresponding op-
timal weights (using multiplier form of BCC model). The output weights are
shown as u1 for undergraduate students, u2 for masters, u3 for publications.
The input weights are shown as v1 for teaching staff and v2 for research staff.
Since five out of six departments are efficient, the second optimization stage
performed in this case confirms that none of these five departments exhibits
mix inefficiency (Cooper et al, 2000), the above model is not sufficiently dis-
criminating. The low discrimination of our analysis can be partly attributed
to the relatively large number of zero weights in the optimal solutions to the
VRS model. A way to resolve this problem and improving the discrimination
of analysis is to impose additional production trade-offs in the envelopment
model. (Podinovski; 2007b)

In present example, different production trade-offs are applicable that we
briefly presented here some of them. (For more information aboat them, one
can refer to (Podinovski; 2007b))

1. We shall first assume that teaching master students requires no more
than twice the amount of resources used to teach undergraduates. This means
that no department can claim extra resources (teaching and research staff)
if the number of undergraduate students is reduced by 2 and the number of
master students is increased by 1. We can also expect that research output
should not be affected by such a change. This judgement generates, in the
notation used in model (3), the following trade-off:

P1 = (0, 0)T , Q1 = (−2, 1, 0)T , (13)

This can be read as the following: (two undergraduate students out, one master
in) is feasible provided nothing else changes.

2. No extra resources (teaching and research staff) are needed if the number
of undergraduate students is increased by 1 and the number of master students
is reduced by 1. The corresponding trade-off is represented as

P2 = (0, 0)T , Q2 = (1,−1, 0)T , (14)

3. If the number of publications decreases by one paper in a year, the
released time should be sufficient to teach two extra undergraduate students:

P3 = (0, 0)T , Q3 = (2, 0,−1)T , (15)

4. The number of undergraduate students could go up by at least five for
each teaching post introduced, which is by 25 in total. We can, therefore,
formulate the following trade-off, which appears to be entirely plausible:

P4 = (5,−1)T , Q4 = (25, 0, 0)T , (16)
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5. At last, consider another situation by assuming that one teaching post
is replaced by one research position. Since research staff do not generally
teach, some detrimental effect on students should be factored in this trade-off.
Even in the worst-case scenario no department should lose more than, say,
20 undergraduate students. At the same time, we may expect the increase of
publications by at least 0.3 papers a year because research staff should publish
more than teaching staff. (One may argue for the use of a much larger increase
than 0.3 publications, but this is not our point here.) These estimates result
in the following trade-off which involves two inputs and two outputs at once:

P5 = (−1, 1)T , Q5 = (−20, 0, 0.3)T , (17)

Table 4
optimal slack solutions and efficiency in the model with production trade-

offs (12)
Department s−∗

1 s−∗
2 s+∗

1 s+∗
2 s+∗

3 Efficiency
A 0 0 0 0 0 1
B 0 2255769

24785
0 0 17639

14871

C 0 0 0 0 0 1
D 0 0 0 0 0 1
E 0 0 0 0 0 1
F 0 0 0 0 0 1

By incorporating the trade-offs (13), (14)(15), (16) and (17) in the model (6),
it can be shown that only department B is non radial efficient. To check full
efficiency of DMUs, we maximize the sum of slacks by solving model (8). The
results is shown in Table (4).

According to (9), if we compute (X̂o, Ŷo) and incorporate it in Model (10),
the congesting inputs and their amounts will be obtain as the following:

dc∗
1 = 0, dc∗

2 =
2255769

24785
.
As it was seen, when production trade-offs are applying the values of the
congestions in the inputs are varying. Here, the first inputs of the DMU B has
no congestion and the value of the congestion in the second input is varying.

5 Conclusion

In this paper, we computed congestion in DEA models with productions
trade-offs and weight restrictions. So far, many approaches have been pre-
sented to evaluate congestion, but the evaluation of congestion under weights
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restrictions, or equivalently with production trade-offs, is still a new topic. We
compared computational results of congestion in original DEA models with
those of the DEA models under weight restrictions via a numerical example.
Due to imposing weight restrictions in DEA models , the numerical results are
not similar to those of the original DEA models. Finally, extending the pro-
posed method to other types of weights restrictions in DEA can be suggested
for further research.
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