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Abstract

The deviation in SH-waves’ velocities is expected once the saturation
degree in the medium is asymmetrical. Hence, SH-waves’ propagation
in the porous medium saturated with asymmetry fluid density is studied
for the diffusive profiles. SH-waves are propagated in similar directions
and also opposite directions with the mediums fall into two distinctive
groups: insoluble as well as soluble mediums. In similar direction of
propagation, low density fluid revokes the diffusive characteristics while
high density fluid promotes diffusive attribute. However, the diffusive
SH-waves are as well found in the medium saturated with low density
fluid when the fluid is asymmetrical in density. In the case of oppo-
site direction of propagation, the recurring SH-waves are found in the
medium saturated with low and asymmetry density fluid.

Mathematics Subject Classification: 86A15, 74J30, 86A17

Keywords: Diffusion, Scattering waves, Saturated-medium

1 Introduction

S-wave is referred to shear wave when an earthquake is discussed and S-wave
cannot move in liquid because the liquid is not rigid enough to transmit an
S wave. S-waves are divided into horizontal directed (SH) waves and vertical
directed (SV) waves. Although SH-waves cannot move in liquid yet these SH-
waves show the effects on horizontal and vertical motions in a layered soil
saturated with water [1].

Biot’s theory has been used in showing the elastic wave propagation in a
fluid saturated porous solid [2]. The attenuation and dispersion of compres-
sional waves in fluid-filled porous rocks with partial gas saturation was stud-
ied in accordance to Biot’s theory [3]. The studies of fluid saturated method
were extended through numerical modelling. Finite element modelling of the
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effective elastic properties of partially saturated rocks was studied [4]. Sub-
sequently, this research will exploit the elastic wave equation to study the
diffusion of SV-waves.

The SH-wave has been studied for the diffusion in saturated medium [6].
Immediately, the SV-waves’ diffusion is explored for the propagation charac-
teristic in porous medium [5].

In investigating the deposited sediment at the reservoir behind the dam,
the SV-wave was used for studying the dynamic pressure [7]. The sensitivity of
SV-wave scattering to surface breaking cracks was studied and this inspiration
has brought to this research [8]. Two setups are done for SH-waves propagation
to relate to the scattering of SH-waves (see figure 1(a) and 1(b)). In this paper,
the aim is to obtain the diffusion profiles depicted by SH-wave’s propagation
in the saturated mediums. The derivation of SH-waves will be shown before
the analytical discussion.

2 Methodology

The governing equations:

µ∇2u + (λ + µ)∇ (∇u) + ρF = ρ
∂2u

∂t2
(1)

Boundary conditions for z = 0:

σz ≡ (λ + µ) ∂uz

∂z
+ λ

(
∂ux

∂x
+ ∂uy

∂y

)
= 0

τxz ≡ µ
(

∂ux

∂z
+ ∂uz

∂x

)
= 0

τyz ≡ µ
(

∂uy

∂z
+ ∂uz

∂y

)
= 0





(2)

Initial conditions for t = 0:
u (x, y, z) = 0 (3)

∂ux

∂t
=

∂uy

∂t
=

∂uz

∂t
= 0 (4)

In linear elasticity for isotropic medium, λ and µ denote the Lame parameters
for the stress σz, τxz, τyz and the displacements ux, uy and uz are continuous
everywhere. F is the body force in the direction of x, y, z respectively and ρ
is the density.

Provided that ω is the angular velocity or frequency, k is the wavenumber, c
is the wave velocity along with the dispersion relation ω = ck the group velocity
of a wave is the velocity with the overall shape of the wave’s amplitudes which
is also known as envelope of the waves. In other words, the phase velocity
is the average velocity of the components, given by VP = ω/k. The group
velocity is velocity of the envelope, given by Vg = dω/dk [9].
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When this is applied to the problem of SH-wave’s propagation in fluid
saturated medium, the group velocity reflects the apparent velocity of the
surface displacement or the overall shape of the SH- wave’s amplitude at the
boundary of the medium. The envelope is formed by the phase velocity of
SH-waves. In this research, the apparent velocity Vapp or surface displacement
velocity is measured along the boundary of the similar density medium in
accordance to Snell law:

Vapp

sin f
=

c

sin e
(5)

e is the incident angle and f is the refraction angle made by the P- and S-waves.
However, our objective is to study S-waves in horizontal direction only. For
the case of fluid-saturated medium, there exists variation in density within the
medium [7, 12]. There exists slowness induced by refraction for fluid-saturated
medium [10, 11] i.e. the apparent velocity of the displacement at the boundary
is slower than phase velocity of the wave in the medium that reads:

Vapp < c (6)

In this study, the elastic wave equation will be solved so as to obtain the SH-
wave’s displacements in the different types of medium that satisfied (5) and
(6). By using the divergence operator,

∇2u = ∇ (∇u)−∇× (∇× u) (7)

equation (1) is reduced to

α2∇ (∇ · u)− β2∇×∇× u + F =
∂2u

∂t2
(8)

α =

√
λ + 2µ

ρ
, β =

√
µ

ρ
(9)

α and β are the velocities for the P-wave and S-wave and equation (8) is the
elastic wave equation [13]. Hence, this modeling only valid for elastic medium
and it is necessary to reduce the right hand side (RHS) of (8) by letting

u = exp [i (kx− ωt)] (10)

By inserting second order derivative of (10) into RHS of (8), the equation
reads:

α2∇ (∇ · u)− β2∇×∇× u + F = −ω2u (11)

Since elastic wave consists of irrotational by P-wave and solenoid by S-wave
[13], the displacement shall be written as:

u = uP + uS (12)
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For irrotational P-waves, the vorticity ∇ × uP = 0. Thus, the relation (12)
reads:

∇uP 6= 0, ∇× uP = 0, ∇uS = 0, ∇× uS 6= 0 (13)

By inserting (12) and (13) into (11), the equation yields:

α2
(
∇2uP + kP

2uP

)
+ β2

(
∇2uS + kS

2uS

)
= 0 (14)

ωP =
α

kP

, ωS =
β

kS

, F = 0 (15)

In the following, the equations (16) are the Helmholtz equations [14] for P-
and S-waves:

∇2uP + kP
2uP = 0, ∇2uS + kS

2uS = 0 (16)

Here, the Helmholtz equations are solved by utilizing Hansen vector [10] that
gives:

uP = A (lax + naz) exp

[
iω

(
t− lx + nz

α

)]
(17)

uSV = B (−nax + laz) exp

[
iω

(
t− lx + nz

β

)]
(18)

uSH = Cay exp

[
iω

(
t− lx + my

β

)]
(19)

ax, ay and az are the unit vectors while l, m and n are the vector components.
Only equation (19) will be considered in this paper since the aim is to study
the SH-wave only. SH-wave vanishes when the depth go infinity as illustrated
in figure 1(a) and 1(b). Thus, the modified equation (19) or SH-wave on which
the amplitude reduces with depth is:

uSH = C (ay) exp [ik (ct− x− ηβy)] , ηβ =

√
c2

β2
− 1 (20)

ηβ is always positive. The velocity of the SH-wave, β is measured at the
boundary of the medium or z = 0 and it is similar to the apparent velocity
Vapp of the surface displacement. c is the SH-wave velocity in the medium.

For the displacement normal to the propagation direction by the means
of quantity ηβ and amplitude C, the equation (20) for horizontal direction of
displacements with amplitude reduces with depth reads:

uSH = C (ay) exp (−ikηβy) exp [ik (ct− x)] , ω1 = ηβk (21)

Here, quantity ηβ refers to the SH-wave velocities in the medium and the fluid
that gives the frequency ω1 = ηβk and the vector ay shows the displacement
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is polarized between x− y directions. The polarization of equation (21) gives
the frequency equation that reads [13]:

uSH = Cy exp (−ikηβy) exp [ik (ct− x)] (22)

Consequently, the SH-waves propagate in the x-direction but the amplitude
or displacement is in y-direction, Cy. From wave terminology, the term ηβ in
equation (22) will show that the harmonic wave is diffusive if the term ηβk
is in complex [9]. The diffusive waves are associated with attenuation of the
amplitudes with the time due to certain dissipation mechanisms present in the
system.

Next, the roles of the refracted velocity ηβ will be shown. For the fluid-
saturated medium, there comes the slowness induced by refraction [10, 11].
The envelope velocity at medium surface is different with wave velocity in the
medium after the slowness or Vapp 6= c. For a particular case, the SH-wave
velocity in the medium is greater than the envelope’s velocity that yields:

c > β, β = Vapp (23)

Here, we propose the relation for another two types of medium conditions such
that:

c = β, β = Vapp (24)

c < β, β = Vapp (25)

Here, we presume that the relations (23) and (25) are meant for the insolu-
ble medium such that the variation of velocities c and β is remarkable. When
the velocity c is similar to β, we deduce this will explain the soluble medium
such that the fluid mixes well with the medium to give similar velocity.

Yang and Tadanobu [1] and Kahraman [15] show that the high density
medium promotes high wave’s velocity. Hence, the relation (23) will only be
presented when the low density fluid is saturated in the insoluble medium; the
low density fluid will reshuffle the ray velocity or reduce the SH-wave velocity.
Eventually, the relation (25) is meant for the high density fluid saturated in
the insoluble medium.

The detail explanations about the tie between medium’s solubility and
the fluid’s density will be discussed next for showing the vital roles play by
the relations (23) to (25) especially the displacements characteristic. When
condition (25) is applied to the quantity ηβ in equation (22), a complex solution
will be obtained for ηβ that reads:

ηβ → iηβ (26)

This indicates an amendment is required for equation (22) to give (27). Hence,
the SH-wave’s displacements for three types of mediums read:

uSH = Cy exp (kηβy) exp [ik (ct− x)] for c < β (27)
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uSH = Cy exp (−ikηβy) exp [ik (ct− x)] for c = β (28)

uSH = Cy exp (−ikηβy) exp [ik (ct− x)] for c > β (29)

Equations (27) to (29) show that the SH-waves propagation in -direction while
the diffusion is normal to x-direction. The equations (27) to (29) are arranged
such that the density of the saturated fluid reduces from c < β to c > β.

Next, the equations (27), and (29) will be amended to depict the circum-
stances in figures 1(a) and 1(b). Two different SH-waves with different diffusive
characteristics which are propagated in similar direction reads:

uSH = [Cy exp (−ikηβ1y) + Cy exp (−ikηβ2y)] exp [ik (ct− x)] , c > β (30)

uSH = [Cy exp (kηβ1y) + Cy exp (kηβ2y)] exp [ik (ct− x)] , c < β (31)

ηβ1 =

√√√√ c2
1

β2
1

− 1, ηβ2 =

√√√√ c2
2

β2
2

− 1

For the cases of opposite direction of propagation, the equations read:

uSH = [Cy exp (ikηβ1y) + Cy exp (ikηβ2y)] exp [±ik (ct− x)] , c > β (32)

uSH = [Cy exp (kηβ1y) +Cy exp (kηβ2y)] exp [±ik (ct− x)] , c < β (33)

ηβ1 =

√√√√ c2
1

β2
1

− 1, ηβ2 =

√√√√ c2
2

β2
2

− 1

(a) (a)

Figure 1: The propagation of SH waves. (a) The SH-waves propagation in
similar direction. (b)The SH-waves propagate in opposite direction

3 Results

Equations (30), (31), (32) and (33) are plotted in accordance to Table 1 for
showing the influence of different velocities towards the diffusive characteristics
or SH-waves scattering.
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Table 1: SH-waves’ velocities in high density fluid saturated medium and low
density fluid saturated medium for SH-waves propagation in similar direction
and opposite direction.

c1,2 > β1,2 c1,2 < β1,2

β1 β2 c1 c2 β1 β2 c1 c2

2 2 7 7 7 7 2 2
2 2 5 7 7 7 2 5
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Figure 2: The diffusive profiles generated by SH-waves propagation in the
medium saturated with low density fluid. (a) The non-diffusive characteristic
by SH-waves’ propagate in similar direction. c > β, −5 ≤ x ≤ 5, k = 1,
β1 = 2, β2 = 2, c1 = 7, c2 = 7. (b) The diffusive characteristic by SH-waves’
propagate in similar direction. c > β, −5 ≤ x ≤ 5, k = 1, β1 = 2, β2 = 5,
c1 = 7, c2 = 7.
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Figure 3: The diffusive profiles generated by SH-waves propagation in the
medium saturated with high density fluid. (a) The non-diffusive characteristic
by SH-waves’ propagate in similar direction. c < β, −5 ≤ x ≤ 5, k = 1,
β1 = 7, β2 = 7, c1 = 2, c2 = 2. (b) The diffusive characteristic by SH-waves’
propagate in similar direction. c < β, −5 ≤ x ≤ 5, k = 1, β1 = 7, β2 = 5,
c1 = 2, c2 = 2.
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Figure 4: The recursive profiles generated by SH-waves propagation in the
medium saturated with low density fluid. (a) The recursive characteristic by
SH-waves’ propagate in opposite direction. c > β, −5 ≤ x ≤ 5, k = 1, β1 = 2,
β2 = 2, c1 = 7, c2 = 7. (b) The recursive characteristic by SH-waves’ propagate
in opposite direction. c > β, −5 ≤ x ≤ 5, k = 1, β1 = 2, β2 = 5, c1 = 7,
c2 = 7.
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Figure 5: The recursive profiles generated by SH-waves propagation in the
medium saturated with low density fluid. (a) The recursive characteristic by
SH-waves’ propagate in opposite direction. c < β, −5 ≤ x ≤ 5, k = 1, β1 = 7,
β2 = 3, c1 = 2, c2 = 2. (b) The recursive characteristic by SH-waves’ propagate
in opposite direction. c < β, −5 ≤ x ≤ 5, k = 1, β1 = 7, β2 = 5, c1 = 2,
c2 = 2.

4 Discussion

In this study, the endeavors are to study the behavior of SH-waves when the
medium is saturated. In particular, diffusive profile is explored for the posses-
sions by low and high densities fluids in elastic mediums in view of the fact
that the SH-wave equation is derived from momentum equation with elasticity
(1).

Equations (27) to (29) are presumed for the medium with symmetrical
density such that there is no deviation in the SH-wave’s velocities in both the
fluid and the medium. Once there is deviation in saturation degree in the
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medium, it is expected to see the variation of SH-waves’ velocities when the
medium porosity and the density are asymmetrical as depicted by equations
(30) to (33).

When the low density fluid is saturated to the insoluble medium, equation
(29) is referred to a non diffusive wave since the term kηβ is in real. However,
the diffusive wave exists when there is variation in fluid density. For similar
direction of SH-waves’ propagation, figures 2(a) and 2(b) are generated from
equation (30) for showing the diffusive profiles generated by SH-waves propa-
gate in the medium saturated with low density fluid. By letting the SH waves’
celerity in fluid, β1 = 2 and β2 = 2 in equation (30), figure 2(a) shows that the
SH-waves are non diffusive when there is no deviation in fluid density which
will induce dissimilar SH waves’ celerity. However, the SH-waves are diffusive
when the SH-waves’ celerity in fluid is different with β1 = 2 and β2 = 5 (see
figure 2(b)). The consequence implies that the variation of fluid density in
insoluble medium is capable of generating different waves’ velocities and thus
the diffusive characteristic for SH-waves propagate in low density fluid in the
insoluble medium is formed.

In contrast with equation (29), equation (27) is referred to a diffusive wave
since the term kηβ is in complex by referring to (26). For similar direction
of SH-waves’ propagation, figures 3(a) and 3(b) are generated from equation
(31) to show the diffusive profiles generated by SH-waves’ propagation in the
medium saturated with high density fluid. There is no significant different
between the diffusive profiles showed in figures 3(a) and 3(b). The density of
fluid higher than the medium is presumed of capable in preserving the diffusive
characteristic of SH-waves.

For the opposite direction of propagating SH-waves, figures 4(a) and 4(b)
are generated from equation (32) for showing the SH-waves’ propagation in
the medium saturated with low density fluid. Both the figures 4(a) and 4(b)
depict the recursive SH-waves. From equation (32), the SH-waves suppose to
be non-diffusive when both the term kηβ is in real. By means of SH-waves
propagating in opposite direction, these non diffusive waves stack and initiate
the recursive SH-waves as shown in figures 4(a) and 4(b). In other words,
the recursive SH-waves in the medium saturated with low density fluid are
non-diffusive.

Figures 5(a) and 5(b) are generated from equation (33) for showing SH-
waves’ propagation in the medium saturated with high density fluid. As ex-
pected, the high density fluid will promote the diffusive characteristic (see
figures 5(a) and 5(b)) since equation (33) shows the term kηβ is in complex by
referring to (26). Again, the density of fluid higher than the medium is found
capable in preserving the diffusive characteristic of SH-waves.

For soluble medium with c = β, equation (28) gives

uSH = Cy exp [ik (ct− x)] (34)
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Consequently, the equation (34) implies that the SH-wave’s in the soluble
medium is non diffusive sinusoidal plan waves. An example of sinusoidal plane
wave is acoustic waves (Bhatnagar, 1979).

5 Conclusion

The SH-waves in the medium saturated with low density fluid is non diffusive.
However, the variation of fluid density is capable of generating different waves’
velocities and thus the diffusive SH-waves propagating in low density fluid is
formed. Nonetheless, the recursive waves are found when the SH-waves are
propagated in opposite direction.

For further research, the SH-waves will be implemented to tsunamis model
as one of the initial conditions for studying the effects of SH-waves in displace-
ment.

ACKNOWLEDGEMENTS. The research is funded by Ministry of Higher
Education (MOHE) FRGS no 78485.

References

[1] J. Yang and T. Sato, Influence of water saturation on horizontal and
vertical motion at a porous soil interface induced by incident SV-wave,
Soil Dyn. and Earthquake Eng., 19 (2007), 339-346.

[2] M.A. Biot, Theory of propagation of elastic waves in a fluid saturated
porous solid. J. Acoust. Soc. Am., 28 (1956), 179-191.

[3] N.C. Dutta and H. Ode, Attenuation and dispersion of compressional
waves in fluid-filled porous rocks with partial gas saturation (White
model) - Part I: Biot theory. Geophysics, 44 (1979), 1777-1788.

[4] D. Makarynska, B. Gurevich, R. Ciz and C. H. Arns and A. Mark, Finite
element modelling of the effective elastic properties of partially saturated
rocks. Computers & Geosciences, 34 (2008), 647-657.

[5] C.C. Dennis Ling and A.A. Zainal, Displacement by SV wave in fluid
saturated medium. 2ND International conference on Computer Research
and Development, 2010, 510-514.

[6] C.C. Dennis Ling, S.Y. Faisa and A.A. Zainal, SH wave diffusion in fluid
saturated medium. J. Math & Stat 6 (2010), 205-209.

[7] J.T. Wang, Z.H. Zhang and F. Jin, Analytical solutions for dynamic pres-
sures of coupling fluid porous medium solid due to SV wave incidence.
Int. J. Numer. Anal. Meth. Geomech., 33 (2009), 1467-1484.



Scattering of SH waves in fluid saturated medium 3385

[8] C. Pecorari, A note on the sensitivity of SV-wave scattering to surface
breaking cracks. Ultrasonic, 43 (2005), 508-511.

[9] P.L. Bhatnagar, Nonlinear Waves in One-dimensional Dispersive System,
Thomson Press, India, 1979.

[10] C.M. Keith and S. Crampin, Seismic body wave in anisotropic media:
reflection and refraction at a plane interface. Geophys. J. R. Astr. Soc.,
49 (1977), 181-208.

[11] M.D. Sharma, Effect of initial stress on reflection at the free surface of
anisotropic medium. J. Earth Syst. Sci., 116 (2007), 537-551.

[12] M.D. Sharma, 3-D wave propagation in a general anisotropic poroelastic
medium: reflection and refraction at an interface with fluid. Geophys. J.
Int., 157 (2004), 947-958.

[13] J.A. Pujol, Elastic Wave Propagation and Generation in Seismology,
Cambridge University Press, United Kingdom, 2003.

[14] B. Gang, G.W. Wei, Z. Shan, Numerical solution of the helmholtz Equa-
tions with wave numbers. Int. J. Numer. Meth. Engng., 59 (2004), 389-
408.

[15] S. Kahraman, The correlations between the saturated and dry P-wave
velocity of rocks. Ultrasonic, 46 (2007), 341-348.

Received: June, 2010


