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Abstract

In this paper, the concept of a fuzzy graph structure is introduced
based on the concept of graph structure given by E. Sampathkumar,
in Bull. Kerala Math. Assoc., Vol 3, No.2 (2006 December), 65-
123. New concepts like ρi − edge, ρi − path, ρi − cycle, ρi − tree, ρi −
forest, fuzzy ρi − cycle, fuzzy ρi − tree, fuzzy ρi − forest etc. are in-
troduced. Some results are obtained. We continue the study in two
other papers which have been communicated.
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1 Introduction

The notion of fuzzy sets was introduced by L.A. Zadeh in 1965. It involves
the concept of a membership function defined on a universal set. The value of
the membership function lies in [0,1].

Using the concept of fuzzy subsets, the concept of fuzzy graph was intro-
duced by A. Rosenfeld in 1975(cf. [3]).

A new concept, namely, graph structure has been introduced in [4] by
E. Sampathkumar which, in particular, is a generalization of the notions like
graphs, signed graphs and edge-coloured graphs with the colourings.According
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to him, G = (V, R1, R2, ..., Rk) is a graph structure if V is a nonempty set and
R1, R2, ..., Rk are relations on V which are mutually disjoint such that each Ri,
i = 1,2,3,...,k, is symmetric and irreflexive.

This is the motivation for the study of fuzzy graph structures. New con-
cepts like ρi−edge, ρi−cycle, ρi−tree, ρi−forest, fuzzy ρi−cycle, fuzzy ρi−
tree, fuzzy ρi − forest, ρi − connectedness etc. are introduced and studied.

The essential preliminaries are given in section 1. For more details in Graph
Theory, reference may be made to [1], for Fuzzy Graph Theory, to [2] and for
Graph Structures, to [4].

2 Preliminaries

Definition 2.1 Let G = (V, R1, R2, ..., Rk) be a graph structure and
μ, ρ1, ρ2, ...ρk be fuzzy subsets of V, R1, R2, ..., Rk respectively such that
ρi(x, y) ≤ μ(x) ∧ μ(y) ∀x, y ∈ V and i = 1, 2, ..., k. Then G̃ = (μ, ρ1, ρ2, ..., ρk)
is a fuzzy graph structure of G.

Definition 2.2 F̃ = (μ, τ1, τ2, ..., τk) is a partial fuzzy spanning subgraph
structure of G̃ = (μ, ρ1, ρ2, ..., ρk) if τr ⊆ ρr for r = 1, 2, ..., k.

Convention: Throughout this paper, unless otherwise stated, G
and G̃ will have the above meaning.

Example 1
Let V = {x0, x1, x2, x3, x4, x5},

R1 = {(x0, x1), (x1, x0), (x0, x2), (x2, x0), (x3, x4), (x4, x3)},
R2 = {(x1, x2), (x2, x1), (x4, x5), (x5, x4)}, R3 = {(x2, x3), (x3, x2)}
and G = (V, R1, R2, R3) be a graph structure. Let G̃ = (μ, ρ1, ρ2, ρ3) where
μ(x0) = 0.8, μ(x1) = 0.9, μ(x2) = 0.6, μ(x3) = 0.5, μ(x4) = 0.6, μ(x5) = 0.7
ρ1(x0, x1) = 0.8 = ρ1(x1, x0), ρ1(x0, x2) = 0.5 = ρ1(x2, x02),
ρ1(x3, x4) = 0.4 = ρ1(x4, x3), ρ2(x1, x2) = 0.6 = ρ2(x2, x1),
ρ2(x4, x5) = 0.5 = ρ2(x5, x4), ρ3(x2, x3) = 0.3 = ρ3(x3, x2),
ρ3(x0, x5) = 0.5 = ρ3(x5, x0)

Here notice that ρ1(x0, x1) ≤ ∧(μ(x0), μ(x1)) and so on.

Therefore, G̃ is a fuzzy graph structure of G.

Now we move on to define some basic notions of fuzzy graph structures. In
all these i ∈ {1, 2, ..., k}.

Definition 2.3 Let G be a graph structure and G̃ be a fuzzy graph structure
of G. If (x, y) ∈ supp(ρi), then (x,y) is said to be a ρi − edge of G̃.
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In example 1, (x0, x1), (x0, x2), (x3, x4) are ρ1-edges, (x1, x2), (x4, x5) are
ρ2-edges and (x2, x3), (x0, x5) are ρ3-edges

Definition 2.4 A ρi-path of a fuzzy graph structure G̃ is a sequence of
vertices, x0, x1, ..., xn which are distinct (except possibly x0 = xn) such that
(xj−1, xj) is a ρi-edge for all j = 1, 2, ..., n.

In example 1, x1, x0, x2 is a ρ1-path.

Definition 2.5 Two vertices of a fuzzy graph structure G̃, joined by a ρi-
path are said to be ρi-connected.

In example 1, x1 and x2 are ρ1-connected and x0 and x5 are ρ3-connected.

Definition 2.6 The strength of a ρi-path x0, x1, ..., xn of a fuzzy graph struc-

ture G̃ is
n∧

j=1

ρi(xj−1, xj) for i = 1, 2, ..., k.

In example 1, strength of the ρ1- path x1, x0, x2 is 0.5.

Definition 2.7 In any fuzzy graph structure G̃,
ρ2

i (x, y) = ρi ◦ ρi(x, y) =
∨

z

{ρi(x, z) ∧ ρi(z, y)

and ρj
i (x, y) = ρj−1

i ◦ ρi(x, y), j = 2, 3, ..., m for any m ≥ 2. Also
ρ∞

i (x, y) = ∨{ρj
i (x, y) : j = 1, 2, ...}

Definition 2.8 G̃ is a ρi-cycle iff (supp(μ),supp(ρ1),supp(ρ2),...,supp(ρk))
is an Ri − cycle (where an Ri-cycle is a sequence of vertices x0, x1, ..., xn−1,
xn = x0 in V such that each (xj−1, xj) is an Ri-edge for j = 1, 2, ..., n).

Example 2
Let V = {x0, x1, x2, x3, x4, x5},

R1 = {(x0, x1), (x1, x0), (x1, x2), (x2, x1), (x2, x3), (x3, x2), (x0, x3)), (x3, x0))},
R2 = {(x0, x4), (x4, x0)},
R3 = {(x3, x4), (x4, x3), (x4, x5), (x5, x4), (x5, x0), (x0, x5), (x6, x7), (x7, x6)} and
G = (V, R1, R2, R3) be a graph structure. Let G̃ = (μ, ρ1, ρ2, ρ3) where μ(x0) =
0.8, μ(x1) = 0.9, μ(x2) = 0.6, μ(x3) = 0.5, μ(x4) = 0.6,
μ(x5) = 0.7, μ(x6) = 0.6, μ(x7) = 0.5
ρ1(x0, x1) = 0.8 = ρ1(x1, x0), ρ1(x1, x2) = 0.5 = ρ1(x2, x1),
ρ1(x2, x3) = 0.5 = ρ1(x3, x2), ρ1(x0, x3) = 0.5 = ρ1(x3, x0),
ρ2(x0, x4) = 0.6 = ρ2(x4, x0), ρ3(x3, x4) = 0.5 = ρ3(x4, x3),
ρ3(x4, x5) = 0.6 = ρ3(x5, x4), ρ3(x5, x0) = 0.4 = ρ3(x0, x5),
ρ3(x6, x7) = 0.5 = ρ3(x7, x6)

In example 2, (x0, x1), (x1, x2), (x2, x3), (x0, x3) is a ρ1-cycle.
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Definition 2.9 G̃is a fuzzy ρi-cycle iff (supp(μ),supp(ρ1),supp(ρ2),...,supp(ρk))
is an Ri-cycle and there exists no unique (x,y) in supp(ρi) such that
ρi(x, y) = ∧{ρi(u, v)|(u, v) ∈ supp(ρi)}

In example 2, (x0, x1), (x1, x2), (x2, x3), (x0, x3) is a fuzzy ρ1-cycle.

Definition 2.10 G̃ is a ρi-forest if its ρi-edges form an Ri-forest(where an
Ri-forest is a Graph Structure which does not contain Ri-cycles).

In example 2, (x3, x4), (x4, x5), (x5, x0), (x6, x7) is a ρ3-forest.

Definition 2.11 G̃ is a ρi-tree if it is a ρi-connected ρi-forest.

In example 2, (x3, x4), (x4, x5), (x5, x0) is a ρ3-tree.

Definition 2.12 G̃ is a fuzzy ρi-forest if it has a partial fuzzy spanning
subgraph structure F̃i = (μ, τ1, τ2, ..., τk) which is a τi-forest where for all ρi-
edges not in F̃i, ρi(x, y) < τ∞

i (x, y).

Definition 2.13 G̃ is a fuzzy ρi-tree if it has a partial fuzzy spanning sub-
graph structure F̃i = (μ, τ1, τ2, ..., τk) which is a τi-tree where for all ρi-edges
not in F̃i, ρi(x, y) < τ∞

i (x, y).

Example 3
Let V = {x0, x1, x2, x3, x4, x5},

R1 = {(x0, x1), (x1, x0), (x1, x2), (x2, x1), (x2, x3), (x3, x2), (x3, x0), (x0, x3),
(x4, x5), (x5, x4)}, R2 = {(x0, x4), (x4, x0)} and G = (V, R1, R2) be a graph
structure. Let G̃ = (μ, ρ1, ρ2) where μ(x0) = 0.5, μ(x1) = 0.6,
μ(x2) = 0.7, μ(x3) = 0.8, μ(x4) = 0.9, μ(x5) = 0.8
ρ1(x0, x1) = 0.4 = ρ1(x1, x0), ρ1(x1, x2) = 0.5 = ρ1(x2, x1),
ρ1(x2, x3) = 0.6 = ρ1(x3, x2), ρ1(x0, x3) = 0.3 = ρ1(x3, x0),
ρ1(x4, x5) = 0.8 = ρ1(x5, x4), ρ2(x0, x4) = 0.5 = ρ2(x4, x0)

G̃ is a fuzzy graph structure of G. Let F̃1 = (μ, τ1, τ2) be a partial fuzzy
spanning subgraph structure of G̃ defined by τ1(x0, x1) = 0.4 = τ1(x1, x0),
τ1(x1, x2) = 0.5 = τ1(x2, x1), τ1(x2, x3) = 0.6 = τ1(x3, x2),
τ1(x4, x5) = 0.8 = τ1(x5, x4), τ2(x0, x4) = 0.5 = τ2(x4, x0)
and τ1 = 0, τ2 = 0for all other ρ1 and ρ2 edges. Then F̃1 = (μ, τ1, τ2) is a
τ1-forest with ρ1(x, y) < τ∞

1 (x, y)for all ρ1-edges not in F̃1. Hence G̃ is a fuzzy
ρ1-forest.

In the above example, (x0, x1), (x1, x2), (x2, x3), (x3, x0) form a fuzzy ρ1-
tree.
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3 Some results on fuzzy ρi-forests and fuzzy

ρi-trees

We use the definitions in the previous section to prove certain results on
fuzzyρi-forests and fuzzy ρi-trees (Here i can be any element in {1, 2, ..., k}).

Theorem 3.1 G̃ is a fuzzy ρi-forest iff in any ρi-cycle, there exists a ρi-
edge (x,y) such that ρi(x, y) < ρ′∞

i (x, y) where (μ, ρ′
1, ρ

′
2, ..., ρ

′
k) is the partial

spanning fuzzy subgraph structure obtained by deleting (x,y) from G̃.

Proof
Let G̃ have the property that in any ρi-cycle, there exists (x,y) such that

ρi(x, y) < ρ′∞
i (x, y).

If G̃ does not contain any ρi-cycle, then it is a fuzzy ρi-forest and there is
nothing to prove.

Let G̃ contain a ρi-cycle. Consider a ρi-edge (x,y) of that ρi-cycle with
ρi(x, y) < ρ′∞

i (x, y) in such a way that ρi(x,y) is the smallest among all ρi-
edges of that ρi-cycle and having the above property.

Remove the ρi-edge (x,y). The resultant fuzzy graph structure still may
contain ρi-cycles which can be removed by repetition of the above process.

It may be noted that the strength of deleted ρi-edges in a ρi-cycle increases
in each step. When the fuzzy graph structure is cleared of all ρi-cycles, the
resultant partial fuzzy spanning subgraph structure is a ρi-forest, say F̃i.

If (x, y) /∈ F̃i, (x,y) was deleted. So there exists a ρi-path from x to y
stronger than (x,y). Even if some of its ρi-edges were deleted, there will be
stronger ρi-paths for diverting around.

Repeating the process, we get a ρi-path consisting only of ρi-edges of F̃i.
Therefore G̃ is a fuzzy ρi-forest.
Conversely, let G̃be a fuzzy ρi-forest.
Consider a ρi-cycle Ci of G̃. Some ρi-edge (x,y) of Ci is not in the partial

fuzzy spanning subgraph structure F̃i = (μ, τ1, τ2, ..., τk) which is a τi-forest
and ρi(x, y) < τ∞

i (x, y).
But τ∞

i (x, y) < ρ′∞
i (x, y)where (μ, ρ′

1, ρ
′
2, ..., ρ

′
k) is the partial fuzzy span-

ning subgraph structure obtained by deleting (x,y) from G̃ since (x,y) is not
in F̃i.

Therefore ρi(x, y) < ρ′∞
i (x, y).

Theorem 3.2 Let G̃ be a fuzzy graph structure. If there is at most one
strongest ρi-path between any two vertices, then G̃ must be a fuzzy ρi-forest.

Proof
Suppose there exists at most one strongest ρi-path between any two vertices

of G̃.
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If possible, let G̃ be not a fuzzy ρi-forest. Then by definition, there
exists a ρi-cycle, say Ci, in G̃ such that ρi(x, y) ≥ ρ′

i(x, y) ∀ (x, y) inCi where
(μ, ρ′

1, ρ
′
2, ..., ρ

′
k) is a partial fuzzy spanning subgraph structure obtained by the

deletion of (x,y) by Theorem 3.1. ie., (x,y) is the strongest ρi-path from x to
y.

Strength of a ρi-path is the strength of the weakest ρi-edge of that ρi-
path. Thus (x,y) cannot be a weakest ρi-edge of Cisince in that case the
remaining ρi-edges of Ci form a strongest ρi-path which is a contradiction to
our assumption.

Therefore G̃ is a fuzzy ρi-forest.

Theorem 3.3 Let G̃ be a fuzzy ρi-tree and
G̃∗ = (supp(μ), supp(ρ1), supp(ρ2), ..., supp(ρk)) be not a ρi-tree. Then there
exists at least one ρi-edge (u,v) in supp(ρi) for which ρi(u, v) < ρ∞

i (u, v).

Proof Let G̃ be a fuzzy ρi-tree. Then there exists a partial fuzzy spanning
subgraph structureF̃i = (μ, τ1, τ2, ..., τk) which is a τi-tree and
ρi(u, v) < τ∞

i (u, v) for all (u,v) not in F̃i.

Clearly τ∞
i (u, v) ≤ ρ∞

i (u, v). Therefore ρi(u, v) < ρ∞
i (u, v)∀(u, v)not in F̃i.

G̃ is a fuzzy ρi-tree and G̃∗ is not a ρi-tree. Hence there exists at least
one ρi-edge (u,v) not in F̃i. ie., there exists at least one ρi-edge (u,v) in
supp(ρi)with ρi(u, v) < ρ∞

i (u, v).

Now we move on to prove a lemma on a special type of fuzzy graph struc-
tures.

Lemma 3.4 Let G̃ be a fuzzy graph structure with ρi(u, v) = μ(u) ∧ μ(v)
for some i and ∀(u, v) ∈ supp(ρi)where supp(ρi) 
= φ. Then ρ∞

i (u, v) = ρi(u, v)
for that i.

Proof

Let ρ∞
i (u, v) = μ(u) ∧ μ(v) for some i and ∀(u, v) ∈ supp(ρi).

ρi(u, v) = ∨{ρj
i (u, v), j = 1, 2, ...}

= μ(u) ∧ μ(v) since ρj
i (u, v) ≤ μ(u) ∧ μ(v)∀j

= ρi(u, v)

Using the above result, we can prove the following property of fuzzy ρi-tree.

Theorem 3.5 Let G̃ be a fuzzy ρi-tree. Then ρi(u, v) < μ(u)∧μ(v)for some
(u, v) in supp(ρi).
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Proof
If possible, let ρi(u, v) = μ(u) ∧ μ(v) and ∀(u, v) ∈ supp(ρi).

Then by lemma, ρ∞
i (u, v) = ρi(u, v).

Let G̃ be a fuzzy ρi-tree . Then G̃ has a partial fuzzy spanning subgraph
structure F̃i = (μ, τ1, τ2, ..., τk) which is a τi-tree with
ρi(u, v) < τ∞

i (u, v)∀(u, v) not in F̃i.
ie., ρ∞

i (u, v) < τ∞
i (u, v).

This is not possible.
Thus ρi(u, v) < μ(u) ∧ μ(v) for some (u, v) ∈ supp(ρi).

Theorem 3.6 Let G̃ be a ρi-cycle. G̃ is a fuzzy ρi- cycle iff G̃ is not a
fuzzy ρi-tree.

Proof
Let G̃ be a fuzzy ρi- cycle.
If possible, let G̃ be a fuzzy ρi-tree. Then it has a partial fuzzy spanning

subgraph structure F̃i = (μ, τ1, τ2, ..., τk) which is a τi-tree.
Then supp(ρi)−supp(τi) = {(u, v)} for some u, v ∈ V since G̃ is a ρi-cycle.
By definition of a fuzzy ρi-cycle, there does not exist unique ρi-edge (x,y)

with ρi(x, y) = ∧{ρi(u, v)|(u, v) ∈ supp(ρi)}.
So there exists no τi-path in F̃i from u to v having greater strength than

ρi(u, v). Otherwise, G̃ will not be a fuzzy ρi-cycle.
Thus G̃ is not a fuzzy ρi-tree, by definition of fuzzy ρi-tree.
Conversely,
let G̃ be not a fuzzy ρi-tree. Then it has no partial fuzzy spanning subgraph

structure F̃iwhich is a τi-tree.
G̃ is a ρi-cycle.
Let (μ, τ1, τ2, ..., τk) be a partial fuzzy spanning subgraph structure of G̃,

which is a τi-tree.
Then τ∞

i (u, v) ≤ ρi(u, v)∀(u, v) ∈ supp(ρi) and τi(u, v) = 0.
τi(x, y) = ρi(x, y)∀(x, y) ∈ supp(ρi) − {(u, v)}.
Thus ρi does not attain ∧{ρi(x, y)|(x, y) ∈ supp(ρi)} uniquely.
Therefore G̃ = (μ, τ1, τ2, ..., τk) is a fuzzy ρi-cycle.

Conclusion
We continue the study of generalised fuzzy graph structures and two more

papers in this direction have been communicated.
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