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Abstract

This research introduces an algorithm on DEA (Data Envelopment
Analysis) in which different layers of efficiency are used to rank the
efficient DMUs (Decision Making Units). This algorithm is not only
capable of ranking all efficient DMUs, extreme and non-extreme, but it
is also feasible and stable in all situations. That is to say this algorithm
dose not have the limitations of infeasibility and/or instability seen in
some previous methods, e.g. the Andersen and Petersen’s method and
etc. After the introduction of the algorithm, the capability and its
applicability are investigated for 20 Iranian bank branches.
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1 Introduction

After the development of the original CCR model [3] the applicability of the
DEA in different fields such as business, commerce, economics, management
and education has increased greatly. Since the basic models of DEA such as
CCR, BCC, ADD, SBM and other similar models do not provide adequate
information for managers to discriminate and rank efficient units, therefore
many efforts have been made to develop different methods of ranking in the
framework of DEA. These efforts have led to the publication of many papers
on DEA relating to the issue of ranking [1,2,4-6]. In DEA literature, some
ranking methods [1] is not stable or feasible in some cases. Also, there are a
few ranking methods that can be applied to rank only extreme efficient DMUs
[1,5]. This paper introduces an algorithm which has two important features:
(1) It is always feasible and stable. (2) It is capable of ranking all efficient
units, i.e. extreme and non-extreme DMUs. The rest of the paper is organized
as follows. Section 2 introduces some preliminaries of DEA. Section 3 exhibits
the main results. Section 4 shows two numerical examples with real data.

2 Preliminary of DEA

Suppose there are n DMUs whose indices are shown by an index set J0 :=
{1, 2, ..., n}. Each DMU, namely DMUp, uses Xp = (x1p, x2p, ..., xmp) as an
input vector to yield Yp = (y1p, y2p, ..., ysp) as an output vector. Suppose
Mk := {DMUj |j ∈ Jk} where Jk ⊆ J0 := {1, 2, ..., n}. Therefore, if ε is a small
non Archimedean number, then the CCR model [3] to evaluate each member
of the Mk, e.g. DMUp is as follows:

θ∗p = min θp − ε(
m∑

i=1

s−i +
s∑

r=1

s+
r ) (1)

s.t. −
∑
j∈Jk

λjxij + θpxip − s−i = 0, i = 1, ..., m,

∑
j∈Jk

λjyrj − s+
r = yrp, r = 1, ..., s,

λj, s−i , s+
r ≥ 0, ∀j ∈ Jk, i, r.

θp is free.

Definition 1.2. Suppose that Ek := {DMUj |θ∗j = 1, S−∗ = 0, S+∗ =
0, j ∈ Jk} where (θ∗j , S

−∗, S+∗, λ∗) is an optimal solution of model (1) to
evaluate DMUj as follows. we define Ek as the kth-layer of efficiency.
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3 Main Results

It is evident that the existence of extreme efficient DMUs in a PPS prevents
the effect of deleting of a non extreme efficient DMU. This is why some ranking
method [1,5] cannot be applied to rank non extreme efficient DMUs. Therefore
in this algorithm, first all efficient DMUs, extreme and non-extreme ones, are
deleted from the PPS (Production Possibility Set) to eliminate the effects of
extreme efficient DMUs. Consequently a new PPS remarked by PPSnew is
attained based on remaining inefficient DMUs. Then, each efficient DMU,
intended to be assessed and rank it, is adjoined to the PPSnew singly, i.e.
in the absence of the other deleted efficient DMUs, as an extra DMU. Now,
the effect of that extra DMU on the other remaining DMUs’ efficiency value
belonging to the PPSnew will be measure by an proposed index as a criterion to
rank that extra DMU. After deleting all efficient DMUs from the original PPS,
there would be two possibilities: (1) The set of remaining units may be empty,
such case would happen if all DMUs would be efficient. (2) The efficiency
value of the rest of DMUs in the PPSnew might not change by adding an extra
efficient DMU. So, in two cases, the definition of a hypothetical DMU named
by DMUNIP that is added to the PPSnew, would be necessary to make the
algorithm as an applicable method of ranking in all cases. As noted earlier,
E0 = {DMUj |θ∗j = 1, S−∗ = 0, S+∗ = 0, j ∈ J0} is as the 0th-layer of
efficiency or as the main efficient set whose members are ranked as all efficient
DMUs. The set of indices related to E0 is R0 := {j|DMUj ∈ E0}. Based on
all above, the steps of the algorithm are as follows.

3.1 Steps of the algorithm.

Step 1. M1 := M0 \ E0. If M1 = ∅, then go to step (5).

Step 2. To reach the 1th-layer of efficiency, i.e. E1 := {DMUj ∈ M1| θ∗j =
1.0, S−∗ = 0, S+∗ = 0}, use the model (1) to evaluate the members of M1.
For this aim, set k = 1 to have J1 = {j|DMUj ∈ M1} instead of the Jk in that
model.

Step 3. M2 := M1 \ E1. If M2 = ∅, then go to step (5).

Step 4. To reach the 2th-layer of efficiency, i.e. E2 := {DMUj ∈ M2| θ∗j =
1.0, S−∗ = 0, S+∗ = 0}, use the model (1) to evaluate the members of M2.
For this aim, set k = 2 to have J2 = {j|DMUj ∈ M2} instead of the Jk in that
model and then go to step (7).

Step 5. Use DMUNIP as a hypothetical DMU, NIP means negative ideal
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point, whose input-output vectors as (XNIP , YNIP ) are defined as follows:

xiNIP = max
j∈J0

xij , i = 1, ...m, (2)

yrNIP = min
j∈J0

yrj, r = 1, ..., s.

Step 6. If M1 = ∅, then E := {DMUNIP} and go to step (8), otherwise if
M1 �= ∅ but M2 = ∅, then E := {DMUNIP} ∪ E1, then go to step (8).
Step 7. E := ∪i=1,2Ei and R := {j|DMUj ∈ E}.
Step 8. M1 := E ∪ M1 and R1 := {j|DMUj ∈ M1} and ñ = car (M1) (car
means cardinal).

Hint 1. Note that two cases probably will happen: 1) If M2 �= ∅, then E ⊆ M1

and therefore, M1 = M1. 2) If M1 = ∅ or M2 = ∅, then DMUNIP is defined as
an artificial unit. Therefore, the car M1 = car M1 + 1.

Step 9. M̂q := M1 ∪ {DMUq} and R̂q := {j| DMUj ∈ M̂q} that q ∈ R0.

Step 10. Set i = 0 and re-evaluate DMUl for l ∈ R1 via Eq. (8) as follows:

γ∗
l,q = max

m∑
i=1

s−il +

s∑
r=1

s+
rl (3)

s.t. −
∑
j∈�Rq

λjxij + xil − s−il = 0, i = 1, ..., m,

∑
j∈�Rq

λjyrj − s+
rl = yrl, r = 1, ..., s,

λj , s−il , s+
rl ≥ 0, j ∈ R̂q, ∀i, r.

and i = i + 1. If i �= ñ, then return to step 10.

Step 11. Then after calculating the γ∗
l,q for all l ∈ R1, the ranking index for

an efficient DMUq (q ∈ R0) is defined as γ∗
q =

∑
l∈R1

γ∗
l,q.

Definition 3.1. γ∗
q > γ∗

p if and only if the performance of DMUq is better
than DMUp.

Theorem 3.2. γ∗
q > 0, ∀q ∈ R0.

Proof. Obviously, γ∗
q ≥ 0, ∀q ∈ R0. Assume that ∃q0 ∈ R0 such that γ∗

q0
= 0,

then
∑

l∈R1
(
∑m

i=1 s∗−il +
∑s

r=1 s∗+rl ) = 0. It implies that � DMUl ∈ E1 such

that (−xq0 , yq0) ≥�= (−xl, yl). Considering the definition of E0 and E1 results
in DMUq0 /∈ E0. This contradiction completes the proof.
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Theorem 3.3. If M1 = ∅, then γ∗
q =

∑m
i=1 s̃−i +

∑s
r=1 s̃+

r where s̃−i = xi,NIP −
xi,q and s̃+

r = yr,q − yr,NIP , ∀i, r.

Proof. If M1 = ∅, then E := {DMUNIP}. Noting the E and also the first and
the second constraints of Eq.(3) results in γ∗

q =
∑

l∈R1
(
∑m

i=1 s−il +
∑s

r=1 s+
rl) =∑m

i=1 s̃−i +
∑s

r=1 s̃+
r and completes the proof.

4 Numerical Examples

Example 1. Case with M2 = ∅.
Using the data gathered in Table (1) shows the power of the proposed algorithm
to rank all efficient DMUs. Moreover, Table (2) compares the results of the
algorithm with some previous ranking models.

Table 1. DMU’s data (extracted from [5])

DMUs
Inputs
I1 I2

Outputs
O1 O2

A 150 0.2 14000 3500
B 400 0.7 14000 21000
C 320 1.2 42000 10500
D 520 2.0 28000 42000
E 350 1.2 19000 25000
F 320 0.7 14000 15000

Table 2. Results of the algorithm and a few ranking models
γ∗ CCR BCC CEA EDM
C 6.8E+4 A 1.000 A 1.000 A 1.000 A 200.000
D 5.2E+4 B 1.000 B 1.000 B 0.916 B 140.000
A 4.8E+4 C 1.000 C 1.000 D 0.916 C 140.000
B 4.8E+4 D 1.000 D 1.000 C 0.842 D 113.000

It must be noted that DEA models usually have no more than n
2

while n DMUs
have been selected to assess. Otherwise, the number of efficient DMUs will be
unreasonably large. A similar case happens in the above example where 6
DMUs exist such that four DMUs become efficient, so belong to E0 and the
rest of them belong to E1. According to the algorithm, the definition of the
DMUNIP would be necessary. The detailed information relating to the algo-
rithm’s steps are explained as follows.
Here, M0 = {DMUA, DMUB, DMUC , DMUD, DMUE , DMUF} then solving
the model (1) relating to M0 provides the 0th-layer of efficiency, i.e. E0 =
{DMUA, DMUB, DMUC , DMUD}. As step 1, M1 = M0\E0 = {DMUE, DMUF}.
As step 2, E1 = {DMUE , DMUF}, then M2 = M1 \ E1 = ∅. In this case
DMUNIP is needed to define whose input and output indices are XNIP =
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(520, 2) and YNIP = (14000, 3500) and E = E1 ∪ {DMUNIP}. Finally, contin-
uing the other steps yields the results listed in Table (2).

Example 2. Case with M2 �= ∅.
Here the data of 20 bank branches are listed in Table (3) and applied by the
algorithm.

Table 3. DMU’s data (extracted from [5])
DMU input 1 input 2 input 3 output 1 output 2 output 3

1 0.950 0.700 0.155 0.190 0.521 0.293
2 0.796 0.600 1.000 0.227 0.627 0.462
3 0.798 0.750 0.513 0.228 0.970 0.261
4 0.865 0.550 0.210 0.193 0.632 1.000
5 0.815 0.850 0.268 0.233 0.722 0.246
6 0.842 0.650 0.500 0.207 0.603 0.569
7 0.719 0.600 0.350 0.182 0.900 0.716
8 0.785 0.750 0.120 0.125 0.234 0.298
9 0.476 0.600 0.135 0.080 0.364 0.244
10 0.678 0.550 0.510 0.082 0.184 0.049
11 0.711 1.000 0.305 0.212 0.318 0.403
12 0.811 0.650 0.255 0.123 0.923 0.628
13 0.659 0.850 0.340 0.176 0.645 0.261
14 0.976 0.800 0.540 0.144 0.514 0.243
15 0.685 0.950 0.450 1.000 0.262 0.098
16 0.613 0.900 0.525 0.115 0.402 0.464
17 1.000 0.600 0.205 0.090 1.000 0.161
18 0.634 0.650 0.235 0.059 0.349 0.068
19 0.372 0.700 0.238 0.039 0.190 0.111
20 0.583 0.550 0.500 0.110 0.615 0.764

Following the steps completely provides the results listed in Table (4) as fol-
lows.

Table 4. Results of the algorithm
DMU γ∗ CCR

4 8.2323 1.000
7 7.0726 1.000
20 5.4844 1.000
12 5.4441 1.000
15 4.2020 1.000
17 4.1333 1.000
1 4.1112 1.000

Following the steps of the algorithm yields: M1 = {DMUj |j ∈ J1} whose
J1 = {2, 3, 5, 6, 8, 9, 10, 11, 13, 14, 16, 18, 19}.
Also, E1 = {DMU2, DMU3, DMU5, DMU6, DMU8, DMU9, DMU11, DMU16}
and E2 = {DMU13}. Since M2 = M1\E1, obviously M2 �= ∅ and then DMUNIP

is not needed to define. Moreover, it holds E = E1 ∪ E2. Since M1 = M1, we
have M̂q = M1 ∪ {DMUq} whose q ∈ R0 = {1, 4, 7, 12, 15, 17, 20}. It can be
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seen that the forth branch is the best one and the first branch is the worst one
among the branches.
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