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Abstract

This paper examines the implications of assuming an AK technol-
ogy in the Ramsey model with von Bertalanffy population law of Ac-
cinelli and Brida [2]. The model’s solution is found analytically and its
long-run behavior is determined. Contrary to the standard AK setting,
convergence can now occur.
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1 Introduction

The Ramsey [16] growth model is a basic model in macroeconomics that devel-
ops the standard Solow [17] growth model by taking into account an endoge-
nous determination of the level of savings. Recently, Accinelli and Brida [2]
have analyzed the dynamics of the Ramsey model where the change over time
of the labor force is governed by the von Bertalanffy [3] law (see, e.g., Accinelli
and Brida [1], Bucci and Guerrini [4], Ferrara and Guerrini [5 − 8], Germanà
and Guerrini [9], and Guerrini [10 − 15], for other works on economic growth
models based on the notion of population change). In this paper, we aim
to investigate Accinelli and Brida [3] paper by departing from the neoclassical
production function assumption of their model and considering instead a linear
production function. With the AK production function, the model’s solution
can be now explicitly determined. Moreover, we show that the determination
of the long-run growth behavior of capital and consumption depends on some
parameter combination of the level of technology, the von Bertalanffy growth
rate, and the rate of time preference, which is a striking difference between
using the AK function and the neoclassical function.
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2 The model

There is a closed economy populated by identical infinitely lived representative
agents that grow. Following Accinelli and Brida [2], the intertemporal utility
derived by the agent is

∞∫
0

c1−1/σ − 1

1 − 1/σ
e−ρt dt, (1)

where ρ > 0 is the rate of time preference, σ > 0 represents the constant
intertemporal elasticity of substitution, and c is per capita consumption. Con-
trary to Accinelli and Brida [2], individual’s output y is now determined by
the AK technology f(k) = Ak, where A > 0 is the level of technology, and k
is the individual’s capital stock. The agent’s budget constraint is

.

k =

(
A −

.

L

L

)
k − c,

where δ > 0 is the rate of depreciation of capital, L is population, and
.

L/L
denotes the population growth rate. For simplicity, we assume there is no
capital depreciation. Population L evolves according to the von Bertalanffy
growth law, i.e.

.

L = r(L∞ − L),

where L∞ is a theoretical maximum asymptote size of the labor force, and r,
the von Bertalanffy growth rate, is a constant that determines the speed at
which the labor force reaches the asymptote. Today’s population is normalized
to one, L0 = 1. The agent’s optimization problem is to maximize (1) subject
to budget constraint. Let H be the current-value Hamiltonian of the agent’s
problem, namely

H(k, c, L, λ) =
c1−1/σ − 1

1 − 1/σ
+ λ

[(
A − rL∞

L
+ r

)
k − c

]
,

where λ is the costate variable associated to the budget constraint. The Pon-
tryagin maximum principle yields that the dynamics of k, c, L, λ must satisfy

Hc = 0 ⇒ c−1/σ = λ,
.

λ = ρλ − Hk ⇒
.

λ = −λ

[
A − ρ − rL∞

L
+ r

]
, (2)

together with the budget constraint, the von Bertalanffy equation, the bound-
ary condition k0 > 0, and the transversality condition lim

t→∞
e−ρtλk = 0. Log-

arithmic differentiation of the first equation in (2), and the use of Eqs. (2),
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allows us to get the system that drives the dynamics of the economy in terms
of the variables k, c and L. More precisely, we have

.

k =

(
A − rL∞

L
+ r

)
k − c, (3)

.
c = σc

(
A − ρ − rL∞

L
+ r

)
, (4)

.

L = r(L∞ − L), (5)

with the transversality condition

lim
t→∞

e−ρtc−1/σk = 0. (6)

3 Analytical solution

In this section, we provide a complete closed-form solution for the variables
appearing in the dynamic system (3) − (5).

Proposition 3.1. For all t, the time path of population, consumption per
effective worker and capital per effective worker are given by

L = L∞ − (L∞ − 1)e−rt, c = c0e
σ(A−ρ)tL−1, k = k0e

σ(A−ρ)tL−1, (7)

with

c0 = − [(σ − 1)A − σρ] k0, (σ − 1)A − σρ < 0.

Proof. As a function of time, Eq. (5) is a linear differential equation solved by
L = L∞ − (L∞ − 1)e−rt. Eq. (4) is instead a separable differential equation,
which can be integrated to give ln(c/c0) = σ [(A − ρ)t − ln L]. The statement
now follows taking exponentials on both sides. Finally, Eq. (3) is a linear
differential equation in k with time-dependent coefficients with solution

k = e

t�

0
(A− rL∞

L
+r)dt

⎛
⎝k0 − c0

t∫
0

eσ(A−ρ)tL−1e
−

t�

0
(A− rL∞

L
+r)dt

dt

⎞
⎠ . (8)

Replacing
t∫

0

(A − rL∞/L + r)]dt = At − ln L in Eq. (8) yields

k = eAtL−1

⎛
⎝k0 − c0

t∫
0

e[(σ−1)A−σρ]tdt

⎞
⎠ . (9)
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Next, using (6), we derive that

k0 = c0

∞∫
0

e[(σ−1)A−σρ]tdt. (10)

so that the parameter restriction (σ− 1)A−σρ < 0 must hold. Otherwise, we

would have the absurd k0 = +∞ being
∞∫
0

e[(σ−1)A−σρ]tdt = +∞. Solving the

integral in (10) yields k0 = −c0/ [(σ − 1)A − σρ]. Finally, using this result,
and evaluating the integral in (9), we get the result announced in (7).

Corollary 3.2. The long-run behavior of the model’s solution is as follows:

L∞ = lim
t→∞

L, lim
t→∞

(c, k) =
(
c0L

−1
∞ , k0L

−1
∞
)

if A = ρ,

lim
t→∞

(c, k) = (0, 0) if A < ρ, lim
t→∞

(c, k) = (+∞, +∞) if A > ρ.

Proof. From Proposition 3.1, we obtain c∞ = lim
t→∞

c = c0L
−1
∞ lim

t→∞
eσ(A−ρ)t, and

k∞ = lim
t→∞

k = k0L
−1
∞ lim

t→∞
eσ(A−ρ)t. The statement is now immediate.

4 Conclusions

We have considered a variation of Accinelli and Brida’s model [2], obtained
by assuming an AK technology instead of the neoclassical technology. Under
this hypothesis, we have shown that the model is able to generate transitional
dynamics, which is something that does not happen in the standard AK Ram-
sey model. Furthermore, we have determined the general form of the model’s
solution and investigated its long-run behavior.
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