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Abstract

In this paper, we study a model of tumor which grows or shrinks
due the proliferation of cells which depends on nutrient concentration
modeled by a diffusion equation. The tumor is assumed to be spherical
shape and its boundary is unknown. From a monotony result, we show
the existence of the free boundary problem. We use also some tools in
shape and topological optimization to detect the evolution of the tumor
and its shape.
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1 Introduction

During the last two decades, mathematics has made a considerable impact as a
useful tool with which to model and understand biological phenomena. Math-
ematical modelling is now recognized as an important part of understanding
biomedical even biological systems.
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The role of a mathematical model is to explain a set of experiments, and to
make predictions which can then be tested by further experiments. In setting
up a mathematical model of a biological process, by a set of differential equa-
tions, it is very important to determine the numerical value of the parameters.
Various cancer models have been developed in which the evolution of the densi-
ties of cells (abnormal, normal, or dead) and the concentrations of biochemical
species are described in terms of differential equations. Some of these models
use only ordinary differential equations (ODEs), ignoring the spatial effects of
tumor growth.

In [31, 32] important works are presented on the modelling of biolog-
ical and complexes systems. In these two books one finds methods and tools
for the modelling of the reaction diffusion equations systems which take an im-
portant place in our works. The reader can use these two books for additional
details.

And in [17, 18] models for the growth of a solid tumor by diffusion
are developed. There were interesting works for these models and we refer the
reader to [3, 9, 10, 11, 12, 13, 14, 15]. And most of these authors continue to
develop works on this topic.

In [8], A.Friedman studied the tumor region in 3-dimensional region
Ω(t), which varies with time t. Within Ω(t) there are several types of cells,
some are abnormal and others are normal, as well as several different chemicals
such as oxygen and other nutrients, drugs, and immune system inhibitors. The
densities of the cells and the concentrations of the chemicals satisfy a system
of partial differential equations (PDEs) with appropriate boundary conditions.
He shows the major difficulty in the analysis of the models is due to the fact
that the region Ω(t) is one of the unknowns of the problem; usually a physical
condition is imposed on the boundary of Ω(t), which should, in principle,
enable to assert that the region Ω(t) and the solution of the system of the
PDEs in Ω(t) have a unique solution. And he shows also most important
component of the solution is the region Ω(t), since one would like to use the
model to predict whether the tumor region will grow, whether it will invade
the stroma, how long this process will take.

In [2] M.Chaplain and A. Matzavinos deal the interaction between
tumor cells and immune cells. They develop a model of tumor growth which
includes tumor-infiltration cytotoxic lymphocytes in a relatively small tumor
prior to tumor-induced angiogenesis. And they examine how modelling can
help to shed light on a complicated process and also to be predictive and how
to design the optimal immunotherapy treatments.

The models which take spatial effects into consideration are expressed
in terms of partial differential equations (PDEs), and they also need to take
into account the fact that the tumor region is changing in time. The tumor
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region is denoted Ω(t), and its boundary Γ(t), are unknown in advance.
We need to determine both the unknown ”free boundary” Γ(t) together with
the solution of the PDEs in Ω(t). This type of problem is called a free boundary
problem.

Such problems arise in many areas of the physical sciences and technology;
for example, in solidification and melting processes where the free boundary is
the solid/fluid interface, in jets emerging from a nose, and in bubbles moving
in air or water. However, the free boundary problems which arise in cancer
models are more complicated due to the complexity of the processes underlying
the growth of tumors.

In this paper, we study a model describing the growth of a multi
cell tumor in the case of a stationary evolution. We suppose that the tu-
mor occupies an initial domain Ω0 at a given time and growths or disappears
at another time. We are going to start by writing the model governing the
problem of evolution of the tumor that is materialized by a system of Partial
Differential Equations (P D E). We assimilate this evolution of the tumor to a
free boundary problem. Indeed when the tumor develops, the affected shape
evolves and a new boundary appears. The mathematical tools used to detect
the less affected zone or by complementarity the more affected zone by the
tumor are shape and topological optimization.

The goal in shape optimization is to optimize a criteria depending on the
domain (or the design of the domain) in which state equations are verified.
Most of the time these state equations are partial differential equations.
In classical shape optimization, the problem is to get an optimal condition
without modifying the topology of the domain. Unfortunately it is not always
possible to get the best shape of the domain conserving however its topology.
There are some problems in classical shape optimization which don’t get solu-
tion if there are not additional restrictive assumptions on the class of domain.
In relaxation theory and homogenization theory the problems studied could
allow to overcome this gap that classical shape optimization lies around in
some cases. But it is important to note the large progress that the classical
shape optimization provide in industry (for example the improvement of the
shape of wings of planes, cars, etc..), in mechanics, etc... To take account other
problems which cannot be treated by classical shape optimization, there is the
advent of topological optimization. Here, it is possible to optimize the domain
(to get an optimality condition) by changing the geometry and the topology
of the domain. And it is important to emphasize that in that topic it is pos-
sible to change the topology by putting holes. And on the boundaries of the
holes one can even consider Dirichlet or Neumann conditions. The topological
optimization approach gives us an alternative to study and to do numerical
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simulations in order to locate and to get geometrical, topological distributions
of the tumors.For references therein see for example [19], [22],[33].

The structure of this paper is as follows: In the section 2, we present
the mathematical modelling of tumor. The section 3 deals about shape opti-
mization result and necessary conditions of optimality.The section 4 is devoted
to a monotony, and existence and non existence result of solution for the free
boundary problem presented in section 3. And the section 5 is devoted to the
study of the problem by topological optimization. And we end this paper by
numerical simulations.

2 Mathematical Modelling of Tumour

We begin by describing the model of tumor’s growth in an arbitrary domain.
For more details see for instance [9], [10], [17] ,[18]. The tumor will be treated
as a porous medium and the moving cells as fluid flow. The proliferating cells
with a rate depending on the nutrient concentration σ.
Let v be the volume occupied by cells, then we get

v := v(ωt) =

∫
ωt

dx. (1)

where ωt is an volume element of Ωt.
The variation of the volume with respect to the time is equal to rate’s prolif-
eration,

dv

dt
=

∫
ωt

s(σ)dx ∀ωt ⊂ Ωt. (2)

Where s(σ) is the volumic rate’s proliferation .
Let us take x arbitrary value of the time t. We have dv

dt |t=0
= d

dt

∫
ωt
dx. We use

the derivative introduced by Hadamard(according to our information) called
shape derivative to compute these derivative with respect to the time.
And we have dv

dt
=

∫
ωt0

div(V (x, t0))dx and then

∫
ωt0

div(V (x, t0)) =

∫
ωt0

s(σ)dx for all t0

we obtain

div
−→
V = s(σ) in Ωt. (3)

where
−→
V is the velocity of cells, caused by motions due to proliferation and

removal of cells.



Study of a tumor by shape and topological optimization 5

In a porous medium, the velocity
−→
V of fluid flow is related to the fluid pressure

p by means of Darcy’s law.

−→
V = −k(x)∇p (4)

where k(x) is a positive matrix and p is the pressure in the considered domain.
The equation (3) implies

div(−k(x)∇p) = s(σ). (5)

When the medium is homogeneous, k(x) = IN(IN is the identity matrix of
rank n).We assume that the rate’s proliferation s = s(σ) is linear with respect
to σ and is given by

s(σ) = μ(σ − σ̃). (6)

where μ is positive constant.

We assume that the tumor contains only proliferating cells, then we obtain
the following form

−Δp = s(σ) (7)

This implies

−�p = μ(σ − σ̃) in Ωt. (8)

Let σ be the nutrient concentration . Let S be the surface containing a
volume V. The conservation law equation claims that rate’s change in V is
equal to the flow across the area S and the material created or disappeared in
V. Then,

d

dt

∫
V
σ(x, t)dv = −

∫
S

J.ds +

∫
V
f.dv (9)

where J is the material’s flow, and f is the source or the well of the material
(f depends on σ, x et t). With the divergence’s theorem we get∫

V
[
∂σ

∂t
+ ∇J − f(σ, x, t)]dv = 0, for anyV ⊂ Ωt. (10)

Using the fact that the choice of volume V is arbitrary, the following conser-
vation equation holds

∂σ

∂t
+ ∇J = f(σ, x, t), in Ωt. (11)
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The above equation is also called the equation of flow transport or the reaction
diffusion equations in the general case.
For a classical diffusion, we have

J = −D∇σ. (12)

D represents the tensor of diffusion and may depend on x and σ .
Finally,for a classical diffusion we have

∂σ

∂t
= f + ∇(D∇σ). (13)

Let us introduce the following notation

σt =
∂σ

∂t
. (14)

Under the following hypothesis:
f = −σ and D = IN , the identity matrix,
the equation

σt = f + ∇(D∇σ) in Ωt (15)

becomes

σt −∇2σ + σ = 0 in Ωt (16)

where

∇2σ = Δσ. (17)

In order to have coherent notations in the following let us set Ωt = Ω(t).
We define the boundary of ∂Ω(t) by Γ(t) and take

σ = σ on Γ(t), (18)

p = γH onΓ(t), (19)

where σ is known and represents the nutrient concentration of cells outside
of the tumor, H is the mean curvature of Γ(t) and γ is the surface tension
coefficient. The assumption (19) means that what maintains a compact solid
tumor together is the surface tension. The condition (19) states that the
internal pressure yields the motion of cells material (see [18]).
Let Vν be the velocity of the free boundary Γ(t) in the direction ν, ν is the
outward normal . Then we have the over determined condition

∂p

∂ν
= −Vν , onΓ(t). (20)
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For references therein see [9], [10], [11], [12].
The condition (20) means that if x = x(t) describes the motion of a point on
Γ(t) and ν is the outward normal to Γ(t) at x(t), then the normal derivation
∂p
∂ν

= −Vν is given by −dx
dt
.ν ; this is the well known kinematic condition.

The free boundary problem takes the following form: find p, σ et Ω(t)
such that : ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Δp = −μ(σ − σ̃) in Ω(t)
σt − Δσ + σ = 0 in Ω(t)

− ∂p
∂ν

= Vν on ∂Ω(t)
p = γH on ∂Ω(t)
σ = σ on ∂Ω(t)

(21)

with the initial conditions

Ω(0) is given, and σ|t=0 = σ0 in Ω(0). (22)

In this paper, we plan to use tools of shape and topological optimization to
study the above free boundary boundary problem in the stationary case.

3 Shape optimization result and Necessary con-

ditions of optimality

In the sequel D is a ball of R
N contains all open w of R

N , and F is a compact
of R

N , c0 > 0 and V0 > 0 are fixed given constants .
We denote by Θ the class of admissible domains defined by :

Θ = {ω ω ⊂ F ⊂ D, V ol(ω) = V0, ∂ω ∈ C3, ‖pω‖L2(�N ) ≤ c0}.

Our problem is to find p, σ and Ω such that :⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Δp = −μ(σ − σ̃) in Ω
−Δσ + σ = 0 in Ω

− ∂p
∂ν

= Vν on ∂Ω
p = γH on ∂Ω
σ = σ on ∂Ω

(23)

We have the following shape optimization problem :

min
ω∈Θ

J(ω) (24)

where

J(ω) =
1

2

∫
ω

|∇pω|2dx (25)
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and pω solution of the problem (23).
We have the following shape optimization result.

Proposition 1 The problem min{J(ω), ω ∈ Θ} admits a solution .

Proof 1 For details see [26, 27, 28]

Remark 1 If Ω is solution of the problem of shape optimization then pΩ sat-
isfies ⎧⎪⎪⎨

⎪⎪⎩

ΔpΩ = −μ(σ − σ̃) in D′
(Ω)

−Δσ + σ = 0 in D′
(Ω)

pΩ = γH on ∂Ω
σ = σ on ∂Ω

(26)

For details see [26, 27, 28].

Our goal now is obtain some necessary conditions of optimality for
the solutions Ω of the shape optimization problem. They will be obtained by
evaluating the cost functional on a family Ωt = (Id+ tV )(Ω) of perturbations
of Ω and by computing for an admissible vector field V = V (0, x) = V (0) the
shape derivative

lim
t−→0

J(Ωt) − J(Ω)

t
= dJ(Ω;V ) (27)

Usually, the computation of the shape derivative requires that Ω is smooth
enough. The regularity of the optimum Ω is, in general,difficult to prove.
We refer to the reader to [30], [40], [22] for detailed discussions of the shape
derivative.
It is interesting to note that every solution of the shape optimization problem
verifies a necessary condition of optimality given by the following result.

Proposition 2 If Ω is the solution of the shape optimization problem
min{J(ω), ω ∈ Θ}, then exists a Lagrange multiplier λΩ ∈ R such that

dJ(Ω, V ) =
∫

Ω
−Δp.p

′
+

∫
∂Ω

∂p
∂ν

[
− ∂p

∂ν
< V (0), ν > +γH

′
+ γ H

∂ν

]
dσ

+
∫

∂Ω
1
2
‖∇p‖2 < V (0, x), ν > dσ

= λΩ

∫
Ω
div(V (0, x))dx = λΩ

∫
∂Ω
< V (0), ν > dσ

(28)

Proof 2 For details see [26, 27, 28].

Remark 2 If σ = 0 and μ(σ − σ̃) is equal to a constant then the optimality

condition of the proposition 2 is expressed as follows −∂p
∂ν

= (2λΩ)1/2 on ∂Ω.

The details of this asertion is presented in the next section(the first part of the
proposition 3)

From the necessary conditions of optimality we derive a monotony result.
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4 Monotony, existence and non existence re-

sults

In this section we study the monotony of the mapping

Ω 
→ λΩ

where λΩ is the Lagrange multiplier.
This study is realized in the particular case γ = 0 and s(σ) is equal to a
constant s0.
We suppose also that: ∃α > 0 Vν(x) > α > 0 ∀x ∈ R

N Vν is a continuous
function.
Then the model becomes :⎧⎨

⎩
Δp = s0 in Ω
p = 0 on ∂Ω

− ∂p
∂ν

= Vν on ∂Ω(t)
(29)

and {
−Δσ + σ = 0 in Ω
σ = σ on ∂Ω

(30)

Another aim in this section is to see if it is possible to use the monotony result
to get existence results for the problem (29). We are going also to deal about
the non existence result.
Let us assume that the s0 is a positive constant. For the s0 < 0 it is quite
possible to show corresponding results. In the sequel we are going to present
only the case s0 > 0 and let us take s0 ≡ 1.

Let ’s take now D a regular compact set of R
N and ω an open star shaped

with respect to the origin point, C2 regular. We consider Θ the admissible
class defined by

Θ = {ω, ω ⊂ D such that ,

∫
Ω

V 2
ν dx = V0}

where Vν is a positive continuous function on R
N .

Proposition 3 Let Ω1 and Ω2 be two different solutions to shape optimiza-
tion min{J(ω), ω ∈ Θ}, C2 regular and star shaped with respect to the origin
such that Ω̄1 ⊂ Ω̄2, the map which Ω associates a Lagrange multiplier λΩ is
decreasing in the following sense : λΩ1 ≥ λΩ2

Proof 3 For details see [26, 27, 28].
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Proposition 4 Under the following hypothesis:
supp(s) = K ⊂ B(0, R0)and ∃ c > 0suchthat ∀ y ∈ B(0, R0) s(σ(y)) >
c, there is a constant γ = γ(R0, N,K, c) > 0 such that ∀α ∈]0, γ[ the free
boundary problem ⎧⎨

⎩
Δp = s(σ) in Ω
p = 0 on ∂Ω

− ∂p
∂ν

= α on ∂Ω

doesn’t get a radial solution.

Proof 4 Since supp(s) ⊂ B(0, R0), R0 = sup{R0 > 0, B(0, R0) ⊂ D}. Let

pR0(x) =

∫
B(0,R0)

[EN(x− y) −EN (
|y|x
R0

− R0y

|y| )]s(σ(y))dy

|∇pR0(x)| = cN

∫
B(0,R0)

R2
0 − |y|2

R0|x− y|N s(σ(y))dy, x ∈ ∂B(0, R0)

|∇pR0(x)| ≥ cN

∫
K

R2
0 − |y|2

R0|x− y|N s(σ(y))dy

|∇pR0(x)| ≥
cN

RN+1
0

c

∫
K

(R2
0 − |y|2)dy

because s(σ) ≥ c by assumption.
Since supp(s) = K ⊂ B(0, R0) we get∫

K

(R2
0 − |y|2)dy = β > 0.

Let us take γ(R0, N,K, c) = cNcβ

RN+1
0

to conclude that : for any constant α ∈
]0, cNcβ

RN+1
0

[ the free boundary problem

⎧⎨
⎩

−Δp = s(σ) in Ω
p = 0 on ∂Ω
|∇p| = α on ∂Ω

doesn’t get a radial solution i.e there are not a radial domain and a function p
such that the above free boundary problem gets a solution.

Proposition 5 Let D be a compact set in R
N and star shaped with respect to

the origin. Then the free boundary problem: find Ω ⊂ D an open set such that⎧⎨
⎩

−Δp = 1 in Ω
p = 0 on ∂Ω

− ∂p
∂ν

= Vν on ∂Ω

gets a solution for 0 < Vν and maxx∈D Vν(x) = c ≤ R0 = sup{R > 0, B(0, R) ⊂
D}.
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This type of problem was studied by A. Henrot ([21]) in the case where the
source is replace by a positive measure. The author generalized the method
introduced by Arne Beurling.We invite the reader to this interesting work. We
are going to present the proof in the case where Vν ≡ const. It is also possible
to prove this proposition when Vν is a positive non constant function.

Proof 5 By combining a variational approach and a sequential method, we es-
tablish the proof of the proposition (5) by using proposition (3) and proposition
(1), for details see also [26, 27, 28].

Indeed, it is not an easy part to show the existence of solution for such
free boundary problems. That’s why we propose to modify the model in order
to overcome the non existence result for the free boundary problem. Such a
modification allows us to consider even the non regular solution for the free
boundary problem. To do this we use the topological optimization tools.

5 Topological optimization

One looks for without any explicit or implicit restrictions on the geometry of
the domains, the shape or the distribution of the tumors. Let us remark that
the domain may change topology.
In this section we are going to use technics of topological optimization to get
numerical simulations and therefore the representation of the domain.
We consider a set Ω ⊂ R

N regular in which we put some small holes ωε =
B(x0, ε) depending on ε ∈ (0, 1) and we introduce the set Ωε = Ω \ ω̄ε. We
evaluate the difference J(Ωε) − J(Ω) to obtain the topological derivative.
It is very difficult to obtain this topological derivative for surface functional.
Let us consider a continuous function g and ωε = B(x0, ε). For every x0 ∈ Ω ⊂
R

2, one computes the following asymptotic development

J(Ωε) − J(Ω) = g(x0)f(ε) + o(f(ε))

where f(ε) is such that lim
ε−→0

f(ε) = 0. The optimality condition then writes

g(x0) ≥ 0. We refer to [16],[33] for details discussion of the topological deriva-
tive and for several applications to concrete problems.

The problem is to study :

min
ω∈Θ

JΩ(σ) =

∫
Ω

|σ − σ1|2

where σ is solution of problem{
−Δσ + σ = 0 in Ω
σ = σ on ∂Ω

(31)
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and : {
Δp = −μ(σ − σ̃) in Ω
Bp = h on ∂Ω

(32)

with

Bp = p or Bp =
∂p

∂ν

where Ω is a ball big enough and containing the region or the domain that
we wish to identify.

Remark 3 It is possible to consider the topological problem in the non per-
manent case. In this case, we have to add an initial condition on the boundary
problem in σ and Ω =]0, T [×D where D is a ball big enough. But we are going
to focus our efforts on the stationary case.

The problem is to detect the distribution of the concentration of σ in a
given domain Ω and σ1 being the target (accepted concentration) which is
given too.
After solving this problem we will able to recognize the region occupied by the
tumors. Let us introduce the functional J :

JΩε(σε) =

∫
Ωε

|σε − σ1|2.

Where σε is solution of the perturbed problem :
{

−Δσε + σε = 0 in Ωε

σε = σ on ∂Ωε
,

with : {
Δpε = −μ(σε − σ̃) in Ωε

Bpε = h on ∂Ωε.

Let Ω and ω be two domains in R
N with compact closures and ∂Ω and ∂ω are

regulars boundaries We assume that:
0 ∈ ω ⊂ B1 ⊂ B2 ⊂ Ω with BR = {x ∈ R

N/|x| ≤ R}. We introduce the sets

ωε = {x ∈ R
N ; ξ = ε−1x ∈ ω} ; Ω(ε) = Ω\ω̄ε

where ε is a small parameter belonging in (0,1). We obtain the topological
derivative of the integral functional if we evaluate

T (0) = lim
ε→0

JΩε(σε) − JΩ(σ)

f(ε)

where f(ε) −→ 0 if ε −→ 0.
We determine the topological gradient which give us the possibility to do
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numerical simulations which show the distribution of the tumor. And where
the topological gradient is most negative will correspond to the zone which is
more affected by the tumor.

In this step we need to determine the corresponding Green’s function which
will appear in the expression of the topological gradient.We have the following
definition of Green’s function.

Definition 5.1 - Let Ω be an open and bounded domain given of R
N , we call

Green’s function in Ω the function G defined in Ω×Ω\D where D = {(x, y) ∈
Ω × Ω;x = y} is the diagonal of Ω × Ω, by : G(x, y) = EN(x − y) − u(φy),
where for all y ∈ Ω, u(φy) is the generalized solution of

Δu = f in Ω
u = φ on ∂Ω

and
φy(z) = En(z − y), z ∈ Γ, (Γ = ∂Ω).

In this definition , En is the fundamental solution of −ΔE = δ, where δ
represents Dirac’s measure.

The operator −Δ + k2, (k > 0) is coercive in W 1,2(Ω), for all open Ω of R
N

and for any integer N . This hypothesis play in important role to solve the
problem ⎧⎨

⎩
−Δu+ k2u = v in Ω
u = ϕ on Γ0
∂u
∂ν

= ψ on Γ\Γ0

with (u, ϕ, ψ) bounded at the infinity. This allows us to define the Green’s
function for the problem related to (Ω,Γ0,−Δ + k2).
Another formulation to solve the problem is the following lemma.

Lemma 5.2 For all tempered distribution v ∈ S ′(RN) on R
N , there exists a

unique distribution u on R
N such that −Δu+ k2u = v ∈ D′

(RN)

The Green’s function for the Laplace operator in a ball B(xo, ro) is given
by :

G(x, xo) = G(xo, x) = EN(x− xo) − EN(ro), if N ≥ 3

G(x, xo) = G(xo, x) =
1

2π
log

|x− xo|
ro

, if N = 2

see for details [4].

To compute the topological derivative (sensitivity), we use mainly the
Propositions 3.1 ; 3.2 and the mains theorems 5.1, 5.2, 5.3,pp 163, 169 , 173
in [33]. We denote by :

F (x, σ(ε, x)) = |σ(ε, x) − σ1| 2,
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F ′(x, λ(x)) = 2(λ(x) − σ1),

η(x) = G(x, xo) = G(xo, x) = EN(x− xo) − EN(ro), if N ≥ 3.

For the case N = 3 the Green’s function η(x) becomes η(x) = E3(x − x0) −
E3(r0). Before going on, we give a precision about the fundamental solution
EN of −ΔEN + EN = δ for the cases N = 3.
For N = 3, E3(x) = 1

4π|x|e
−|x|.

Then E3(x− x0) −E3(r0) = 1
4π|x−x0|e

−|x−x0| − 1
4π|r0|e

−r0.

Let us to determine the topological derivative. If Ω = B(x0, r0) with the ball
B2 ⊂ B(x0, r0)then the topological derivative is :

dJ = −
∫

B(x0,r0)

2(σ − σ1)(EN(x− x0) −EN (ro))
meas(∂ω)

1 + 1
4π

∫
ω

e|x|
|x| dx

w(x0)dx.

In 3 dimension, we have :

dJ = −
∫

B(x0,r0)

2(σ − σ1)(E3(x− x0) −E3(ro))
meas(∂ω)

1 + 1
4π

∫
ω

e|x|
|x| dx

w(x0)dx.

Hence

dJ = −
∫

B(x0,r0)

2(σ−σ1)(
1

4π|x− x0|
e|x−x0|− 1

4π|r0|
er0)

meas(∂ω)

1 + 1
4π

∫
ω

e|x|
|x| dx

w(x0)dx,

with w satisfies {
−Δw + w = (σ − σ1) in Ω
w = 0 on ∂Ω.

Then we have here dJ expressed as follows

dJ =

∫
B(x0,r0)

F ′(x, σ(x))η(x) mωw(x0) dx

where

F ′(x, σ(x)) = 2(σ(x) − σ1)

and

η(x) =
1

4π|x− x0|
e|x−x0| − k

1

4π|r0|
er0

mω = − meas(∂ω)

1 + 1
4π

∫
ω

e|x|
|x| dx

.
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6 Numerical simulations result

This section deals about the simulations in order to detect the tumors and its
shape. We have the representations of the concentration σ, its adjoint state w,
the topological sensitivity, the pressure p and the level sets. The topological
sensitivity gives an opportunity to identify the shape of the tumors by com-
paring σ to a given target σ1. For simulations, we use the software Matlab
and in particular getfem which is a Matlab interface. We have also the rep-
resentations of the concentration of nutrient element σ, its adjoint state w on
figure 1. In figure 1 we have therefore the representation of the concentration
of nutrient element in a more explicit manner σ solution of the problem (31)
is expressed by cells affected by the tumor or diseased. In the figure 2 we
show the topological sensibility respectively in 2D and 3D is most negative,
this correspond the most affected zone by tumors.
In the figure 3 we represent the evolution of the pressure p in 2D and in 3D
respectively where p satisfies the problem (32). In the figure 4 we represent
the pressure p by level set in 3D. We use the following data to do the simula-
tions.Let us takeD0 = [0, 1]×[0, 1], μ = 1, h = P0 = (x−0.5)2+(y−0.5)2, σ̃ =
x2 + y2, σ̄ = 0.5, σ1 = 1.

1. the boundary condition for the pressure is chosen equal to
(x− 0.5)2 + (y − 0.5)2,

2. the boundary condition for σ is equal to x2 + y2.

To get the below simulations, we are going to use the following algorithm.

1. Input Choice of the domain D0.

2. Solve for u and w (direct and adjoint state) by finite element method.
where w satisfies{

−Δw + w = (σ − σ1) in D0

w = 0 on ∂D0.

3. Compute the topological gradient g.

4. Drill a hole where g is ”most” negative.

5. Define u = ε in the hole.

6. If ”stopping criteria” is not satisfied, solve u and w.

7. Else stop.
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Figure 1: Evolution of tumor

Figure 2: Topological sensibility g respectively in 2D and 3D.



Study of a tumor by shape and topological optimization 17

Figure 3: Pressure p respectively in 2D and 3D.

Representation of the pressure by level set
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Figure 4: Pressure expressed by level set.
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