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Abstract. In this paper we first introduce weighted vector-valued Bergman spaces c/l; 1 (A+) of

the upper half-plane. We then discuss their basic properties and prove a Carleson type Theorem
for these spaces. Finally, we characterize boundedness of weighted composition operators on
weighted vector-valued Bergman spaces.
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1.

Introduction

Let G be a non-empty set, X a topological vector space, F(G,X) a topological vector space of
functions from G to X with point-wise vector space operations and ¢ : G — G be a function



2050 S. D. Sharma, A. K. Sharma and Z. Abbas

such that fog € F(G, X) for all f € F(G,X). Then the linear transformation  C, : F(G,X) —
F(G,X) defined as C,(f) = foe forall f € F(G,X), is called a composition transformation
induced by ¢, on the space F(G,X). If C, is continuous, then it is called a composition
operator or substitution operator, induced by ¢, on the space F(G , X). Further if 1:G — C be
such that Y(fop) € F(G,X) for all f € F(G,X), then the linear transformation W, ,, :
F(G,X) —» F(G,X) defined as Wy, (f) = Y(foe) is called a weighted composition
transformation induced by ¢ and 1, on the space F(G,X). If W,,,, is continuous, then W,
is called a weighted composition operator induced by ¢ and . Ifp =1, then W, = C,
and if @(x) = x, then W,,,, is called multiplication operator or transformation (depending
upon whether it is continuous or not) and is denoted by My, . For more about composition
operators we refer to [1] and [13].

As a consequence of the Littlewood Subordination principle it is known that every analytic
self-map ¢ of the open unit disk D induces a bounded composition operator on Hardy and
weighted Bergman spaces of the open unit disk D (see [1]). However, if we move to Hardy and
weighted Bergman spaces of the upper half-plane A* = {(x,y) : x,y € R,y > 0} the situation
is entirely different. There do exist analytic self-maps of the upper half-plane, which do not
induce composition operators on the Hardy spaces and weighted Bergman spaces of the upper
half-plane. Interesting work on composition operators on Hardy spaces of the upper half-plane
have been done by Singh [10], Singh and Sharma [11], [12], Sharma [17] , Matache [6], [7] and
Sharma, Sharma and Shabir [18] and [19]. In this paper, we characterize weighted composition
operators on weighted vector-valued Bergman spaces of the upper half-plane.

Recently several authors have studied weighted composition operators on different spaces of
analytic functions. (see for example [2], [3], [4], [S], [8], [9], [11], [14], [15] and references there
in for more details).

The plan of the rest of the paper is as follows. In the next section we introduce weighted vector-
valued Bergman spaces of the upper half-plane. Section 3 is devoted to Carleson type Theorem
of the weighted vector-valued Bergman spaces of the upper half-plane. The fourth section deals
with the boundedness of weighted composition operators on the weighted vector-valued
Bergman spaces of the upper half-plane.

2. Weighted vector—valued Bergman spaces of the upper half-plane

In this section, weighted vector-valued Bergman spaces c/lg' A(A+) of the upper half-plane are
introduced and their basic properties are discussed.

Let (X, ||.|lx) be a complex Banach space and f: A* — X be a map. Then f is said to be
analytic if x*of : A¥ — C is analytic for every x* € X*, where X* is the dual space of X. Let
0 <p<ow and A€ (—1,0). Then L;(A'ﬂ d,u,l) denotes the collection of all Bochner
p —integrable functions f : A* — X for which

1,
12 = [ [ ] <
A+
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where
duy(z) = %(/1 + 1)(2 Im(z))ldﬁ(z); d9(z) = dxdy; z = x + iy.
We denote
A ,(AT) = {fI| f € LY (AT, du;) and f is analytic }.
We call Jl;A(AJr) as weighted vector-valued Bergman space of the upper half-plane A™. If
A =0, then JZ; 1 (A+) is same as Ay (A+), the vector-valued Bergman space of the upper half-

plane A*.
Forr € (0,1) and z = (x,y) € A", we define
S(z,ry) = {a) €A lw—2z| < ry}.
If there exist constants c;and ¢, such that ac; < b < ac,, then we write a = b.
Lemma2l. Let 0<p <o,-I<A <o, z=(x,y) € AT. Then

c AN,
p < b,
”f(Z)”X —_ ZA(A+1)y}’+2‘

forall f € o‘l;/l(/ﬁ).
Proof: Since z — ||f(2)||} is sub-harmonic for every analytic function f and p > 0, by the
area sub-mean value property , we have

F@IL < j F (@) d9(w)

S(z,ry)

1
= == | @I o)

S(z,ry)
Since Im(w) =~ Im(z) for w € S(z,1y), we can find a positive constant ¢ such that

1
9 (S (z, ry))

c
DI = s | W@ du)
S(zry)
cIIIFIE,
24+ D)rz yr+z”
Letting 7 — 1, we obtain the desired inequality. ]

Lemma 2.1 and the Montel theorem suggest that u‘l; 1 (A+) is an F-space when p € (0,1) and a

Banach space when p € [1,0). If (X,]||.||lx) = (E,(.,.)g) is a separable Hilbert space and
p = 2, then Jlgﬂ(AJr) becomes a Hilbert space under the following definition of the inner

product ((.,.));  f,g € AL, (A"),

(g = f (), 9(D)e iz (@)
A+

When X = C, then we drop X from the notation and write simply Jlﬁ' (A+) for c/l)p(‘ 1 (A+) and
l-llpa for [l 11p,2-
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For each z € A” and a € E, we define the evaluation mapping AZ : u‘lﬁ_A(AJr) — C as
AZ(f) = (f(2),a) for every f € A%,(AY). By Lemma 2.1, Af € (A%,(AY)) . Hence
Jlf;l,l(AJ“) is a vector-valued functional Hilbert space. Thus there exists a unique function
K{(z,.) € A%,(A") such that

(f(2),a) = AZ7() = (f, Ki(z.)))
forevery f € o‘l%l 2 (A+). The function K{(z,.) is called vector-valued Bergman kernel.
For any positive integer 7, let

5 (2) = 2M2T(n+ 2+ 2) (z—i)"( i )’“2

i) = n T2+ z+i) \z+i ’
z=(x,y) € A*. Here, I'(s) stands for the usual gamma function, which is analytic function of
‘s’ in the whole complex plane, except for the simple poles at the points {0, —1,—2,—3, ... }. The

family {S,,:n = 1} is an orthonormal basis for AZ (A+). One can also show that if {e,;:n > 1}
is an orthonormal basis for, then the family {Sm,n: mn = 1}, where

S () = 2M2I(n+ 2+ 1) (z—i)”( i )“2
marZ) = n!' T2+ A1) z+i) \z+i Cms
forms an orthonormal basis for JZ,ZS_ 1 (A+). When A =0 and E = C, they are just the images

ofvn+1z"in o‘ZZ(A+) under the Cayley’s transform.
In the next theorem we obtain a representation for K{*(z,.).
Theorem 2.2:  For z=(x,y) €AY and a €E , Kj(z,.) is given by K'(z,w) =

it*2 a 2 llallf
m a, Moreover, |”K/1 (Z")lllz,/'l (2y)l+2'
Proof: By Theorem 3.2 in [16], we have

Ki(z,w)

- Z Z Z(a, ejXej, Smn(W))Smn(2)
j n m
- Z Z Zk:!rg(l;f/; 2 (w 5_1321):2_2 ((Zi)i+i2))l+2 (2 1_ i) (Z - ) (a, ej)Z(ej, em) em

(=)AM2 (D)A+2 ()2 Fm+2+21) [(@+i)(z—1i)
Z @ — Z [(5 +)(z— i)l (@)

D2 (z + i)A+2 n!' 2+ 21)
Z )/1+2 (l)l+2 (2)A+2 (a’ 3]) ej
(@ — )2 (z + D)2 [ | @+DE- i)]“z
(w=i)(z+1)
A+2

l

i
= WZQL,EJ)EJ- = ma.
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Also,
|”K,1a(zl)”|§,ﬂ = <(K/{1(ZJ)IKACL(ZJ)>) = (K/{I(Z’Z) la>
o i __llalf
o = e
where y = Im(z2).
[

Corollary 2.3: For z = (x,y) € A", we have
(Zy)l+2
f z—opoms @) =1

Proof: For z= (x,y) € A",

f et @) = | Gy et )

At -

= (2”2'1 | G gy e @

J
_ % [k, K8 b s

i

_ % IKE G I,

=1 [ |

Proposition 2.4 : Forz = (x,y) € A* and w € S(z,ry), we have
1Ky (z, w)llg = Ve llallg-
Proof: For z=(x,y) € A" and o = (t,u) € A",
llallg
K3 (z, w)llg Z—al?
llallg

A+2
[((x =)+ (y+w?] 2
¢ llallg
— W.
Againifo € S(z,ry),then Im(z) = Im(w),so |z— @|?> < c'y?. Therefore,

llallg clally ., 1
Ik (z, )l = — > c'=—.
’ |z — @] A+2 yA+z Ve

Thus

c'llallg ¢ llallg
BYN < IKi Gz, o)l < BN

Hence
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K3 (z, w)llg
~ W”a”E' u

We next show that K}*(z, w) belong to u‘lg’k( AY) forall 1<p <.
Proposition 25: For1<p <o, —-1<21 <o, z=(x,y) €At and a €E, Kj(z,.) €

Ap (4.
Proof: We know that for x,y €R, y >0
1 y
Plx,t)= - ————
o0 = g (x — )% + y?
is the Poisson kernel for AT and hence
—dt =1
f (x —t)? + y?
If z=(x,y) €A" and o = (t, u)e A", then
[ kg )l diy @)
A
1
_ p
= lal} | | (= @)
224 + D]lall? 1
T — |(x ;.'V) - (tl _u)lp(l+2)
2’1(/1+ Dllall® 1 u? y+u
- f f W2p_; y+u (x—t)2+(y+u)2dtdu
| (x )2+ (y +u)?] 2
zﬂ A+1 p 1 +
( )||a|| f o y +u e
L (¥ +w)A+2p-1 (x—1t)2+ @ +uw?
)L 0
1 y+u
< 24 p -
< 2*(A + Dllallf & @D (n Gt Ot u? dt> du
0 A
u
Y P
= 2*(1+ 1)||a||EJ; & @D du

* 1
— 21 14
= 2 (/1+1)”a”5f mdu < o,

ifp > 1. Also, since w — K{(z,w) is analytic, we have Kj'(z,.) € Ek( A )for1<p<
0,
Proposition 2.6: For1<p <w,-1<1 <, z=(x,y) € A", there is a constant C, ,

f uVP Kz, 0)llgdpa (@) < Cpallallzy 2/
A+
Proof:

] w o IR (2, )l sdia (@)
A+
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y 1
= |lallg L P mdua(w)

_ 22+ Dllallg fw f@ ut'p
=[x -2+ +w?z

0 u/l—l/p 1
< 21(,1+1)||a||Ef v du
0 [(y+u) LA
~1/p
2/1().4' 1)”61”5 f W du

22(1 + Dllal| f”l/
E 0o YyTu

-1, f (u/y) K
(1 + “/y)

220+ Dllalls y Y j —dv E=v)

IA

IA

du

2*(A+ Dllallzy

Since

w1/
v p
f dv < o,
o 1+v

it follows that
0 U_l/p
2"A+1) | — dv
o 1+v

is constant depending upon A and p and hence

f wVP ||Kf (2, 0)llpdia (@) < Cpallallsy ™/
A+
for some constant Cp, ;

Proposition 2.7 : Let 1<p <o, —-1< 1 <wand z = (x,y) € A*. Then
p . _ -
K2 GO 2 = iy
Proof: We have,
kgL, = [ IKEG o)l di@)
A

v

f IKE (2, o) 1P dpty ()
S(z,ry)

22 + D||all? 1 \?
s KOOIl [ (LY o
S(z,ry) y

TT

e dtdu (w = (t, u))

2055
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224+ Dllallt 1

> - P2 19(5(2, ry))
B r224(A + Dllall} 1
- T y@-1D@+2)

1 r22*A+D)lall}

= (, M= erY where C, = —
for z= (x,y)and w = (t,u)in A*. We have again,
22+ Dllall® * ® u?
KLz, ONIE, = - f f o dtdu
O T x -2+ (y+w?] 2
o0 A
u
< 2'(A+ 1)||a||§ f 7l du
o (+wptD=2 y 4y
® 1
2 P
< 20+ Dlallg fo (y + u) P~ DA+2)+1 du
_ y) P
_ 1 _ 2*@+D)llallz
= G Spmnoeny Where G =700y
Thus,
Kz, DI 5
1

¥ ye-Da+D) -

3. Carleson-type Theorem

In this section, we establish Carleson-type theorem for weighted vector-valued Bergman spaces
of the upper half-plane. This theorem will be used as an effective tool to characterize
boundedness of weighted composition operators on these spaces.

Theorem 3.1: Let0 < r <1,1 < p< o and u be a positive Borel measure on A*. Then
the following are equivalent:

(1) There is a constant C <o so that for all z=(x,y) € A", we have
u(S(z,ry)) <cCy**2
(i1) There is a constant C; < oo such that

[ Ir@ dutd < ¢ | MF@IE duao),
A A

forevery f € AZ’A(AJr).
(111) There is a constant €, < oo such that
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+

G-apl W=y
A
Proof: (i) = (ii). Let {z,},ey be a sequence as choosen in the Lemma 3.1 in [18]. Then

[l ae < Y[ il du

n=1 S(Znryn)

0

< D sup{If @I : @ € Sy} (S Ty))
n=1
4 N M(S(Zn'ryn)) 1%
< C — d
< Z ) @I )
sce Y [ @I duw

n=1 S(zn,31yn)

< com [ IF@IE din@)
A
=G [ IF@I (@)
A

(ii) = (iii). Let
) 2(A+2)
i P
flw) = a(z—@)
Then f € A A(A"') and
2(A+2)
If (Il = llallf p——
Therefore, forz= (x,y)andw = (t,u) in A", we have
1 2042
—f/\*' zZ— a_) du(w)
< 1ol f IF @I diaa (@)
21(/1 +1) 1
-2 “c Adtd
no f f [ - 02 + (v +we]a &
* 1 1 y+u
< 24 1 I A
< A+ )leo (y+u)2'1+2+1lnf_w(x—t)2+(y+u)2dt utdu
* 1
A

y

1
= G, i where C, = 2*(1+ 1)C,.

(iii) = (i) Suppose that (iii) holds. Then be Lemma 2.4, we have
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[ kg dut) = | kg @) duw)
At S(z, ry)
C llallz
= 22 w(Sz.my)
for some constant C > 0. Thus,
, 2
C y)l+2 , 1
u(S(z,ry)) %f IKf (z, )% du (w) [ C =7z ]
g 2(1+2)
A+2] f |_ du(w)
< cab T on
Cy , where
C= C'C, ]

A positive Borel measure u is called a A — Carleson measure if it satisfies any one of the three
equivalent conditions in Theorem 3.1.

4. Weighted composition operators on cflgi(A*)

This section is devoted to characterize boundedness of weighted composition operators on
weighted Bergman spaces of the upper half-plane.

Theorem 4.1. Suppose that 1 <p < o, —1 <A1 < o, and let ¢ and Y: A* —>C be analytic
maps on At such that p( A*) cA™.

Then the following are equivalent :

(i) YC, is a bounded on c/lpl(/lJ’)
(ii) The pull — back measure Gy, = pyrp O @ tof Uypap inducedby @ isa
A —Carleson measure. Here diiy 5, = P[P du,.
yA+2

. +
lemz)dm(a}) P ZE AT < 0

CH T J e

Proof : (i) < (ii). By definition ¥ C, is abounded on cﬂg'A(A-l-) if and only if thereis a
positive constant C,, such that forany f € AP A(A+)

e )OI, < GlIFIG

which is same as
|, wePr i@ du
< GlIfIE,. )
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Let duya,(2) = |9Y(@)|Pdus(z) and let 9y, = pyrp 0@ " be the pull — back
measure of uy, 1, induced by @. If we change variable w = ¢(z) , then we get,

] W@ If (@@)IE duy(z) = ] IF (QEDIE dityp(2) = ] IF@)IE dyp ()
Thll\ls (4.1) is equivalent to * *

fA @I dyap(@) < GIFIE,.

That is, Jyap = Uypap O @' is a A —Carleson measure on A*. Hence (i) and (ii) are
equivalent.
(ii) & (iii). By Theorem 3.1, ¥y = Uy 0 @~1 isa A —Carleson measure is equivalent to
yA+2 N
sup J- mdﬁwim (w) : ze A < oo,
A

Changing the variable, we get

A+2

y
Fjaen WHa (@)« z€ AP <

lp(w) -
Thus (i1) and (111) are equivalent.
U

Corollary 4.2: Let 1<p < o and —1 <1 <o and ¢ be an analytic self map of A* .
Then boundedness of the composition operator Cy, on c/lg 2(AT) , induced by ¢, is independent

sup f (@)l
A+

of the index p,; that is, @ simultaneously induces bounded composition operators on all
Ajp 5 (A1).
Corollary 4.3. Let 1 <p < © and —1 < A < o0 and ¢ be a bounded analytic self map of A*
and P: A* —C be an analytic map on A* such that P & Ay (A*). Then the operators PC,
Jinduced by ¢ and 1, is not bounded on Jlgl(/ﬁ).
Proof: Fix 0 <r < 1.Choose zy = x; + iy, € A",k =1,23....,nsuch that

n

p(A*) c U S (i, ryi)
k=1

for some fixed r € (0, 1) , which is possible because ¢ is bounded.

Now ,
n n
-1 — -1 — +
Uerszemo =0 (Usm,ryk)) = A%
k=1 k=1

n
Ml,b,l,p( fP_l(S(Zk,TYk)) = pyrp(AT)
K

=1

Thus,
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= I Aty
A+

j (@ IPdus(2)
A+

= (D‘
That is,
P ap (QD_l(S(Zk'T}’k))) =
for some k. Hence C(p 1S not bounded.
]

As an application of the above result we have

Corollary 44. Let 1<p < o and —1< A1 <o and ¢ be a bounded , analytic self
mapping of AT. Then ¢ does not induce a bounded composition operator on any of the spaces
Ajp 5 (A7).

Proof: Since 1 ¢ o‘lf{(/\*') for 1<p < o and —1 < A1 < oo, the proof follows from the

above result by taking Y = 1.
U
Corollary 45. Let 1<p < © and —1 <1 < and let
@) = az+b
P Tt d
where a, b, ¢, d are real numbers and ad - bc > 0. Let {: AT —C be an analytic map on

AT such that YC,, is bounded on AZ’A ( A%). Theneitherc =0or P €A, (AY).
Proof: 4C, isbounded on c/‘lg,x ( A+) . So by corollary 4.3 either ¢(z) is not bounded or
(VS Jlf ( A+). Hence eitherc = 0ory € cﬂf( A+).
|

Corollary 4.6: Let

az+b
() = cz+d

where a, b, ¢, darereal numbers and ad - bc > (. Then necessary and sufficient condition for
C, to be bounded on u‘lg/1 ( AY)isthat ¢ = 0.

Corollary 4.7. Let ¢ and y: A* —C be analytic maps on A* such that p(AT) c A*. Let

the weighted composition operator YC,, is bounded on the o‘lg' 3 (A . Then

A+2
sup{< m(z) ) MOLE zeﬁ} <w.

Im(p(2))
Proof: Let ¥C, be bounded on the c/‘lf;’x ( A+). Then by Theorem 4.1, we have

sup{By(IYIP)(2) : z € A™}

yAt2
= sup {fM [Y(w)|P (@) — 27D du;(w) :z€ A+} < oo

In particular,
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(Im(p(a))MZ

o @) 1z € AT} < o

sup [ | wr

By the subharmonicity of the function

lp(@) = 9]

[Y(w)|?
lp(w) — p(a)]

2(1+2)

we get,

f|¢(w)|p (Imfp(a))hz
A+

2(A+2) duz (@)

lp(@) = 9]

A+2
I
(m<P(0£)) o ity (@)

> [ wr
S(a, rim(a)) |(p(w) - (p(a)|

(Im(p(a))/1+2
(Im<p (a))z(/1+2)

> c(m(@) P p@lP

A+2
= C(ImL))m lp(a)|P. 0

(I me (a))

Corollary 4.8. Let :A*—C be an analytic map on A* . Then the operator My, is bounded
"qg,a( AY) ifand only if sup{|yY(z)| : z € AT} < 0.

Corollary 4.9. Suppose @(z) = az + b, where a, b are real numbers , and Y: AT —>C be an
analytic map on A* such that My, is bounded. Then )C,, is bounded.

Proof: Using 4.6, we have,

e )DL, = [ W@PIr @I a9 @)
At
<w [Ifo@Iy ds; @)
At

< MPM, f 1F @) d9, (2)

/1+
= M,IIIFIIE,,
where
su
M= p

= @I <o, My = MPM,, 0
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