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Abstract 
 

    The estimation of the disease incidents was previously analyzed using a classical 
approach. However, this approach features large outlying relative risks and 
considered as misleading due to several major problems. Some approaches such as 
the hierarchical Bayesian method have been adopted in the literature in order to 
overcome these problems. The purpose of this study is to compare between 
hierarchical Bayesian models that improve the relative risk estimation. The focus lies 
on examining the performance of different sets of densities via monitoring the history 
graphs, estimating the potential scale reduction factors and conducting sensitivity 
analysis for different choice of prior information. The best model fit is accomplished 
by conducting a goodness of fit test. The study is applied on Scotland lip cancer data 
set. The results show that for models with large number of parameters, more iteration 
is needed to achieve the convergence. The study also shows that diagnostic test and 
sensitivity analysis are important to decide about the stability and the the 
influence of the choice of the prior densities. The DIC results were in line with the 
previous results and provide a good method of comparison.  
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1. Introduction 
 
The Bayesian approach to statistical analysis provides a cohesive framework for 
combining complex data models and external knowledge. The advantages in using 
the Bayesian method justify the increased efforts in computations and prior 
determination [10]. The hierarchical Bayesian approach has become a standard in the 
epidemiology and public health literature, see [2, 18, 17, 1, 8]. This approach is called 
hierarchical because it uses multiple level of analysis in an iterative way. Unlike the 
conventional statistical inference, which derives the average estimates of the 
parameters, the hierarchical Bayesian modelling produces parameter estimates for 
each individual analysis unit by borrowing information from all analysis units, i.e. the 
customary Bayesian ‘borrow of strength’ effect. 

As many hierarchical Bayesian models used in the literature to investigate the 
relative risk estimation, we limit this study to investigate three types of hierarchical 
Bayesian models. These models were classified as follow. The interregional 
variability model (IVM) which includes the covariate effect and the interregional 
(local or non spatial) variability effect, the correlated variability model (CVM) that 
has the capability of incorporating the covariate effect and the effect of the risk in the 
adjacent counties (the spatial variability) and the global spatial model (GSM) that 
accommodates the covariate, interregional and the spatial effects. The three models 
were introduced in such away to produce stable, accurate and smooth relative risk 
estimation. 

In this study, the relative risk in each county assumed to depend on the adjacent 
neighbours [19, 13, 15]. The MCMC simulation was used to estimate the different 
sources that caused the relative risk variability in each county using the three 
Bayesian selected models. However, the selected models have different influence in 
the relative risk estimation. This usually depends on the choice of the prior densities, 
the number of iteration used in the simulation, the number of parameter in each 
model...etc. This study introduces different methods to compare between the selected 
hierarchical Bayesian models.    

 
 

2. Method 
 
2.1 Estimating relative risks using the IVM, CVM and GSM 
 
Several factors affecting the relative risks among the counties within the lattice grid 
lead to relative risk heterogeneity.  In this study, two main sources were identified as  
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the causes of this heterogeneity, the covariate effect which influences the occurrences 
of the disease in the different counties and the effect of the over-dispersion [5, 11, 20] 
between the counties. The over-dispersion was separated into two main effects, the 
interregional variability due to different environmental (local, natural, or built) 
factors, and the spatial variability which is due to the spatial autocorrelation among 
the different counties [14].  

The disease relative risk was estimated using the standardized mortality rates 
(SMR). In the presence of the previous factors, three hierarchical models IVM, CVM 
and GSM were used. Two stages were considered to build all the three models.  In the 
first stage, and since rare events were dealt with in building the hierarchical Bayesian 
models, the Poisson likelihood was specified for the observed disease incidents, given 
the vector of the disease relative risk. In the second stage, a set of prior densities for 
each model was selected over the space of the possible relative risk parameters and 
hyper-parameters to get a set of posterior means for the relative risks, given the 
observed disease incidences. The construction method for each model is elaborated as 
follow. 

For the IVM, CVM and GSM the SMR is defined as in the following equations 
respectively, 

    1 2ˆˆ i iX
i iSMR eβ β θψ + += = ,    (1) 

     1 2ˆˆ i iX
i iSMR eβ β φψ + += = ,    (2) 

    1 2ˆˆ i i iX
i iSMR eβ β θ φψ + + += = ,   (3) 

where iψ  is the relative risk parameter in region i  which estimated using the 

standardized mortality rate ( iRMS ˆ ), 1β  is the intercept term, 2β  is the coefficient for 
the covariate iX , iθ  is the random effect representing the interregional variability, 
and iφ  is the spatial variability random effect in counties i = 1,2,….,N.  

Prior densities were specified for each parameter in each model. As pointed out by 
Kelsall and Wakefield [9], care is needed when choosing the prior densities for the 
parameters of interest because the posterior densities of the parameters can be 
sensitive.  

In the IVM, the interregional variability iθ  was assumed as an independent 
gamma prior, conditional on the hyper-parameters 1α  and 2α . Without the constant 
term, the gamma prior density was proportional to the following:  

    21 1
1 2( , ) i

i if e α θαθ α α θ −−∝ ,   (4) 

where 21 αα  is the prior expectation for iθ , and 2
21 αα  is the prior variance. 

Without prior expectations about the direction and magnitude of the covariate effects  
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and conditional on known hyper-parameters, the intercept 1β  and the covariate 
coefficient 2β  are assumed to have vague but informative normal prior,  

    
2

1( ) 2
1( , ) a bf a b e ββ − −∝ ,    (5) 

    
2

2( ) 2
2( , ) r df r d e ββ − −∝ .    (6) 

where , ,a b r  and d  are fixed known values. The hyper-parameters 1α  and 2α  of the 
gamma density are also given priors 1( )ip Yα  and 2( )ip Yα . The priors selected was 
the exponential distribution with constant second order hyper-parameters c  and m  
for each 1α  and 2α , respectively, that is:  

     1
1( ) cf c e αα −∝ ,    (7) 

     2
2( ) mf m e αα −∝ .    (8) 

For the CVM , conditional on the hyper-parameter φτ  which controls the 
variability of iφ , the spatial variability iφ  was modelled as intrinsic conditional 
autoregressive (ICAR) model [7]. The most common density of this prior [12] 
has the joint distribution proportional to:  
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where 21φ φτ σ=  is the precision term, iii ωφφ ∑ −=  denotes the average of the 
neighbouring i−φ  that is adjacent to iφ , and iω  is the number of the adjacent 
counties. 

The vague flat prior distribution was used for the intercept term β1 to give the 
desired properties of the improper ICAR prior [6]. The covariate coefficient β2 
was assumed to have a normal prior distribution, as in Equation (6) with fixed 
hyper-parameters r  and d .  

The vague Gamma distribution was chosen as a prior density ( )ip Yφτ  for the 
hyper-parameter φτ  of the spatial variability iφ , with mean 1 2l l  and variance 

2
1 2l l . With no prior estimation for the precisions of the random effects, small 

values of l1, l2 were chosen to assume the large variance. The prior for precision 
hyper-parameter φτ  is proportional to the following density, 

   21 1
1 2( , ) llf l l e φτ

φ φτ τ −−∝  .              (10) 
 
 



 

Comparison on modelling the relative risk estimation                                          2667 
 

 
For the third model (the GSM), conditional on the precision hyper-parameter 

θτ , the interregional variability iθ  is assumed as a conjugate normal independent 
prior, that is: 

   2( ) exp( )
2 2i if θ θ

θ
τ τθ τ θ
π

= − ,   (11) 

where 21θ θτ σ=  is the precision term, which is the inverse of the interregional 
variance.   
Conditional on the hyper-parameter φτ , the spatial variability iφ  is modelled as the 
intrinsic conditional autoregressive (ICAR) model, where iφ  has a normal 
distribution as given in Equation (9). The prior densities for the fix parameters 1β   

and 2β  were represented as in the CVM. 
Priors ( )ip Yθτ  and ( )ip Yφτ  were chosen for the hyper-parameters, θτ  and φτ  of 

the interregional and spatial variability.  The vague Gamma distribution with mean 
1 2k k and variance 2

1 2k k  was chosen for θτ  as follow,  

   21 1
1 2( , ) kkf k k e θτ

θ θτ τ −−∝ .    (12) 
The gamma prior defined in Equation (10) was chosen for the spatial precision 

term φτ . Small values for 1 2 1, ,k k l  and 2l  were chosen to assume large variances, as 
there were no prior information for precisions of the random effects.                     

 
2.2 The simulation study 
 
The IVM simulation: no prior expectation about the intercept β1 and the covariate 
effects β2 were available, hence a large value was chosen for the fixed hyper-
parameters which represented the variances b  and d  of the prior normal densities of 
β1 and β2, respectively ( 100b d= = ). For the prior exponential density of the hyper-
parameters 1α  and 2α , small values for the second order hyper-parameters, 

0.01c m= = , were chosen to assume large variances, 21 c  and 21 m  for 1α  and 2α , 
respectively. Two thousand iterations, with the first 500 iterations discarded from 
each chain as pre-convergence burn in, were used to start the simulation. 

The CVM simulation: to carry out the posterior analysis, fixed values were 
selected in such a way that produces vague densities which can be used to obtain the 
posterior densities for the parameters. A large value was chosen for the variance 
(d=1000) of the prior normal distribution of the covariate term β2. With no prior 
estimation for the precision of the random effect term φτ , the fix values of 0.5 and 
0.0005 were chosen for the second order hyper-parameters of Gamma prior density l1, 
and l2, respectively.  
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Using the MCMC method, more iterations were expected to be needed in order to 

start the analysis, due to the spatial structure which has been included in the model. 
Hence, the simulation started with three thousand simulations from the posterior 
distribution with the first 500 iterations discarded from the results.  

 The GSM simulation: large value for the variance (d = 10000) was selected for 
the prior density of β2 to produce vague density, while vague but proper prior 
distributions Gamma (0.5, 0.05) and Gamma (0.5, 0.01) were adopted for the 
precision of the random effects θτ  and φτ , respectively. The analysis was started with 
three thousand simulations from the posterior distribution. 

 
2.3 Models evaluation  
 
To investigate the performance of the three models, the analysis was applied to the lip 
cancer data in 56 counties in Scotland over the period 1973 to 1980. The data 
included the name and the number of 56 districts in Scotland, the observed number of 
male lip cancer cases in each county Y , the number of male population n, a covariate 
X measuring the percentage of the county’s population engaged in agriculture, 
forestry, and fishing (AFF), and the position of each county expressed as a list of 
adjacent counties. This data had been originally analyzed by Clayton and Kaldor [4] 
and Breslow and Clayton [16].  

Since the lip cancer disease is a rare and non-contagious, the number of the 
observed incidents is assumed to be mutually independent, and to follow Poisson 
distribution. The sets of prior densities, in addition to the Poisson likelihood are used 
to obtain the joint posterior density and consequently the conditional posterior density 
for each parameter in each model.  

The convergence of the sampling process used to estimate the parameters was 
assessed by monitoring the trace plots of the parameters. To achieve the convergence 
two parallel chains were used for each model to ensure a complete coverage of the 
sample space. Suitable number of iteration was also used after taking into 
consideration the number and the expression of the parameters, the sample size and 
the conjugacy of the prior information for each model.   

Convergence diagnostic was also applied by estimating the potential scale 
reduction factor R

)
 for each parameter of interest [22]. The unity value of R

)
 

indicates that the convergence is reached; otherwise the simulation can be 
continuously run by increasing the number of iteration per chain. 

The precision of the prior information was assessed using sensitivity analysis for 
each model. The sensitivity analysis was conducted in order to first, investigate the 
influence of the choice of the prior densities in estimating the relative risk, and 
second, to investigate whether the results in the analysis remained essentially 
unchanged in the presence of different prior information.  

Once the models performance was assessed, the study made use of the 
development of the MCMC methods, which had made it possible to fit and compare  
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increasingly large classes of models [23]. We used the deviance information criterion 
(DIC), which was introduced by Spiegelhater et al. [3] to compare between the 
hierarchical Bayesian models. The DIC is represented by the following equation;  

 
   2 ( )DDIC D p D D= + = − Θ ,    (13) 
 

where D  is the posterior expectation of the deviance, Dp is the effective number of 
parameters and ( )D Θ  is the deviance evaluated at the posterior expectation. As with 
all penalized likelihood criteria, the DIC consists of two terms; one represents the 
goodness of fit, while the other, a penalty for increasing the complexity of the model. 
One of the main reasons, which encouraged the use of this method in making a 
comparison between the proposed Bayesian models, is that, besides its generality, it 
may readily be calculated in the MCMC process.   

 
 
 

3.  Results and Discussion 
 
 
The convergence of the MCMC simulation to the posterior distributions for the 
selected parameters was observed using the WinBUGS software. Two parallel 
sampling chains with two different sets of initial values for each model were used. 
Figures (1), (2) and (3) illustrate the history graphs for selected posterior means of the 
SMR and selected parameters for the IVM, CVM and GSM, respectively.  
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(a)                       (b) 
 
 
Figure 1. History graphs for selected a) posterior means of the SMR and b) posterior 
parameters using the IVM. 
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(a)                        (b) 

 
Figure 2. History graphs for selected a) posterior means of the SMR and b) posterior 
parameters using the CVM. 

 
The history graphs in Figure (1) show the output from the two parallel Gibbs 

sampling chains using the IVM. Figure (1a) indicates that the posterior means of the 
estimated SMR have converged well at 1000 and 2000 iterations, respectively; while 
Figure (1b) shows that the posterior means for some parameters such as 1α  are not 
achieved at 2000 iterations. 

By monitoring the convergence in the trace plots of the CVM, the primary results 
observed from the history graphs in Figures (2a) and (2b) showed that the 
convergence had been reached for all the parameters. However, the trace plots of the 
parameters in the GSM show that the convergence has not been reached for some  
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parameters with less than six thousand iterations. This is due to the large number of 
parameters in the model. Thus, three thousand more iterations have been updated. 
The history graphs for the selected posterior means of the SMR and selected 
parameters are displayed in Figures (3a) and (3b), respectively. 

 

                     
(a)                (b) 
Figure 3. History graphs for selected a) posterior means of the SMR and b) posterior 
parameters using the GSM. 
 

To confirm that the convergence of all the parameters had been achieved, the 
potential scale reduction factor R

)
 was estimated for each parameter of interest. In the 

IVM, This factor showed that the convergence had not been achieved for some 
parameters by using only 2000 iterations, i.e. the value of R

)
 is not equal to one. This 

was depicted in Figures (4a) and (4b) which show the overlap of the two chains, R
)
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values and the posterior inferences for each estimator using the IVM. Figures (4a) 
and (4b) depict the output from 1000 and 2000 MCMC simulations, respectively. The 
results in these two figures show obvious results of non-convergence for some 
parameters than that obtained by the history graphs (Figure 1). Another 1000 
iterations were carried out in order to achieve the convergence. Using a total of 3000 
iterations indicated that the potential scale reduction factor was between 1 and 1.1 for 
all the parameters as displayed in Figure (4c).  From the figure, the R

)
 values confirm 

that the convergence has been achieved for all the parameters.   
 
 
 
 
 
 

      
                                 (a)                                                             (b) 
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(c) 

Figure 4. Inference for the IVM including the R
)

 Estimation from a) 1000 b) 2000 
and c) 3000 MCMC simulations. 
 

 
 
Figure 5. Inference for the CVM including the R

)
 estimation from 3000 MCMC 

simulations. 
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Figure 6. Inference for the GSM including the R
)

 estimation from 6000 MCMC 
simulation. 

 
The potential scale reduction factor R

)
 was re-estimated for the parameters using 

3000 MCMC simulation for CVM and 6000 MCMC simulations for GSM. It was 
found that the convergence had been achieved for all the parameters. Figures (5) and 
(6) show that R

)
 values are equal to the unity value, suggesting that the models 

converge well after several thousand iterations. This result indicated a good 
agreement with the history graphs results (Figures 2 and 3 for CVM and GSM, 
respectively) and show that no more iterations are needed. 

The sensitivity analysis was carried out by conducting several trials to different 
choices of fixed values for the hyper-parameters , ,a b r  and d , and the second order 
hyper-parameters c  and m in the IVM. The MCMC simulation was carried out for 
each trial, and the samples of the posteriors were summarized. Later, these samples 
were checked to find out whether they had imposed a practical impact on the 
interpretations or decisions made. All the trials gave almost identical results to the 
results shown in Figure (7). The figure displays the relative risk estimation for the 56 
counties of Scotland. Overall, the mean of the relative risk is 1.45, while the standard 
deviation is 0.91.   

Another sensitivity analysis was conducted using different prior information in 
CVM. The posterior quantities of interest were recomputed by specifying vague but 
proper prior distributions, Normal (0, 100) and Gamma (0.5, 0.05) for the covariate 
and the precision parameters, respectively; followed by other trials with different sets  
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of fixed values for both priors. The output in all the trial remained almost the same 
for all the parameters, indicating the robustness of the results with different choices of 
prior information. The overall mean of the relative risk using the CVM is 1.43, as 
shown in the box plot of the estimated SMR in Figure (8).  The standard deviation 
has also been reduced to 1.06, as compared to the results derived from the IVM. 
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Figure 7. Box plots of the IVM posterior estimation  of the SMR 

for Scotland counties. 
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Figure 8. Box plots of the CVM posterior estimation of SMR for Scotland counties. 
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Figure 9. Box plots of the GSM posterior estimation of the SMR 

for Scotland counties. 
 
 
In the GSM the sensitivity analysis indicates that the prior distributions gave 

almost identical results, suggesting that the results are robust to changes in prior 
information. The GSM was found to produce shrinkage in the estimation of the 
posterior relative risk towards the overall mean (1.456), as shown in Figure (9). The 
standard deviation of the different trials of the relative risk estimation showed the 
smallest value (0.89) among the Bayesian models. This confirms that the prior used 
for this model are more robust and accurate comparing with the other two models. 

The DIC was obtained to compare between the models. The selection was done 
based on the DIC values computed for each model, using the MCMC method.  Model 
with a smaller DIC indicates a better fitting model. Table (1) lists the deviance 
summaries for each model, the posterior mean of the deviance, D , the deviance 
evaluated at the posterior mean of the parameters, ( )D Θ , the effective number of the 
parameters Dp  and the DIC. The smaller values of D  and ( )D Θ  showed that models 
with spatial random effect (CVM and GSM) have a better average fit to data than the 
model with the interregional variability (IVM).  The results also show that the best 
fitting is achieved when the full model (GSM) is used due to its small D  and ( )D Θ  
values. This particular model also has a smaller DIC value (306.692) and extra 
effective parameter, Dp = 33.846.  As a result, it is suggested that this is the most 
robust and appropriate model to be used. 
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Table 1. Deviance summaries for the hierarchical Bayesian models. 
 

   Model             D            ( )D Θ            Dp             DIC 
     IVM         320.330    293.839    26.491     346.821     
    CVM         284.772   257.453     27.319     312.091 
    GSM          272.846   238.999  33.846    306.692    

 
 

4. Conclusion 
 
The work in this paper had primarily been concerned with producing stable 
estimation for the relative risk associated with the spread of the disease in spatially 
arranged regions. The purpose is to provide different methods to assess the 
performance of the hierarchical Bayesian models IVM, CVM and GSM. These 
models investigate the covariate and over-dispersion effects that might affect the 
relative risk estimation. The study was carried out to choose the most appropriate 
model which could fit the data well. 

The Poisson likelihood and different sets of the prior densities were used to obtain 
the joint posterior density, followed by the conditional posterior density for each 
parameter. The study discussed the results of fitting these models to the Scotland lip 
cancer data. An MCMC simulation was conducted using two chains with selected 
initial values and specific number of iterations for each model. Burn-in periods were 
also used to confirm a stationary convergence which is independent of the initial 
parameter values for each model.  

The convergences were assessed for each model by monitoring the trace plots 
which summarized in history graphs for all the parameters of interest. Meanwhile, the 
results from the potential reduction factor R

)
 show more obvious results of non-

convergence for some parameters than that obtained by the history graphs in IVM. 
This indicates the important of applying diagnostic test to examine the convergence. 
Increasing the number of iteration in the IVM and in the subsequent models showed 
that the R

)
 values vary between 1 and 1.1 indicating that the convergence was 

achieved. 
A sensitivity analysis was also conducted in order to study the influence of the 

choice of the prior densities. This analysis investigated the adequacy of the different 
prior information used in each hierarchical model. The results show that the GSM 
provide more adequate prior densities compared to the IVM and CVM. This was also 
confirmed when adopting the DIC to compare between the nested models. The DIC 
results showed that the GSM had smaller value and extra effective parameters. This  
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suggested that the GSM could perform well as compared to the other hierarchical 
models. This result also indicates a good agreement with the results obtained by 
Banerjee et al. [21]. The present study show that within the Bayesian approach the 
different methods used to demonstrate the models provide good compromise between 
satisfactory and appropriateness for the data of interest. The model with sufficient 
characteristics will improve the relative risk estimation and help the researcher to 
plan and evaluate strategies used to prevent illness. 
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