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Abstract 
 

 It is possible to represent eight- and nine-point  
 prismatic data arrays by means of cubic equations. 
 Two sets of quadratic coefficients for the equations 
 contain assignable terms. This paper illustrates two  

methods for making their numerical assignments.   
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1. Introduction 
  
A method for analyzing three-parameter experiments involves positioning numbers 
at the eight vertices of a rectangular prism. The nine-point array is obtained by  
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adding a center point number denoted E. Both designs are illustrated in Fig. 1. In 
subsequent equations, the letters A .. I represent the numbers as well as their 
positions. The prism and the equations apply in the –1 .. 1 coordinate system.     
 

Numbers at the eight vertices of the prism are traditionally represented by 
the trilinear equation. The difference between the number at the center point of the 
prism and the prediction rendered by the trilinear equation has been suggested as an 
estimate of “curvature” in numerical data. Operational methodology permits the 
center point datum to be incorporated into equations for the nine-point design. This 
facility permits a quantitative application of that measurement. It represents an 
opportunity for a more advantageous use of the number at E than the traditional 
“curvature” estimate.  
 
 The basis for the operational treatment of numerical data appeared many 
years ago [1]. An early application of operational equations was the estimation of 
slope [2,3]. The representation of data in prismatic array by operational equations 
was described later [4-11]. The literature citations are limited to recent applications 
of the shifting operator to problems in numerical analysis.  
 
 
2. Alternative quadratic coefficients for nine-point rectangular 
prism 
  
Two sets of quadratic coefficients for polynomial equations are listed in Ref. [10]. 
They are denoted x2c, y2c, and z2c. One set is Eqs. (1)-(3) below. Another set is 
Eqs. (4)-(6). They are used in polynomial equations that represent data in prismatic 
array as in Fig. 1. Each set contains the square roots of three-term expressions 
typified by (F–2E+D)(1/2). Each set also contains the unknowns S, T, and W. An 
unsolved problem is the proper numerical assignments of S, T, and W for 
numerical data arranged as in Fig. 1 [10]. The letters S, T, and W can each be ±1.  
 
x2c = (A + B + C + D + F + G + H + I – 8E)/16  
          – (S/8)(F – 2E + D)(1/2)(C – 2E + G)(1/2)  
          – (S/8)(A – 2E + I)(1/2)(H – 2E + B)(1/2)                                                      (1) 
y2c = (A + B + C + D + F + G + H + I – 8E)/16  
          – (T/8)(C – 2E + G)(1/2)(A – 2E + I)(1/2)  
          – (T/8)(H – 2E + B)(1/2)(F – 2E + D)(1/2)                                                     (2) 
z2c = (A + B + C + D + F + G + H + I – 8E)/16  
         + (W/8)(F – 2E + D)(1/2)(A – 2E + I)(1/2)  
         + (W/8)(C – 2E + G)(1/2)(H – 2E + B)(1/2)                                                    (3) 
 
x2c = (T/8)(C – 2E + G)(1/2)(A – 2E + I)(1/2) + (T/8)(H – 2E + B)(1/2)(F – 2E + D)(1/2) 
          – (W/8)(F – 2E + D)(1/2)(A – 2E + I)(1/2)  
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          – (W/8)(C – 2E + G)(1/2)(H – 2E + B)(1/2)                                                   (4) 
 
y2c = (S/8)(F – 2E + D)(1/2)(C – 2E + G)(1/2) + (S/8)(A – 2E + I)(1/2)(H – 2E + B)(1/2) 

– (W/8)(F – 2E + D)(1/2)(A – 2E + I)(1/2)  
– (W/8)(C – 2E + G)(1/2)(H – 2E + B)(1/2)                                                   (5) 

 
 
z2c = (S/8)(F – 2E + D)(1/2)(C – 2E + G)(1/2) + (S/8)(A – 2E +I)(1/2)(H – 2E + B)(1/2) 
          + (T/8)(C – 2E + G)(1/2)(A – 2E + I)(1/2)  
          + (T/8)(H – 2E + B)(1/2)(F – 2E + D)(1/2)                                                    (6) 
 
 
3. How are S, T, W to be assigned?  
 
 Subsequent to the presentation of the two sets of quadratic coefficients [10], 
a suggestion was made for determining the proper assignments of [S,T,W] as 
[±1,±1,±1]. The suggestion was a numerical test [12]. It depends on substituting 
one of the sets of quadratic coefficients into Eq. (7) and analyzing the consequences 
of the substitution. The letters A .. I represent the nine numbers assigned to the 
vertices of the prism in Fig. 1, respectively.  
 
 
P = x2c + y2c + z2c – [(A + B + C + D + F + G + H + I)/8 – E]                          (7) 
 
 
 Equation (7) is a general expression that contains a set of three quadratic 
coefficients, say Eqs. (1)-(3). It also represents a set of eight numerical equations 
because each equation in the set has a different permutation of [S,T,W] as 
[±1,±1,±1]. The essence of the test is to identify of the minimum absolute value of 
P. The precise numerical value of P has no present significance. It is the minimum 
magnitude of abs(P) that signals the proper assignment of [S,T,W]. The second set 
of coefficients, Eqs. (4)-(6), is treated analogously.    
  
 Table 1 illustrates the numerical results of the P test using trial data A .. I as 
increasing powers of (15/10). That is, A .. I represent (15/10)1, (15/10)2, .. (15/10)9, 
respectively, in Fig 1. The generating function is R=(15/10)N where 
N=(5+x/2+y+5z/2). The two left-hand columns in Table 1 illustrate the numerical 
values of P after substituting Eqs. (1)-(3) into Eq. (7). The two right-hand columns 
illustrate similar results after substituting Eqs. (4)-(6) into Eq. (7). As can be 
observed in Table 1, the P test indicates the proper assignment for [S,T,W] is 
[+1,+1,+1] for both sets of quadratic coefficients. The assignments for [S,T,W] are 
typically identical when Eqs. (1)-(3) and Eqs. (4)-(6) are applied to the same data.   
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 Table 2 illustrates analogous results of the P test after rotating the prism. 
The new arrangement of the letters is I,D,G,B,E,H,C,F,A instead of the alphabetical 
order A .. I. The new vertex numbers are A=(15/10)9, D=(15/10)2, F=(15/10)8, 
G=(15/10)3, I=(15/10)1. See Fig. 1. The new generating function has N=(5–5x/2–y–
z/2). Table 2 indicates that the proper choice of [S,T,W] is [–1,+1,–1] for the 
rotated data. This assignment applies to both Eqs. (1)-(3) and Eqs. (4)-(6). The test 
represented by Eq. (7) suffices to determine the proper values of [S,T,W] in many 
cases of practical interest.  
  
 The assignments for [S,T,W] can be used to generate two new sets of four 
cubic equations for the nine-point array in Fig. 1. The first set of four equations is 
based on Eqs. (1)-(3) and the second set is based on Eqs. (4)-(6). The method for 
generating a set of four polynomial equations for Fig. 1 is described in Ref. [11]. 
 
 The test in Eq. (7) requires the sorting of sixteen results. It is not the only 
method for discovering the proper assignment for [S,T,W]. Another test depends on 
expressing one of S, T, or W in terms of the other two. That is currently necessary 
because only two sets of quadratic coefficients in the present category are known. If 
a third, independent set of such quadratic coefficients were available, it might be 
possible to define all of S, T, and W uniquely in terms of the nine data.  
   
 The parameter S can be described in terms of T and W as in Eq. (8). That is, 
S is now defined by examining the results generated by the four permutations of T 
and W: [T,W] = [±1,±1]. That is easier than examining the results of sixteen 
permutations as in the first test. However, Eq. (7) provides more visual information 
than tedious Eq. (8).   
 
S = (A + B + C + D + F + G + H + I – 8E – 2T(C–2E+G)(1/2)(A–2E+I)(1/2)  
      – 2T(H–2E+B)(1/2)(F–2E+D)(1/2)  + 2W(F–2E+D)(1/2)(A–2E+I)(1/2) 
      + 2W(C–2E+G)(1/2)(H–2E+B)(1/2)) 
      / (2(F–2E+D)(1/2)(C–2E+G)(1/2) + 2(A–2E+I)(1/2)(H–2E+B)(1/2))                      (8) 
  
 Substitute nine trial data into Eq. (8) and follow this with the four 
permutations of T and W, each one as ±1. From the four results, choose the one that 
makes S numerically closest to unity. Take its sign as the sign of S. This renders S 
as ±1. For the original (not rotated) data, the four numerical choices for S are 1.001, 
–0.355, 2.52, 1.16 as rendered by [T,W] = [+1,+1], [+1,–1], [–1,+1], [–1,–1], 
respectively. The present choice is S=+1. That choice makes the assignment 
[T,W]=[+1,+1]. The proper assignment for the data now has [S,T,W]=[+1,+1,+1]. 
The new assignment agrees with the assignment rendered by the first test.   
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 Now rotate the data as described above. The four numerical choices of S 
corresponding to [T,W] = [+1,+1], [+1,–1], [–1,+1], [–1,–1] are 1.95, –0.998, 4.19, 
1.24, respectively. The assignment for S is now –1. This assigns [T,W] as [+1,–1] 
so [S,T,W] are [–1,+1,–1,], respectively. The second assignment agrees with the 
second assignment made by the first test.  
 
 
5. Discussion 
 
 The illustrated tests apply primarily to positive numbers as data. The tests 
are not infallible. Failure can be observed when complex numbers are involved. 
That does not typically happen when simple functions are applied to monotonic 
numbers such as 1 .. 9 as A .. I or when such data are rotated. If the data are 
generated by V(5+x/2+y+5z/2), where V represents a simple operation like 
squaring numbers or finding their reciprocals, complex numbers do not usually 
appear. The generating function can also represent more complicated operations 
like V3–V2+100 and complex numbers will seldom occur. Unfortunately, complex-
numbers can arise in experimental work.  
  
 The appearance of complex numbers can signal the presence of a ridge or a 
trough in laboratory results. For example, let A=1, E=25, and I=81 in Fig. 1. The 
three numbers are monotonic increasing, so a ridge is not implied and (A–2E+I)(1/2) 
is a real number. Suppose the measurement at E changes to 49. The three numbers 
A=1, 2E=98, I=81 are not monotonic increasing. A ridge is implied and  
 
 
(A–2E+I)(1/2) is an imaginary number. Perhaps the suggestion of a ridge in the 
experimental surface is advantageous. However, the advantage is accompanied by 
the disadvantage of interpolation equations that potentially render complex 
numbers as their predictions. Such equations can be examined in terms of their real 
parts or they can be discarded as pathological.  
  
 The problem of ridges and troughs is insidious: both can be present in 
laboratory processes without being detected by equations based on only nine data 
arranged as in Fig. 1. A ridge or a trough can occur on any edge or face of the 
prism, or somewhere inside it. In such cases, the tests may suggest the wrong set of 
[S,T,W]. Conversely, nine-point polynomial equations can suggest ridges or 
troughs that are not verified in the laboratory. The predicted features are misleading 
artifacts of the equations. It is therefore desirable to represent laboratory data in 
other ways [4-11].  
  
 A simple quadratic equation for the nine-point prism in Fig.1 uses Eqs. (1)-
(3). It is exact at the corner points of Fig. 1 but not necessarily at its center point.  
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That problem can often be corrected.  Prepare a secondary quadratic equation that 
fits the following nine data (0,0,0,0, ∆E, 0,0,0,0) as A .. I in Fig. 1. The zeroes 
represent the differences between the predictions of the simple equation and the 
data at vertices A .. D, and F .. I, respectively. The notation ∆E represents the 
difference between the prediction of the simple equation and the center point datum 
(E). Add the secondary equation to the simple equation to obtain the interpolating 
equation for the nine-point prism. (Subtract the secondary equation from the simple 
equation if applying Eqs. (4)-(6) instead of Eqs. (1)-(3). These operations may 
occasionally be reversed.) This process is analogous to the preparation of cubic 
equations for Fig. 1 as illustrated in Ref. [10]. The two numerical, quadratic, nine-
point equations, prepared as described above, are commonly identical within 
experimental error.   
 
 Table 3 compares the sums of squares of deviations of the nine-point, 
quadratic  equation from typical trial surfaces. The surfaces are generated by 
applying the functions in the first row of the table to the integers 1 .. 9 at vertices A 
.. I in Fig. 1, respectively. The presently described nine-point equation can be 
compared to two analogous equations in Ref. [8]. The three equations are exact on 
trilinear numbers and their squares. They are invariant under translation and 
rotation of the data.  
 
 Let trial numbers be generated by applying the generating function 
((33/10)V–5V3+600)(1/2)  to 1 .. 9 placed at vertices A .. I in Fig. 1. The method 
described above represents them by Eq. (9). The letter R represents an interpolated 
number within the prism. 
 
R = (9.058)xyz + (1.683)x2 + (8.596)xy + (16.10)xz + (6.306)y2 + (29.96)yz  
       + (34.56)z2 + (15.36)x + (28.46)y + (39.02)z + 19.14                                   (9) 
 
  

 
 
 
 
 
 
         
 
 
 

 
Fig. 1. The nine-point rectangular prism 
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                      Table 1. P in Eq. (7) for trial data. The two left-hand columns  

          represent  Eqs. (1)-(3) as x2c, y2c, and z2c in Eq. (7). The two 
          right-hand columns represent Eqs. (4)-(6) as x2c, y2c, z2c,  
          respectively, in Eq. (7). The data are monotonic-increasing.  
          See Fig. 1 and the text. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
      Table 2. P in Eq. (7) for the trial data rotated into new positions.  
      The two left-hand columns represent Eqs. (1)-(3) as x2c, y2c,  
      and z2c, respectively, in Eq. (7). The right-hand block represents  
      Eqs. (4)-(6) as x2c, y2c, z2c, respectively, in Eq. (7). See Fig. 1  
      and the text.   

 
 
 
 
 
 
 
 
 
 
 
 
 
 

S,T,W  
assignment 

Value of P 
In Eq. (7) 

 S,T,W 
assignment 

Value of P 
in Eq. (7) 

–1,–1,–1 5.49  –1,–1,–1 11.0 
–1,–1,+1 8.94  –1,–1,+1 17.9 
–1,+1,–1 1.64  –1,+1,–1 3.27 
–1,+1,+1 5.08  –1,+1,+1 10.2 
+1,–1,–1 0.417  +1,–1,–1 0.835 
+1,–1,+1 3.86  +1,–1,+1 7.72 
+1,+1,–1 3.44  +1,+1,–1 6.88 
+1,+1,+1 0.004  +1,+1,+1 0.007 

S,T,W  
assignment 

Value of P 
In Eq, (7) 

 S,T,W 
assignment 

Value of P 
in Eq. (7) 

–1,–1,–1 3.86  –1,–1,–1 7.72 
–1,–1,+1 8.94  –1,–1,+1 17.9 
–1,+1,–1 0.004  –1,+1,–1 0.007 
–1,+1,+1 5.08  –1,+1,+1 10.2 
+1,–1,–1 0.417  +1,–1,–1 0.835 
+1,–1,+1 5.49  +1,–1,+1 11.0 
+1,+1,–1 3.44  +1,+1,–1 6.88 
+1,+1,+1 1.64  +1,+1,+1 3.27 
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        Table 3. Application of a quadratic equation to the nine-point  
        prism in Fig. 1. The equation is prepared as described above. 
        The entries in the table are sums of squares of deviations from  
        typical generating functions as applied to the numbers 1 .. 9 at  
        A .. I in Fig. 1. See the text and Ref. [8].   

         
    
 
 
                 *V=(5+x/2+y+5z/2) 
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