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Abstract

In this paper we analyze an immersed interface finite element method

for second order semilinear parabolic interface problems. Convergence

of the semi discrete solution to the exact solution is shown to be of the

optimal order in L
2 and energy norms. Further, fully discrete scheme

based on backward Euler method is studied and optimal error in L
2

norm is established. Numerical examples of a parabolic interface prob-

lems are also provided.
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1 Introduction

We consider an immersed interface finite element method to solve a second
order semilinear parabolic interface problem of the form

ut −∇ · (β∇u) = f(u) in Ω × J (1)
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with initial and boundary conditions

u(·, 0) = 0 in Ω, u(x) = 0 on ∂Ω (2)

with the jump conditions on the interface

[u] = 0,

[
β
∂u

∂n

]
= 0 across Γ, (3)

where J = [0, T ] for T > 0 and f is a sufficiently smooth function on Ω̄ with
an appropriate number of derivatives. Here Ω is a convex polygonal domain
in R

2 which is separated into two subdomains Ω+ and Ω− by a C2 interface
Γ = ∂Ω− ⊂ Ω, with Ω+ = Ω\Ω− as in Figure 1. We assume that the coefficient
β is positive and piecewise constant, i.e.,

β(x) = β− for x ∈ Ω−; β(x) = β+ for x ∈ Ω+. (4)

The symbol [v] is the jump of a quantity v across the interface Γ and n denotes
the unit outward normal to the boundary ∂Ω−.

Many interface problems in material science and fluid dynamics are mod-
eled after above problem when two or more distinct materials or fluids with
different conductivities or densities or diffusions are involved. It is well known
that, efficiently solving this type of interface problem is critical in many appli-
cations of engineering and sciences, including flow problems and electromag-
netic problems, shape optimization problems to name just a few, see [8] and
references therein. These problems can be solved by standard finite element
(FE) methods using carefully tailored meshes to resolve the interfaces. If the
grid lines are not conformed with the interface, it may be difficult to achieve
higher order accuracy with the standard FE methods due to the low global
regularity caused by the discontinuity of the coefficients across the interface
and the irregular shape of the interface [1, 3, 9].

As far as the computational studies concerned, most of the parabolic inter-
face problems were analyzed under special assumptions on FE spaces. Chen
and Zou [3] have studied the convergence of linear parabolic interface prob-
lem with special fitted grids on the interface. They have proved sub-optimal
error estimates on the L2 and energy norms. Moreover, Sinha and Deka [9]
have derived optimal order error estimates for linear parabolic interface equa-
tions by considering a FE discretization with isoparametric elements. Subse-
quently, they established optimal order error estimates for semilinear parabolic
equations in L2 norm assuming the grid lines follow the actual interface with
isoparametric elements [10]. However, the construction of such finite element
spaces is not straightforward and is costly for complicated interfaces, in partcu-
lar, for moving interfaces.
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To overcome the limitations in standard FE methods, many immersed finite
element methods (IFE) have recently developed to adapt the standard FE
methods by constructing local interface basis functions for interface elements
that satisfies or approximates the interface jump conditions while their meshes
do not have to be conformed with the interface. One class of FE method along
this idea is a recently developed immersed finite element (IFE) method using
a uniform cartesian grid [2, 5, 6, 8]. In this method, modified basis functions
for interface elements are constructed using standard FE functions in such a
way that jump conditions are satisfied on interface elements.

Over the past several years, IFE methods have been applied to solve inter-
face problems in Galerkin formulation. Li, Lin and Wu [6] introduced an IFE
method based on Cartesian triangulations for two dimensional elliptic inter-
face problem and derived error estimates for the interpolation functions. The
error estimates for the interpolation functions of this non conforming finite ele-
ment method were further studied by Li, Lin and Roggers [7] and their results
showed that the IFE has approximating capability similar to that of standard
FE method based on body-fitting partitions. More recently, Chou, Kwak and
Wee [2] analyzed the IFE method on the elliptic problem and obtained optimal
error estimates in the L2 and the energy norms.

In this paper, we analyze convergence properties of the semilinear parabolic
interface problems using Galerkin IFE methods. Our results are mainly based
on the error estimates obtained by Chou et al.[2] for corresponding stationary
problem. Since the element introduced in [2] proved to be of optimal order
for elliptic problems, our goal is to analyze the convergence of this method for
semilinear parabolic equations. We prove that the convergence rates for the
semidiscrete and fully discrete schemes are in the optimal order.

The paper is organized as follows. In section 2, we introduce the basic no-
tations, recall the IFE method and the results from [2] for the elliptic interface
problem. The error analysis for the semi discrete problem is given in section
3. Section 4 is devoted to the error analysis of fully discrete scheme. Finally,
some numerical results are presented in section 5.

2 Preliminary Notes

We use the standard notations of Sobolev spaces in this paper. For m > 0
and 1 ≤ p ≤ ∞, we use Wm,p to denote Sobolev space of order m with norm
‖ · ‖m and for p = 2, we write Hm = Wm,2. The space Hm

0 is a closed subspace
of Hm, which is closure of C∞

0 with respect to the norm Hm. We also denote
norm L2 by ‖ · ‖. Moreover, let X be a normed vector space with norm ‖ · ‖X ,
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Ω−

Ω+

Γ

Figure 1: Sketch of the domain Ω for the interface problem

for ψ : J 7→ X, define

‖ψ‖p

Lp(X) =

∫ T

0

‖ψ(t)‖p
Xdt p = 1, 2, ‖ψ‖L∞(X) = sup

t∈J

‖ψ(t)‖X .

Let Ω be a convex polygonal domain in R
2 with two subdomains Ω− and Ω+

as defined before. For the error analysis, we introduce the space

H̃2(Ω) := {u ∈ H1(Ω) : u ∈ H2(Ωs), s = +,−}

equipped with the norm

‖u‖2
eH2(Ω)

:= ‖u‖2
H2(Ω+) + ‖u‖2

H2(Ω−), ∀u ∈ H̃2(Ω).

A1

A2 A3

D

T−

T+

E

Γ

Figure 2: Typical interface triangle T

Now we describe the IFE space analyzed in this paper, see [2, 6, 7] and
references therein. The IFE method also falls into general framework of adapt-
ing FE methods for interface problem by correcting local basis functions for
the interface elements according to the interface jump conditions, while their
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meshes do not have to be conformed with the interface. Consider a standard
regular finite element triangulation Th of the domain Ω. A triangular element
T ∈ Th is called an interface element if the interface Γ passes through the
traingle, otherwise T is called a noninterface element.

Consider a typical interface element T with diameter h, whose geometric
configuration is given in Figure 2, in which the three vertices are given by
A1, A2, A3, and the curve between points D and E is a part of the interface
across which the quantity β has a jump. The interface Γ separate an interface
element T into two subsets T+ and T− respectively. Since line segment DE
is an approximation of C2 curve Γ ∩ T , from [1], one can see that, such a
approximation only affect the error to the order h2.

We can form a piecewise linear function, by two linear polynomials defined
in T− and T+ that also satisfies the jump conditions across the interface.
Note that each polynomial of degree one has three freedoms. The values of
the FE function at the vertices of T provide three restrictions. The normal
derivative jump condition on interface provides one restriction. The continuity
at the interface points D and E provide two more restrictions. Using these six
conditions we can construct a piecewise linear function on an interface triangle
as follows:

φ̂ =

{
φ̂− = a−x+ b−y + c− in T−,

φ̂+ = a+x+ b+y + c+ in T+,
(5)

φ̂−(D) = φ̂+(D), φ̂−(E) = φ̂+(E),

β−∂φ̂
−

nDE

= β+∂φ̂
+

nDE

.

Then define φ̂i such that

φ̂i(Ai) = δij (6)

for i, j = 1, 2, 3, be piecewise linear function describe by (5). We define IFE

space Ŝh(T ) on element T as span of the linear functions φ̂i (i = 1, 2, 3),
where φ̂i are the piecewise linear polynomials defined by (5) and (6), if T
is an interface element; otherwise, φ̂i are the usual nodal basis functions φi

(i = 1, 2, 3) on T . Furthermore, define linear nodal basis function φ̂ for each

node (xN , yN) of Th such that φ̂i(xj , yj) = δij and φ̂|T ∈ Ŝh(T ) for all T ∈ Th.

Then we define the IFE space Ŝh(Ω) as the span of these nodal basis functions.
The error estimates to be derived in the following section make use of the

results derived in [2], regarding corresponding stationary problem,

−∇ · (β∇u) = f in Ω, (7)

u(x) = 0 on ∂Ω,
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where f ∈ L2(Ω) and u ∈ H1
0 (Ω). Define jump conditions on the interface as

in (3) and (4). We take as usual the weak formulation of the interface problem
(7): Find u ∈ H1

0 (Ω) such that
∫

Ω

β∇u∇φ =

∫

Ω

fφ ∀φ ∈ H1
0 (Ω). (8)

Then we can derive the weak formulation of the immersed interface problem
as follows: Find uh ∈ Ŝh(Ω) such that

ah(uh, φ̂) = (f, φ̂), ∀φ̂h ∈ Ŝh(Ω) (9)

where

ah(u, v) =
∑

T∈Th

∫

T

β∇u · ∇vdx, ∀u, v ∈ Hh(Ω),

Hh(Ω) := H1
0 (Ω) + Ŝh(Ω)

and Hh(Ω) is endowed with the broken H1-seminorm as |v|21,h :=
∑

T∈Th
|v|21,T .

Then from [1] and [4], the variational problem (8) has a unique solution u ∈

H̃2(Ω) with regularity condition

‖u‖ eH2(Ω) ≤ C‖f‖, (10)

for some constant C > 0. Furthermore, most importantly from Theorem 4.8
and 5.1 of [2], If u ∈ H̃2(Ω), and uh ∈ Ŝh(Ω) be the solutions of (7) and (9)
respectively, there exists a constant C > 0 such that

|u− uh|1,h ≤ Ch‖u‖ eH2(Ω), (11)

‖u− uh‖ ≤ Ch2‖u‖ eH2(Ω). (12)

3 Semi Discrete Schemes

In this section we study the convergence properties of the semilinear parabolic
interface problem defined by equations (1)-(3). We begin by taking weak
formulation of the interface problem: Find u : J 7→ H1

0 such that

(ut, φ) + β(∇u,∇φ) = (f(u), φ) ∀φ ∈ H1
0 (Ω). (13)

The semi-discrete immersed interface finite element problem based on above
weak formulation is, to find uh : J 7→ Ŝh, such that

(uh,t, φ̂) + ah(uh, φ̂) = (f(uh), φ̂), ∀φ̂ ∈ Ŝh(Ω). (14)
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We prove the error u−uh between the solutions of the continuous and spatially
discrete problems are of optimal order. Now let u ∈ H̃2(Ω) for all t ∈ J , be
the solution of problem (1) and define auxiliary variational problem: Find

ũ : J 7→ Ŝh such that

ah(ũ, φ̂) = −

∫

Ω

∇ · β∇u φ̂ dx. (15)

So by (11) and (12), it follows that,

‖ũ− u‖L2(Ω) + h|ũ− u|1,h ≤ Ch2‖u‖ eH2(Ω) for u ∈ H̃2 ∩H1
0 , t ∈ J. (16)

Moreover, after differentiating (15) with respect to t, we get

ah(ũt, φ̂) = −

∫

Ω

∇ · β∇utφ̂dx,

and thus,
‖ũt − ut‖ + h|ũt − ut|1,h ≤ ch2‖ut‖ eH2(Ω). (17)

Then we split the error into two terms as

uh(t) − u(t) = θ(t) + ρ(t), where θ = uh − ũ, ρ = ũ− u,

and clearly from (16) and (17) we can see that

‖ρ‖ = ‖ũ− u‖ ≤ Ch2‖u‖ eH2(Ω)

‖ρt‖ = ‖ũt − ut‖ ≤ Ch2‖ut‖ eH2(Ω).

In the following theorem we prove that the error between the semi discrte
solution and the continuous solution are of the optimal order in L2 norm.

Theorem 3.1 Let u ∈ H̃2(Ω) and uh ∈ Ŝh(Ω) for all t ∈ J be the solu-
tions of (1) and (14), respectively. Then, there exists a positive constant C
independent of h such that

‖uh − u‖L∞(L2(Ω)) ≤ C(T )h2
(
‖u‖

L∞( eH2) + ‖ut‖L2( eH2)

)

Proof: We only have to find error bound for θ. Then, it follows from (14) and
(15) that

(θt, φ̂) + ah(θ, φ̂) =
(
(uh − ũ)t, φ̂

)
+ ah

(
(uh − ũ), φ̂

)

= (uh,t, φ̂) + ah(uh, φ̂) − (ũt, φ̂) − ah(ũ, φ̂)

= (f(uh), φ̂) − (ũt, φ̂) − ah(ũ, φ̂)

= (f(uh), φ̂) − (ρt, φ̂) − (ut, φ̂) − ah(ũ, φ̂)

= (f(uh), φ̂) − (ρt, φ̂) − (ut, φ̂) +

∫

Ω

∇ · β∇uφ̂dx

=
(
f(uh) − f(u), φ̂

)
− (ρt, φ̂) ∀φ̂ ∈ Ŝh, t ∈ J. (18)
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If φ̂ = θ we have that

(θt, θ) + ah(θ, θ) = (f(uh) − f(u), θ) − (ρt, θ). (19)

Note that

‖f(uh) − f(u)‖ ≤ C‖uh − u‖ ≤ C(‖θ‖ + ‖ρ‖). (20)

Thus using Cauchy Shwartz Inequality on (19)

1

2

d

dt
‖θ‖2 + ah(θ, θ) ≤ C (‖f(uh) − f(u)‖‖θ‖+ ‖ρt‖‖θ‖)

≤ C
(
‖θ‖2 + ‖ρ‖‖θ‖ + ‖ρt‖

2
)

≤ C
(
‖θ‖2 + ‖ρ‖2 + ‖ρt‖

2
)
.

After integrating both sides with respect to t,

‖θ(t)‖2 ≤ ‖θ(0)‖2 + C

∫ t

0

(
‖θ‖2 + ‖ρ‖2 + ‖ρt‖

2
)
ds,

and using Gronwalls lemma we have

‖θ(t)‖2 ≤ C‖θ(0)‖2 + C(T )

∫ t

0

(
‖ρ‖2 + ‖ρt‖

2
)
ds.

Since θ(0) = 0,

‖θ(t)‖L∞(L2(Ω)) ≤ C(T )h2
(
‖u‖

L2( eH2) + ‖ut‖L2( eH2)

)
,

and hence we obtain the desired result

‖uh − u‖L∞(L2(Ω)) ≤ ‖θ‖L∞(L2(Ω)) + ‖ρ‖L∞(L2(Ω)),

≤ C(T )h2
(
‖u‖L2( eH2) + ‖ut‖L2( eH2)

)
+ Ch2

(
‖u‖L∞( eH2)

)
,

≤ C(T )h2
(
‖u‖

L∞( eH2) + ‖ut‖L2( eH2)

)
. �

In a similar fashion, we can obtain the error estimate for the semi discrete
solution in energy norm | · |1,h in Hh = H1

0 + Ŝh.

Theorem 3.2 Let u ∈ H̃2(Ω) and uh ∈ Ŝh(Ω) for all t ∈ J be the solu-
tions of (1) and (14), respectively. Then, there exists a positive constant C
independent of h such that

‖uh − u‖L∞(Hh(Ω)) ≤ C(T )h
(
‖u‖L∞( eH2) + ‖ut‖L2( eH2)

)
.
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Proof: By setting φ̂ = θt in (18) we obtain

(θt, θt) + ah(θ, θt) ≤ (f(uh) − f(u), θt) − (ρt, θt).

Using Cauchy Schwarz inequality and

‖θt‖
2 +

1

2

d

dt
|θ|21,h ≤ C(‖f(uh) − f(u)‖ + ‖ρt‖)‖θt‖. (21)

Then from the bound obtained at (20), we arrive

‖θt‖
2 +

1

2

d

dt
|θ|21,h ≤ C

(
‖θ‖2 + ‖ρ‖2 + ‖ρt‖

2
)

+
1

2
‖θt‖

2

Integrating with respect to t, it follows that

∫ t

0

‖θt‖
2ds+ |θ|21,h ≤ |θ(0)|21,h + C

∫ t

0

(
‖θ‖2 + ‖ρ‖2 + ‖ρt‖

2
)
ds

Substituting estimates for ‖ρt‖, ‖ρ‖, ‖θ‖ and θ(0) = 0, in above inequality we
have

‖θ‖L∞(Hh(Ω)) ≤ C(T )h2
(
‖u‖L∞( eH2) + ‖ut‖L2( eH2)

)
. (22)

Using (16), we can complete the proof. �

4 Completely Discrete Scemes

In this section we analyze the fully discrete scheme based on the backward
Euler finite difference approximation. Optimal order of convergence in the L2

norm is established. We first partition the time interval [0, T ] into M equally
spaced subintervals by 0 = t0 < t1 < . . . < tM = T points, with tn = nk and
k = T/M the time step size. Then the completely discrete backward Euler

Galerkin approximation Un ∈ Ŝh to un = u(tn) of problem (1) is defined as a
solution of

(∂̄Un, φ̂) + ah(U
n, φ̂) = (f(Un), φ̂) ∀φ ∈ H1

0 (Ω) (23)

where

∂̄Un =
Un − Un−1

k
.

For each n = 1, . . . ,M, (23) has a unique solution by [11]. Under appropriate
regularity assumptions for u, following theorem shows fully discrete error has
convergence rate of order O(h2 + k).
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Theorem 4.1 Let u(tN) ∈ H̃2(Ω) and UN ∈ Ŝh(Ω) for N = 1, . . . ,M ,
be the solutions of (1) and (23), respectively. Then, there exists a positive
constant C independent of the discretization parameters h and k such that for
small k,

‖UN − u(tN)‖ ≤ C(T )h2
(
‖u‖L∞( eH2) + ‖ut‖L1( eH2)

)
+ k‖utt‖L1(L2).

Proof As in the previous section, we split the error into two terms as

Un − u(tn) = θn + ρn, where θn = θ(tn) = Un − ũn, ρn = ρ(tn) = ũn − u(tn),

where ũn = ũ(tn) is the solution of auxliary problem given in (15). It is clear
from (16), the estimates for ρn is known. So we only have to find a bound for
θn. It follows from (23), that

(∂̄θn, φ̂) + ah(θ
n, φ̂) = (∂̄(Un − ũn), φ̂) + ah(U

n − ũn, φ̂)

= (∂̄Un, φ̂) + ah(U
n, φ̂) − (∂̄ũn, φ̂) − ah(ũ

n, φ̂)

= (f(Un), φ̂) − (un
t , φ̂) − (∂̄ũn − un

t , φ̂) − ah(ũ
n, φ̂)

= (f(Un) − f(un), φ̂) − (∂̄ũn − un
t , φ̂)

= (f(Un) − f(un), φ̂) − (∂̄ρn, φ̂) − (∂̄un − un
t , φ̂).

Taking θn = φ̂,

(∂̄θn, θn) + ah(θ
n, θn) = (f(Un) − f(un), θn) − (∂̄ρn, θn) − (∂̄un − un

t , θ
n)

In other words

‖θn‖2−(θn−1, θn)

≤ k
(
(f(Un) − f(un), θn) − (∂̄ρn, θn) − (∂̄un − un

t , θ
n)
)

(24)

Note that

‖f(Un) − f(un))‖ ≤ C‖Un − un‖ ≤ C(‖θn‖ + ‖ρn‖),

and hence, using Cauchy Schwartz inequality on (24) we arrive at

‖θn‖2 ≤ c‖θn−1‖‖θn‖ + Ck
(
‖ρn‖ + ‖θn‖ + ‖∂̄ρn‖ + ‖∂̄ũn − un

t ‖
)
‖θn‖

‖θn‖ ≤ c‖θn−1‖ + Ck (‖ρn‖ + ‖θn‖ + ‖In
1 ‖ + ‖In

2 ‖) , (25)

where

‖In
1 ‖ = ‖∂̄ρn‖

‖In
2 ‖ = ‖∂̄ũn − un

t ‖.
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Summing (25) over n from n = 1 to N ≤M and because θ0 = 0, we find that

(1 − Ck)‖θN‖ ≤ C

(
k

N∑

n=1

‖ρn‖ + k

N∑

n=1

‖In
1 ‖ + k

N∑

n=1

‖In
2 ‖ + k

N−1∑

n=1

‖θn‖

)
.

Choosing k sufficiently small so that 1 − Ck > 0 and applying discrete Gron-
wall’s lemma

‖θN‖ ≤ C(T )

(
k

N∑

n=1

‖ρn‖ + k

N∑

n=1

‖In
1 ‖ + k

N∑

n=1

‖In
2 ‖

)
. (26)

Now we estimate ‖In
1 ‖ and ‖In

2 ‖. For In
1 we have

k
N∑

n=1

‖In
1 ‖ =

N∑

n=1

k‖

∫ tn

tn−1

ρt

k
ds‖ ≤ C

∫ tN

0

h2‖ut‖ eH2(Ω)ds.

For In
2 , since

In
2 =

u(tn) − u(tn−1)

k
− ut(tn) = −

1

k

∫ tn

tn−1

(s− tn−1)utt(s)ds,

we have that

k
N∑

n=1

‖In
2 ‖ ≤

N∑

n=1

(∫ tn

tn−1

(s− tn−1)‖utt(s)‖ds

)

≤ k

∫ tN

0

‖utt‖ds.

Substituting the estimates of ‖ρn‖, ‖In
1 ‖ and ‖In

2 ‖ in (26) we obtain an estimate
for ‖θN‖, which gives the desired results. �

5 Numerical Experiments

In this section, we present computational results of a semilinear parabolic
interface problem defined by (1), on the domain Ω = (0, 2) × (0, 1). The
interface occurs at x = 1, so that Ω1 = (0, 1) × (0, 1), Ω2 = (1, 2) × (0, 1) and
the interface Γ = Ω̄1 ∩ Ω̄2. we have considered the following problem:

∂ui

∂t
−∇ · (βi∇ui) = fi(ui), in Ωi, i = 1, 2,

[u] = u1|Γ − u2|Γ = 0;

[
β∂u

∂n

]
= (β1∇u1, n1) − (β2∇u2, n2) = 0,
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where ni denotes the unit outward normal vector on Ωi, i = 1, 2. For the exact
solution we picked

u1(x, y; t) = t sin(πx) sin(πy)

u2(x, y; t) = −t sin(πx) sin(πy)

Numerical solution was calculated using immersed finite elements and back-
ward Euler methods. To investigate the convergence rates of the scheme in
the spatial variable with various values of h, we choose k sufficiently small
compared to h, so that ‖UN

h − u‖ mainly contains the spatial error.
The Table 1 contains the errors of the numerical solutions with mesh sizes

h = 1/8, 1/16, 1/32, 1/64, 1/128, and time T = 2, for β− = 10 and β+ = 1.
Table 2 contain the error for the values β− = 1 and β+ = 10. We can easily
see from the above tables,

‖UN
h − u‖ ≈

1

4
‖UN

ĥ
− u‖ for ĥ =

h

2

The order of the convergence has been computed by the formula

Order =
log

‖UN
bh
−u‖

‖UN
h
−u‖

log 2
.

h ‖UN
h − u‖ Order

1/8 1.0828 × 10−2

1/16 2.723 × 10−3 1.991
1/32 6.811 × 10−4 1.999
1/64 1.699 × 10−4 2.003
1/128 4.215 × 10−5 2.011

Table 1: Convergence rates for β− = 1, β+ = 10 and T = 2

h ‖UN
h − u‖ Order

1/8 2.184 × 10−3

1/16 5.128 × 10−4 2.090
1/32 1.295 × 10−4 1.985
1/64 3.316 × 10−5 1.965
1/128 8.465 × 10−6 1.969

Table 2: Convergence rates for β− = 10, β+ = 1 and T = 2

By Theroem 4.1, we can see that fully discrete scheme has convergence rate
of order O(h2 + k). And the numerical results presented in above two tables
indicate that they also have the order O(h2) in spacial variables.
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