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Abstract

In this paper we obtain the solution of an unified fractional Schrödinger
equation of quantum mechanics in one dimension by the application of
Sumudu transform. The solution is obtained in a compact and com-
putational form in term of the H-function. The result obtained here is
quite general in nature and capable of yielding a very large number of
results (new and known) hitherto scattered in the literature.
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1 Introduction

Fractional calculus and special functions have contributed a lot to the math-
ematical physics and its various branches. The great use of mathematical
physics in distinguished problems of quantum mechanics has attracted mathe-
maticians and physicists to pay more attention to available mathematical tools
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that can be widely used in solving several problems of quantum mechanics and
physics. Laskin [12-14] constructed space fractional quantum mechanics by us-
ing Feynman path integrals, the only difference being that Lévy distributions
are employed instead of Gaussians distributions for the set of possible paths.
The Schrödinger equation thus obtained contains fractional derivatives. Naber
[18] has investigated certain properties of time fractional Schrödinger equation
by writing the Schrödinger equation in terms of fractional derivatives as di-
mensionless objects. In a recent paper Saxena et al. [26] have obtained the
solution of a fractional Schrödinger equation of quantum mechanics in one di-
mension. Several authors notably Haubold et al. [9], Saxena et al. [23-25],
Henry and Wearne [10] and others have investigated the solutions of fractional
reaction diffusion equations. In the present paper, we obtain the solution of an
unified fractional Schrödinger equation occurring in quantum mechanics. The
result is derived in a closed-form by the application of Sumudu and Fourier
transforms. It provides an elegant extension of the results given earlier by
Saxena et al. [26] and Debnath [6].

2 Mathematical Prerequisites

The Riemann-Liouville fractional integral of order ν is defined by (Miller and
Ross [17] p.45)

0D
−ν

t N(x, t) =
1

Γ(ν)

∫ t

0

(t − u)ν−1 N(x, u)du, (1)

where Re(ν) > 0. The fractional derivative of order α > 0 is introduced by
Caputo [4], see also Kilbas et al. [11] in the following form

0D
α

t f(x, t) =
1

Γ(m − α)

∫ t

0

fm(x,τ)dτ

(t − τ)α+1−m , m − 1 < α ≤ m, Re(α) > 0, m ∈ N

=
∂m f(x, t)

∂ tm
, ifα = m (2)

where∂m f(x,t)
∂tm

is the m-th order partial derivative of f(x,t) with respect to t.
The Liouville fractional derivative of order α is defined in [22, Section 24.2] in
the form

∂α

∂xα
f(x, t) =

1

Γ(m − α)

(
∂

∂x

)m ∫ x

−∞

f(y, t)

(x − y)α−m+1 dy,(x ∈ R, α > 0, m = [α]+1)

(3)
where [α] is the integral part of α, α > 0. The operator defined by (3) is also
denoted by −∞Dα

x f(x, t). Its Fourier transform is given by ([16, p.59, A.11] and
also see Compte [5]).

F{−∞Dα
x f(x, t)} = − | k|α f ∗(k, t), (α > 0) (4)
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where f ∗(k, t) is the Fourier transform of f(x, t) with respect to the variable
x of f(x,t).
The Sumudu transform over the set of functions

A = {f(t)|∃M, τ1, τ2 > 0, | f(t)| < Me|t|/τj , if t ∈ (−1)j × [0,∞)}
is defined by

G(u) = S[f(t)] =
∫ ∞

0

f(ut)e−t dt, u ∈ ( − τ1, τ2) (5)

For further detail and properties of sumudu transform (see [1], [2] and [3]).
We will establish the following results which are directly applicable in the
solution of fractional Schrödinger equation

(i)S−1[uγ−1(1 − ωuβ)−δ] = tγ−1 Eδ
β,γ (ω tβ). (6)

The formula (6) can be easily established by expanding the binomial function
appearing in (6) and interpreting it with the help of the formula

S−1 [un : t] =
tn

Γ(n + 1)
. (7)

(ii)S−1

{
u−ρ

u−α + au−β + b

}
=

∞∑
r=0

(−a)r t(α−β)r+α−ρ Er+1
α,α+(α−β)r−ρ+1(−btα).

(8)
To find the inverse Sumudu transform of this function, we have

u−ρ

u−α + au−β + b
=

u−ρ+β

(u−α+β + buβ)
[
1 + a

u−α+β+buβ

]

=
∞∑

r=0

(−a)r u(α−β)r+α−ρ (1 + buα)−r−1. (9)

Now using result (6), it gives the desired result.
The Sumudu transform of the Caputo derivative is given by (see Belgacem

[2])

S[0D
α
t f(x, t); u] = u−α f̄(x, u) −

m−1∑
k=0

fk(x, 0)

uα−k
, (m − 1 < α ≤ m) (10)

3 Solution of unified fractional Schrödinger

equation

In this section, we will investigate the solution of the unified fractional Schrödinger
equation (11). The result is as follows:
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Theorem. Consider the unified one dimensional fractional Schrödinger equa-
tion of a free particle of mass m, defined by

∂αN
∂tα

+ η ∂βN
∂ tβ

=
(

ih
2m

)
∂γN
∂xγ ,

−∞ < x < ∞, t > 0, 0 < α ≤ 1, 0 < β ≤ 1, η ≥ 0, γ > 0,
(11)

N(x, 0) = N0(x), −∞ < x < ∞, (12)

N(x, t) → 0 as|x| → ∞, (13)

where ∂α

∂tα and ∂β

∂tβ are Caputo fractional derivatives and ∂γ

∂xγ is the Liouville
fractional derivative, N(x, t) is the wave function,

h = 2π h̄ = 6.625x10−27 erg s

= 4.14 x10−21 MeVs (14)

is the planck constant and N0(x) is an arbitrary function, then for the solution
of (11) under the given conditions (12) and (13), there holds the formula

N(x, t) =
1

2π

∫ ∞

−∞
N∗

0 (k)
∞∑

r=0

(−η)r t(α−β)r Er+1
α,(α−β)r+1(−a|k|γtα)

×e−ikxdk +
η

2π

∫ ∞

−∞
N∗

0 (k)tα−β
∞∑

r=0

(−η)r t(α−β)r

×Er+1
α,α+(α−β)r−β+1 (−a|k|γ tα) e−ikx dk, (15)

where a = ih
2m

and Eγ
α,β(z) is the generalized Mittag-Leffler function [21].

Proof. Applying the Sumudu transform with respect to the time variable t
and using the initial condition (12), we get

u−αN̄(x, u) − u−αN0(x) + η u−β N̄ (x, u) − η u−β N0(x) = a
∂γN̄(x, u)

∂xγ
, (16)

where a = ih
2m

. If we apply the Fourier transform with respect to space variable
x, it yields

u−αN̄∗(k, u) − u−αN∗
0 (k) + η u−βN̄∗(k, u) − η u−β N∗

0 (k) = − a|k|γN̄∗(k, u).
(17)

Solving for N̄∗(k, u),it gives

N̄∗(k, u) =
N∗

0 (k)u−α

u−α + η u−β + a|k|γ +
η N∗

0 (k)u−β

u−α + η u−β + a | k|γ . (18)

On taking the inverse Sumudu transform of (18) and applying the formula (8),
it is seen that

N∗(k, t) = N∗
0 (k)

∞∑
r=0

(−η)r t(α−β)r Er+1
α,(α−β)r+1(−a|k|γ tα)
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+ η N∗
0 (k)tα−β

∞∑
r=0

(−η)r t(α−β)r Er+1
α,α+(α−β)r−β+1 (−a|k|γtα). (19)

Finally, the required solution (15) is obtained by taking inverse Fourier trans-
form of (19).

4 Special Cases

If we set η = 0, then we arrive at the following result given by Saxena et al.
[26].
Corollary 1. Consider the following one dimensional fractional Schrödinger
equation of a free particle of mass m, defined by

∂αN

∂tα
=

(
ih

2m

)
∂γN

∂xγ
, −∞ < x < ∞, t > 0, 0 < α ≤ 1, γ > 0, (20)

N(x, 0) = N0(x), −∞ < x < ∞, (21)

N(x, t) → 0, as|x| → ∞, (22)

where ∂α

∂tα is the Caputo fractional derivative and ∂γ

∂xγ is the Liouville fractional
derivative, N(x,t) is the wave function, then the fundamental solution of (20),
under above conditions (21) and (22) is given by

N(x, t) =
1

2π

∫ ∞

−∞
N∗

0 (k)Eα,1(−a|k|γ tα) e−ikx dk

=
∫ ∞

−∞
G(x − ξ, t)N0(ξ) dξ, (23)

where the Green function G(x,t) is given by

G(x, t) =
1

γ | x| H
2,1

3,3

[ | x|
(atα)1/γ

∣∣∣∣∣(1, 1
γ ), (1, α

γ ), (1, 1
2)

(1,1),(1, 1
γ ), (1, 1

2)

]
, (γ > 0) (24)

where a = ih
2m

and H
2,1

3,3
(z) is the H-function for a detailed comprehensive ac-

count of the H-function, see [15].
Finally, if we take η = 0 and N0(x) = δ(x), where δ(x)is the Dirac-delta

function, we arrive at the following interesting result obtained by Saxena et
al. [26].
Corollary 2. Consider the following one dimensional fractional Schrödinger
equation of a free particle of mass m, defined by

∂αN

∂tα
=

(
ih

2m

)
∂γN

∂xγ
, −∞ < x < ∞, t > 0, 0 < α ≤ 1, γ > 0, (25)
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N(x, 0) = δ (x), −∞ < x < ∞, (26)

N(x, t) → 0, as|x| → ∞, (27)

where ∂α

∂tα is the Caputo fractional derivative and ∂γ

∂xγ is the Liouville fractional
derivative, N(x,t) is the wave function, then the fundamental solution of (25),
under above conditions (26) and (27) is given by

N(x, t) =
1

γ | x| H
2,1

3,3

[ | x|
(atα)1/γ

∣∣∣∣∣(1, 1
γ ), (1, α

γ ), (1, 1
2)

(1,1),(1, 1
γ ), (1, 1

2)

]
, (γ > 0) (28)

where a = ih
2m

.
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