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Abstract. In this paper we first introduce weighted vector-valued Bergman spaces  ࣛ௑,ఒ

௣ ൫Λା൯ of 
the upper half-plane. We then discuss their basic properties and prove a Carleson type Theorem 
for these spaces. Finally, we characterize boundedness of weighted composition operators on 
weighted vector-valued Bergman spaces. 
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1.  Introduction 
 
Let  ܩ be a  non-empty set, ܺ  a topological vector space, ܨሺܩ, ܺሻ  a topological vector space of 
functions from ܩ to X with point-wise vector space operations  and ߮ ׷ ܩ ื   be a function ܩ
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such that ݂ο߮ א ,ܩሺܨ ܺሻ for all ݂ א ,ܩሺܨ ܺሻ. Then the linear transformation    ܥఝ ׷ ,ܩሺܨ ܺሻ  ื
, ܩሺܨ ܺሻ defined as ܥఝሺ݂ሻ ൌ  ݂ο߮  for all ݂ א ,ܩሺܨ ܺሻ, is called a composition transformation 
induced by ߮, on the space ܨሺܩ , ܺሻ. If  ܥఝ  is continuous, then it is called a composition 
operator or  substitution operator, induced by ߮, on the space ܨሺܩ , ܺሻ. Further if  ߰: ܩ ื ԧ  be 
such that  ߰ሺ݂ο߮ሻ א ,ܩሺܨ ܺሻ for all ݂ א ,ܩሺܨ ܺሻ, then the linear transformation  ఝܹ,ట ׷
,ܩሺܨ ܺሻ  ื , ܩሺܨ ܺሻ     defined as ఝܹ,టሺ݂ሻ  ൌ  ߰ሺ݂ο߮ሻ  is called a  weighted composition 
transformation induced by ߮  and   ߰, on the space ܨሺܩ, ܺሻ. If ఝܹ,ట   is continuous, then ఝܹ,ట   
is called a   weighted composition operator  induced by ߮  and   ߰.  If ߰ ൌ 1 , then ఝܹ,ట ൌ   ఝܥ 
and if ߮ሺݔሻ ൌ  then ఝܹ,ట  is called  multiplication  operator or transformation (depending ,ݔ
upon whether it is continuous or not)  and is denoted by ܯట .  For more about composition 
operators we refer to [1] and [13]. 
  As a consequence of the Littlewood Subordination principle  it is known that every analytic 
self-map  ߮  of the open unit disk ॰ induces a bounded composition operator on Hardy and 
weighted Bergman spaces of the open unit disk ॰ (see [1]). However, if we move to Hardy and 
weighted Bergman spaces of the upper half-plane  Λା  ൌ  ሼሺݔ, ሻݕ ׷ ,ݔ ݕ א Թ , ݕ ൐ 0ሽ the situation 
is entirely different. There do exist analytic self-maps of the upper half-plane, which do not 
induce composition operators on the Hardy spaces and  weighted Bergman spaces  of the upper 
half-plane. Interesting work on composition operators on Hardy spaces  of the upper half-plane 
have been done by Singh [10],  Singh and Sharma [11], [12], Sharma [17] , Matache [6], [7] and 
Sharma, Sharma and Shabir [18] and [19]. In this paper, we characterize weighted composition 
operators on weighted vector-valued Bergman spaces of the upper half-plane.   
Recently several authors have studied weighted composition operators on different spaces of 
analytic functions. (see for example [2], [3], [4], [5], [8], [9], [11], [14], [15] and references there 
in for more details). 
The plan of the rest of the paper is as follows. In the next section we introduce weighted vector-
valued Bergman spaces of the upper half-plane. Section 3 is devoted to Carleson type Theorem 
of the weighted vector-valued Bergman spaces of the upper half-plane. The fourth section deals 
with the boundedness of weighted composition operators on the weighted vector-valued 
Bergman spaces  of the upper half-plane. 
 
 
2.  Weighted vector–valued Bergman spaces of the upper half-plane 
 
In this section, weighted vector-valued Bergman spaces ࣛ௑,ఒ

௣ ൫Λା൯ of the upper half-plane are 
introduced and their basic properties are discussed. 
  Let ሺܺ, ԡ. ԡ௑ሻ be a complex Banach space and  ݂ ׷  Λା ื ܺ be a map. Then ݂ is said to be 
analytic if כݔο݂ ׷ Λା ื ԧ   is analytic for every  כݔ א   is the dual space of  ܺ. Let כܺ where ,כܺ
0 ൏ ݌ ൏ ∞   and  ߣ א ሺെ1,∞ ሻ. Then ࣦ௑

௣൫Λା,  ఒ൯ denotes the collection of all Bochnerߤ݀
݌ െintegrable functions ݂ ׷ Λା ื ܺ  for which 

|ԡ݂ԡ|௣,ఒ ൌ  ቈන ԡ݂ԡ௑
௣ ఒߤ݀ 

 

Λశ
቉

ଵ ௣ൗ

 ൏ ∞, 
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where  
ሻݖఒሺߤ݀               ൌ  ଵ

గ
ሺߣ ൅ 1ሻ൫2 ݉ܫሺݖሻ൯ఒ݀ߴሺݖሻ; ሻݖሺߴ݀     ൌ ;ݕ݀ݔ݀ ݖ   ൌ ݔ ൅     .ݕ݅

We denote 
               ࣛ௑,ఒ

௣ ൫Λା൯ ൌ  ൛ ݂ |  ݂ א   ࣦ௑
௣൫Λା,   .ఒ൯  and  ݂ is analytic  ሽߤ݀

We call  ࣛ௑,ఒ
௣ ൫Λା൯  as weighted vector-valued Bergman space of the upper half-plane Λା. If 

ߣ ൌ 0, then ࣛ௑,ఒ
௣ ൫Λା൯ is same as ࣛ௑

௣൫Λା൯, the vector-valued Bergman space of the upper half-
plane Λା.   
 For ݎ א  ሺ0,1ሻ and  ݖ ൌ ሺݔ, ሻݕ א   Λା, we define 
                                     ܵሺݖ, ሻݕݎ  ൌ  ൛߱ א  Λା:   |߱ െ |ݖ ൏   .ൟݕݎ 
If there exist  constants ܿଵand ܿଶ such that ܽܿଵ ൑ ܾ ൑ ܽܿଶ, then we write ܽ ൎ ܾ. 
Lemma 2.1.   Let  0 ൏ ൏ ݌ ∞ , -1൏ ൏ ߣ ݖ  , ∞ ൌ ሺݔ, ሻݕ א   ା. Then߉

ԡ݂ሺݖሻԡ௑
௣     ൑  

ܿ |ԡ݂ԡ|௣,ఒ
௣  

2ఒሺߣ ൅ 1ሻ ݕఒାଶ , 

for all    ݂ א  ࣛ௑,ఒ
௣ ሺ߉ାሻ.  

Proof:  Since  ݖ ื ԡ݂ሺݖሻԡ௑
௣  is sub-harmonic for every analytic function ݂ and  ݌ ൐ 0,  by the 

area sub-mean value property , we have 

                                  ԡ݂ሺݖሻԡ௑
௣        ൑    

1
,ݖ൫ܵሺߴ ሻ൯ݕݎ

 න ԡ݂ሺ߱ሻԡ௑
௣ ሺ߱ሻߴ݀ 

 

ௌሺ௭,௥௬ሻ

 

                                                          ൌ   
1

ଶݕଶݎߨ  න ԡ݂ሺ߱ሻԡ௑
௣ ሺ߱ሻߴ݀ 

 

ௌሺ௭,௥௬ሻ

. 

Since ݉ܫሺ߱ሻ  ൎ ߱ ሻ forݖሺ݉ܫ א ܵሺݖ,       ሻ, we can find a positive constant   ܿ such thatݕݎ

                                  ԡ݂ሺݖሻԡ௑
௣    ൑    

ܿ  
2ఒሺߣ ൅ 1ሻݎଶ ݕఒାଶ   න ԡ݂ሺ߱ሻԡ௑

௣ ఒሺ߱ሻߤ݀ 
 

ௌሺ௭,௥௬ሻ

 

                                                      ൑     
ܿ |ԡ݂ԡ|௣,ఒ

௣  
2ఒሺߣ ൅ 1ሻݎଶ ݕఒାଶ . 

Letting ݎ ื 1, we obtain the desired inequality.                                                     ז 
Lemma 2.1 and the Montel theorem suggest that  ࣛ௑,ఒ

௣ ൫Λା൯ is an F-space when ݌ א  ሺ0,1ሻ and a 
Banach space when ݌ א ሾ1,∞ሻ.  If  ሺܺ, ԡ. ԡ௑ሻ ؠ  ሺܧ, .ۃ , .  ாሻ is a separable Hilbert space andۄ
݌ ൌ 2, then ࣛா,ఒ

௣ ൫Λା൯ becomes a Hilbert space under the following definition of the inner 
product ۃۃ. , . ,݂        ;ۄۄ ݃ א  ࣛா,ఒ

௣ ൫Λା൯,  

,݂ۃۃ                          ۄۄ݃      ൌ      න݂ۃሺݖሻ, ݃ሺݖሻۄ୉ ݀ߤఒሺzሻ .                                         
 

Λశ

 

When  ܺ ൌ  ԧ , then we drop ܺ from the notation and write simply  ࣛఒ
௣൫Λା൯  for ࣛ௑,ఒ

௣ ൫Λା൯  and             
 ԡ. ԡ௣,ఒ  for |ԡ. ԡ|௣,ఒ. 
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For each z א Λା and   ܽ א we define the evaluation mapping Λ௭ ,ܧ

௔ ׷  ࣛா,ఒ
ଶ ൫Λା൯ ื ԧ   as   

Λ௭
௔ሺ݂ሻ  ൌ ,ሻݖሺ݂ۃ   ݂  for every  ۄܽ א  ࣛா,ఒ

ଶ ൫Λା൯. By Lemma 2.1,  Λ௭
௔ א ቀࣛா,ఒ

ଶ ൫Λା൯ቁ
כ
.  Hence 

ࣛா,ఒ
ଶ ൫Λା൯ is a vector-valued functional Hilbert space. Thus there exists a unique function    

ఒܭ
௔ሺݖ, . ሻ א   ࣛா,ఒ

ଶ ൫Λା൯ such that  
,ሻݖሺ݂ۃ   ۄܽ ൌ Λ௭

௔ሺ݂ሻ ൌ ఒܭ    ,݂ۃۃ
௔ሺݖ, . ሻۄۄ 

for every  ݂ א  ࣛா,ఒ
ଶ ൫Λା൯. The function  ܭఒ

௔ሺݖ, . ሻ is called vector-valued Bergman kernel. 
For any positive integer n, let 

ܵ௡ሺݖሻ ൌ  ඨ 2λାଶΓሺ݊ ൅ 2 ൅ ሻߣ
݊!  Γሺ2 ൅ ሻߣ  ൬

ݖ െ ݅
ݖ ൅ ݅൰

௡

൬
݅

ݖ ൅ ݅൰
ఒାଶ

, 

ݖ ൌ ሺݔ, ሻݕ א  Λା. Here, Γሺsሻ stands for the usual gamma function, which is analytic function of 
‘s’  in the whole complex plane, except for the simple poles at the points ሼ0, െ1, െ2, െ3, … ሽ. The 
family ሼܵ௡: ݊ ൒ 1ሽ  is an orthonormal basis for  ࣛఒ

ଶ൫Λା൯. One can also show that if ሼ݁௡: ݊ ൒ 1ሽ 
is an orthonormal basis for, then the family  ൛ܵ௠,௡: ݉, ݊ ൒ 1ൟ, where 

ܵ௠,௡ሺݖሻ  ൌ   ඨ
 2λାଶΓሺ݊ ൅ 2 ൅ ሻߣ

݊!  Γሺ2 ൅ ሻߣ  ൬
ݖ െ ݅
ݖ ൅ ݅൰

௡

൬
݅

ݖ ൅ ݅൰
ఒାଶ

݁௠, 

 forms an orthonormal basis for  ࣛா,ఒ
ଶ ൫Λା൯.  When ߣ ൌ 0 and  ܧ ൌ ԧ , they are just the images 

of √݊ ൅   .௡ in  ࣛଶ൫Λା൯ under the Cayley’s transformݖ 1
In the next theorem we obtain a representation for ܭఒ

௔ሺݖ , . ሻ. 
Theorem 2.2:   For  ݖ ൌ ሺݔ, ሻݕ א  א ܽ  ା and߉ ఒܭ  , ܧ

௔ሺݖ , . ሻ  is given by ܭఒ
௔ሺݖ , ߱ሻ  ൌ

௜ഊశమ

ሺ௭ିఠഥ ሻഊశమ  ܽ,  Moreover,  |ԡܭఒ
௔ሺݖ , . ሻԡ|ଶ,ఒ

ଶ    ൌ    ԡ௔ԡಶ
మ

ሺଶ௬ሻഊశమ. 
Proof:  By Theorem 3.2  in  [16], we have 
ఒܭ 

௔ሺݖ , ߱ሻ    

    ൌ  ෍ ෍ ෍ܽۃ, ௝݁ۃۄ ௝݁, ܵ௠,௡ሺ߱ሻܵۄ௠,௡ሺݖሻ
௠௡௝

  

    ൌ  ෍ ෍
 2λାଶΓሺ݊ ൅ 2 ൅ ሻߣ

݊!  Γሺ2 ൅ ሻߣ
௡௝

ሺെ݅ሻఒାଶ ሺ݅ሻఒାଶ

ሺ ഥ߱ െ ݅ሻఒାଶ  ሺݖ ൅ ݅ሻఒାଶ  ൬
ഥ߱ ൅ ݅
ഥ߱ െ ݅൰

௡

൬
ݖ െ ݅
ݖ ൅ ݅൰

௡
,ܽۃ ௝݁ۄ ෍ۃ ௝݁, ݁௠ۄ ݁௠

௠

 

    ൌ  ෍
ሺെ݅ሻఒାଶ ሺ݅ሻఒାଶ ሺ2ሻఒାଶ

ሺ ഥ߱ െ ݅ሻఒାଶ  ሺݖ ൅ ݅ሻఒାଶ 
௝

 ෍
Γሺ݊ ൅ 2 ൅ ሻߣ
݊!  Γሺ2 ൅ ሻߣ   

௡

ቈ
ሺ ഥ߱ ൅ ݅ሻሺݖ െ ݅ሻ
ሺ ഥ߱ ൅ ݅ሻሺݖ െ ݅ሻ቉

௡

,ܽۃ ௝݁ۄ ௝݁ 

     ൌ  ෍
ሺെ݅ሻఒାଶ ሺ݅ሻఒାଶ ሺ2ሻఒାଶ

ሺ ഥ߱ െ ݅ሻఒାଶ  ሺݖ ൅ ݅ሻఒାଶ 
௝

 
,ܽۃ ௝݁ۄ ௝݁

൤1 െ  ሺ ഥ߱ ൅ ݅ሻሺݖ െ ݅ሻ
ሺ ഥ߱ െ ݅ሻሺݖ ൅ ݅ሻ൨

ఒାଶ  

      ൌ   
݅ఒାଶ

ሺݖ െ ഥ߱ሻఒାଶ ෍ܽۃ, ௝݁ۄ ௝݁  
௝

ൌ  
݅ఒାଶ

ሺݖ െ ഥ߱ሻఒାଶ ܽ. 



Weighted composition operators                                                                                              2053 
 
 
Also, 
 |ԡܭఒ

௔ሺݖ , . ሻԡ|ଶ,ఒ
ଶ      ൌ ఒܭۃۃ 

௔ሺݖ , . ሻ, ఒܭ
௔ሺݖ , . ሻۄۄ  ൌ ఒܭۃ 

௔ሺݖ , , ሻݖ  ۄܽ

                                 ൌ ۃ  ௜ഊశమ

ሺ௭ି௭ҧሻഊశమ  , ۄܽ  ൌ   ԡ௔ԡಶ
మ

ሺଶ௬ሻഊశమ ,  
where ݕ ൌ .ሻݖሺ݉ܫ                        
 ז
Corollary 2.3 :  For  ݖ ൌ  ሺݔ, ሻݕ א  ା , we have߉ 

න
ሺ2ݕሻఒାଶ

ݖ| െ ഥ߱|ଶሺఒାଶሻ ఒሺ߱ሻߤ݀ 
  

௸శ

ൌ 1. 

Proof:  For  ݖ ൌ  ሺݔ, ሻݕ א  Λା ,  

න
ሺ2ݕሻఒାଶ

ݖ| െ ഥ߱|ଶሺఒାଶሻ  ఒሺ߱ሻߤ݀ 
  

Λశ

  ൌ
ሺ2ݕሻఒାଶ

ԡܽԡா
ଶ න

1
ሺݖ െ ഥ߱ሻఒାଶ

1
ሺݖ െ ഥ߱ሻఒାଶ

തതതതതതതതതതതതതത
 ԡܽԡா

ଶ ఒሺ߱ሻߤ݀ 
  

Λశ

 

                                                                          ൌ
ሺ2ݕሻఒାଶ

ԡܽԡா
ଶ න

1
ሺݖ െ ഥ߱ሻఒାଶ

1
ሺݖ െ ഥ߱ሻఒାଶ

തതതതതതതതതതതതതത
,ܽۃ ఒሺ߱ሻߤ݀ ாۄܽ

  

Λశ

 

                                  ൌ
ሺ2ݕሻఒାଶ

ԡܽԡா
ଶ නܭۃఒ

௔ሺݖ, . ሻ, ఒܭ
௔ሺݖ, . ሻۄா ݀ߤఒሺ߱ሻ

  

Λశ

 

                                                                          ൌ
ሺ2ݕሻఒାଶ

ԡܽԡா
ଶ ԡ|ܭఒ

௔ሺݖ, . ሻ|ԡଶ,ఒ
ଶ  

ൌ  ז                                            1
Proposition 2.4 :  For ݖ ൌ ሺݔ, ሻݕ א  א ߱  ݀݊ܽ  ା߉ ܵሺݖ ,   ሻ , we haveݕݎ

ԡܭఒ
௔ሺݖ , ߱ሻԡா ൎ  

1
ఒାଶݕ ԡܽԡா. 

Proof:  For  ݖ ൌ ሺݔ, ሻݕ א  Λା  and  ω ൌ ሺݐ , ሻݑ א   Λା , 

                                               ԡܭఒ
௔ሺݖ , ߱ሻԡா     ൌ    

ԡܽԡா
ݖ| െ ഥ߱|ఒାଶ 

                                                                             ൌ   
ԡܽԡா

ሾሺݔ െ ሻଶݐ ൅ ሺݕ ൅ ሻଶሿݑ
ఒାଶ

ଶ
 

                                                                             ൑       
ܿ ԡܽԡா

ఒାଶݕ . 

Again if ω א ܵሺݖ , ሻݖሺ݉ܫ  ሻ , thenݕݎ  ൎ ݖ|  ሺ߱ሻ , so݉ܫ  െ ഥ߱|ଶ  ൑  ܿ  ,ଶ.  Thereforeݕ′

                                   ԡܭఒ
௔ሺݖ , ߱ሻԡா     ൌ    

ԡܽԡா
ݖ| െ ഥ߱|ఒାଶ   ൒   

ܿ ′′ԡܽԡா

ఒାଶݕ ,    ܿ ′′ ൌ
1

√ܿ ′
 . 

Thus 

                                  
ܿ ′′ԡܽԡா

ఒାଶݕ    ൑   ԡܭఒ
௔ሺݖ , ߱ሻԡா   ൑   

ܿ ԡܽԡா

ఒାଶݕ . 

Hence 
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                                           ԡܭఒ

௔ሺݖ , ߱ሻԡா

ൎ  
1

ఒାଶݕ ԡܽԡா.                                                                                    ז 

We next show that  ܭఒ
௔ሺݖ , ߱ሻ belong to ࣛ୉ ,λ

௣ ൫  Λା൯  for all  1 ൏ ൏ ݌ ∞.  
Proposition 2.5 :  For 1 ൏ ൏ ݌ ∞ , െ1 ൏ ൏ ߣ ݖ  , ∞ ൌ ሺݔ, ሻݕ א  א ܽ  ା and߉ ఒܭ  ,ܧ

௔ሺݖ , . ሻ   א 
ࣛா ,ఒ

௣ ሺ  ߉ାሻ. 
Proof:   We know that for  ݔ, א ݕ ൐ ݕ  ,܀ 0 

௬ܲሺݔ , ሻݐ ൌ  
1
ߨ

 
ݕ

ሺݔ െ ሻଶݐ ൅  ଶݕ

is the Poisson  kernel for Λା and hence  

                                                         
1
ߨ

 න
ݕ

ሺݔ െ ሻଶݐ ൅ ଶݕ ݐ݀ ൌ 1
∞

ି∞

. 

If   ݖ ൌ ሺݔ, ሻݕ א  Λା  and  ω ൌ ሺݐ , ሻݑ א  Λା , then  

     න ԡܭఒ
௔ሺݖ , ߱ሻԡா

௣ ݀ߤఒ

 

Λశ
ሺ߱ሻ 

         ൌ  ԡܽԡா
௣ න

1
ݖ| െ ഥ߱|ሺఒାଶሻ௣ ఒሺ߱ሻߤ݀

 

Λశ
 

         ൌ
  2ఒሺߣ ൅ 1ሻԡܽԡா

௣

ߨ  න න
1

|ሺݔ , ሻݕ െ ሺݐ, െݑሻ|௣ሺఒାଶሻ ݑ݀ݐఒ݀ݑ
∞

ି∞

∞

଴
  

 ൌ  
2ఒሺߣ ൅ 1ሻԡܽԡா

௣

ߨ  න න
1

ሾሺݔ െ ሻଶݐ ൅ ሺݕ ൅ ሻଶሿݑ
ሺఒାଶሻ௣

ଶ  ିଵ
   

ఒݑ

ݕ ൅ ݑ  
ݕ ൅ ݑ

ሺݔ െ ሻଶݐ ൅ ሺݕ ൅ ሻଶݑ ݐ݀
∞

ି∞

∞

଴
  ݑ݀

         ൑  
2ఒሺߣ ൅ 1ሻԡܽԡா

௣

ߨ  න න
1

ሺݕ ൅ ሻሺఒାଶሻ௣ିଵݑ ఒݑ     
ݕ ൅ ݑ

ሺݔ െ ሻଶݐ ൅ ሺݕ ൅ ሻଶݑ ݐ݀
∞

ି∞

∞

଴
 ݑ݀

         ൑  2ఒሺߣ ൅ 1ሻԡܽԡா
௣  න

ఒݑ

ሺݕ ൅ ሻሺఒାଶሻ௣ିଵݑ ቆ
1
න ߨ

ݕ ൅ ݑ
ሺݔ െ ሻଶݐ ൅ ሺݕ ൅ ሻଶݑ ݐ݀

∞

ି∞
ቇ   ݑ݀

∞

଴
 

         ൌ  2ఒሺߣ ൅ 1ሻԡܽԡா
௣ න

ఒݑ

ሺݕ ൅  ሻሺఒାଶሻ௣ିଵݑ
∞

଴
  ݑ݀ 

        ൌ  2ఒሺߣ ൅ 1ሻԡܽԡா
௣ න

1
ሺఒାଶሻሺ௣ିଵሻାଵݑ ൏  ݑ݀  ∞ 

∞

௬
, 

if ݌ ൐ 1. Also, since  ߱ ื ఒܭ 
௔ሺݖ , ߱ሻ  is analytic, we have  ܭఒ

௔ሺݖ , . ሻ E ,λ   א 
 ൫  Λା൯ for 1 ൏ ݌ ൏

 ז                                                                                                                                                                                   .∞
Proposition 2.6:   For 1 ൏ ൏ ݌ ∞ , െ1 ൏ ൏ ߣ ݖ  , ∞ ൌ ሺݔ, ሻݕ א    ௣,ఒܥ ା, there is a constant߉

න ଵିݑ ௣⁄

 

 ௸శ

 ԡܭఒ
௔ሺݖ , ߱ሻԡா݀ߤఒሺ߱ሻ  ൑ ଵିݕ௣,ఒԡܽԡாܥ  ௣⁄    

Proof:  

          න ଵିݑ ௣ൗ
 

 Λశ
 ԡܭఒ

௔ሺݖ , ߱ሻԡா݀ߤఒሺ߱ሻ 
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                  ൌ ԡܽԡா න ଵିݑ ௣ൗ
 

 Λశ
 

1
|z െ ωഥ|λାଶ  ఒሺ߱ሻߤ݀

                  ൌ
2ఒሺߣ ൅ 1ሻԡܽԡா

ߨ
 න න

ఒିଵݑ ௣ൗ

ሾሺݔ െ ሻଶݐ ൅ ሺݕ ൅ ሻଶሿݑ
ఒାଶ

ଶ
ݑ݀ݐ݀

∞

ି∞

∞

଴
        ൫߱ ൌ ሺݐ,         ሻ൯ݑ

                  ൑  2ఒሺߣ ൅ 1ሻԡܽԡா  න
ఒିଵݑ ௣ൗ

ሾሺݕ ൅ ሻଶሿݑ
ఒ
ଶ

∞

଴
 

1
ݕ ൅ ݑ  ݑ݀

                 ൑  2ఒሺߣ ൅ 1ሻԡܽԡா  න
ఒିଵݑ ௣ൗ

ሺݕ ൅ ሻఒାଵݑ

∞

଴
 ݑ݀ 

                 ൑  2ఒሺߣ ൅ 1ሻԡܽԡா  න
ଵିݑ ௣ൗ

ݕ ൅ ݑ

∞

଴
 ݑ݀ 

                 ൌ   2ఒሺߣ ൅ 1ሻԡܽԡாିݕଵ ௣ൗ  න
൫ݑ ൗݕ ൯ିଵ ௣ൗ

൫1ݕ ൅ ݑ ൗݕ ൯

∞

଴
 ݑ݀ 

                 ൌ 2ఒሺߣ ൅ 1ሻԡܽԡா ିݕଵ ௣ൗ න
ଵିݒ ௣ൗ

1 ൅ ݒ

∞

଴
൬                                     , ݒ݀ 

ݑ
ݕ ൌ  ൰ݒ

Since  

න
ଵିݒ ௣ൗ

1 ൅ ݒ

∞

଴
൏ ݒ݀   ∞,                   

it follows that  

                                      2ఒሺߣ ൅ 1ሻ න
ଵିݒ ௣ൗ

1 ൅ ݒ

∞

଴
  ݒ݀ 

is constant depending upon ߣ and ݌ and hence  

න ଵିݑ ௣⁄

 

 Λశ

 ԡܭఒ
௔ሺݖ , ߱ሻԡா݀ߤఒሺ߱ሻ  ൑ ଵିݕ௣,ఒԡܽԡாܥ  ௣⁄  , 

for some constant  ܥ௣,ఒ.                                                                                                                            ז 
 
Proposition 2.7 : Let  1 ൏ ൏ ݌ ∞ , െ1 ൏ ൏ ߣ ∞ and  ݖ ൌ ሺݔ, ሻݕ א   ା. Then߉

|ԡܭఒ
௔ሺݖ , . ሻԡ|௣,ఒ

௣ ൎ  
1

 .ሺ௣ିଵሻሺఒାଶሻݕ

Proof:  We have,  

           |ԡܭఒ
௔ሺݖ , . ሻԡ|௣,ఒ

௣          ൌ    න ԡܭఒ
௔ሺݖ , ߱ሻԡா

௣
 

Λశ
 ఒሺ߱ሻߤ݀

                                                  ൒ න ԡܭఒ
௔ሺݖ , ߱ሻԡா

௣
 

ௌሺ௭,௥௬ሻ

 ఒሺ߱ሻߤ݀ 

                                                 ൒  ܥ   
2ఒሺߣ ൅ 1ሻԡܽԡா

௣

ߨ න ൬
1

ఒାଶ൰ݕ
௣ 

ௌሺ௭,௥௬ሻ
 ሺ߱ሻߴఒ݀ݑ  
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                                                 ൒ ଵܥ   
 2ఒሺߣ ൅ 1ሻԡܽԡா

௣

ߨ  
1

௣ሺఒାଶሻିఒݕ ,ݖ൫ܵሺߴ   ሻ൯ݕݎ

                                                 ൌ ଵܥ  
ߣଶ2ఒሺݎ   ൅ 1ሻԡܽԡா

௣

ߨ
 

1
 ሺ௣ିଵሻሺఒାଶሻݕ

                                      ൌ ଶܥ    ଵ
௬ሺ೛షభሻሺഊశమሻ,   where       ܥଶ ൌ   ௥మଶഊሺఒାଵሻԡ௔ԡಶ

೛

గ
, 

for  ݖ ൌ  ሺݔ , ߱ ሻ andݕ ൌ  ሺݐ ,  ,ሻ in Λା.   We have againݑ

               |ԡܭఒ
௔ሺݖ , . ሻԡ|௣,ఒ

௣ ൌ   
2ఒሺߣ ൅ 1ሻԡܽԡா

௣

ߨ  න න
ఒݑ

ሾሺݔ െ ሻଶݐ ൅ ሺݕ ൅ ሻଶሿݑ
௣ሺఒାଶሻ

ଶ
ݑ݀ݐ݀

∞

ି∞

∞

଴
     

                                             ൑     2ఒሺߣ ൅ 1ሻԡܽԡா
௣  න

1
ሺݕ ൅ ሻ௣ሺఒାଶሻିଶݑ  

ఒݑ

ݕ ൅ ݑ  ݑ݀
∞

଴
 

                                             ൑      2ఒሺߣ ൅ 1ሻԡܽԡா
௣  න

1
ሺݕ ൅ ሻሺ௣ିଵሻሺఒାଶሻାଵݑ  ݑ݀

∞

଴
 

 

                                             ൌ      2ఒሺߣ ൅ 1ሻԡܽԡா
௣  න

1
ሺ௣ିଵሻሺఒାଶሻାଵݑ  ݑ݀

∞

௬
 

                                            ൌ ଷܥ       ଵ
௬ሺ೛షభሻሺഊశమሻ , where   ܥଷ ൌ ଶഊሺఒାଵሻԡ௔ԡಶ

೛

ሺ௣ିଵሻሺఒାଵሻ
.   

Thus, 
                                              |ԡܭఒ

௔ሺݖ , . ሻԡ|௣,ఒ
௣

ൎ  
1

ሺ௣ିଵሻሺఒାଶሻݕ  ז                                                                        . 

 
 
3. Carleson-type Theorem 
 
In this section, we establish Carleson-type theorem for weighted vector-valued Bergman spaces 
of the upper half-plane. This theorem will be used as an effective tool to characterize 
boundedness of weighted composition operators on these spaces.  
Theorem 3.1:   Let 0 ൏ ൏ ݎ  1  , 1 ൑ ݌  ൏  ∞   and ߤ be a positive Borel measure on Λା. Then 
the following are equivalent:  

(i) There is a constant ܥ ൏ ∞ so that for all ݖ ൌ ሺݔ, ሻݕ א Λା, we have   
,ݖ൫ܵሺߤ ሻ൯ݕݎ  ൑  .ఒାଶݕ ܥ

(ii) There is a constant  ܥଵ ൏ ∞  such that  

           න ԡ݂ሺ߱ሻԡா
௣

 

Λశ
ሺ߱ሻߤ݀    ൑ ଵܥ  න ԡ݂ሺ߱ሻԡா

௣
 

Λశ
 ,ఒሺ߱ሻߤ݀ 

                           for every  ݂ א  ࣛா,ఒ
௣ ൫Λା൯. 

(iii) There is a constant  ܥଶ  ൏  ∞ such that    
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න ฬ
1

ሺݖ െ ഥ߱ሻଶฬ
ఒାଶ

ߤ݀
 

Λశ

 ൑ ଶܥ   
1

 .ఒାଶݕ

 Proof:      (i) ฺ (ii).  Let ሼݖ௡ሽ௡אԳ be a sequence as choosen in the Lemma 3.1 in [18]. Then       

      න ԡ݂ሺ߱ሻԡா
௣

 

Λశ
ሺ߱ሻߤ݀          ൑     ෍  න ԡ݂ሺ߱ሻԡா

௣ ݀ߤሺ߱ሻ
 

ௌሺ௭೙,௥௬೙ሻ

∞

௡ୀଵ

 

                                                     ൑    ෍ ൛ԡ݂ሺ߱ሻԡா݌ݑݏ
௣ ׷  ߱ א ܵሺݖ௡ , ,௡ݖ൫ܵሺߤ ௡ሻൟݕݎ ௡ሻ൯ݕݎ

∞

௡ୀଵ

 

                                                     ൑ ܥ    ′ ෍
, ௡ݖ൫ܵሺߤ ௡ሻ൯ݕݎ

௡ݕ
ఒାଶ

∞

௡ୀଵ

  න ԡ݂ሺ߱ሻԡா
௣ ݀ߤఒሺ߱ሻ

 

ௌሺ௭೙,ଷ ௥௬೙ሻ
 

                                                      ൑ ܥ ܥ   ′  ෍  
∞

௡ୀଵ

   න ԡ݂ሺ߱ሻԡா
௣ ݀ߤఒሺ߱ሻ

 

ௌሺ௭೙,ଷ ௥௬೙ሻ
 

                                                      ൑ ܥ ܥ    ܯ′ න ԡ݂ሺ߱ሻԡா
௣ ݀ߤఒሺ߱ሻ

 

Λశ
 

                                                      ൌ ଵܥ න ԡ݂ሺ߱ሻԡா
௣ ݀ߤఒሺ߱ሻ

 

Λశ
. 

           
(ii) ฺ (iii).    Let  

݂ሺ߱ሻ  ൌ   ܽ ൬
݅

ݖ െ ഥ߱൰
ଶሺఒାଶሻ

௣
. 

Then ݂ א  ࣛா,ఒ
௣ ൫Λା൯  and 

ԡ݂ሺ߱ሻԡா
௣  ൌ  ԡܽԡா

௣ ฬ
1

ݖ െ ഥ߱ฬ
ଶሺఒାଶሻ

. 

Therefore,  for ݖ ൌ  ሺݔ , ߱ ሻ andݕ ൌ  ሺݐ ,   ሻ in Λା , we haveݑ

 න ฬ
1

ݖ െ ഥ߱ฬ
ଶሺఒାଶሻ

ሺ߱ሻߤ݀
 

Λశ
 

        ൑
ଵܥ

ԡܽԡா
௣ න ԡ݂ሺ߱ሻԡா

௣ ݀ߤఒሺ߱ሻ
 

Λశ
 

        ൌ   
2ఒሺߣ ൅ 1ሻ

ߨ ଵܥ  න න
1

ሾሺݔ െ ሻଶݐ ൅ ሺݕ ൅ ሻଶሿሺఒାଶሻݑ

∞

ି∞

∞

଴
 ݑ݀ݐఒ݀ݑ 

        ൑   2ఒሺߣ ൅ 1ሻܥଵ  න
1

ሺݕ ൅ ሻଶఒାଶାଵݑ ቈ
1
ߨ

න
ݕ ൅ ݑ

ሺݔ െ ሻଶݐ ൅ ሺݕ ൅ ሻଶݑ

∞

ି∞
቉ݐ݀

∞

଴
 ݑఒ݀ݑ 

        ൑   2ఒሺߣ ൅ 1ሻܥଵ  න
1

ఒାଷݑ ݑ݀
∞

௬
 

       ൌ ଶܥ    
1

ఒାଶݕ ,          where   ܥଶ   ൌ  2ఒሺߣ ൅ 1ሻܥଵ.   

(iii) ฺ (i)  Suppose that  (iii) holds. Then be Lemma 2.4, we have  
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  න ԡܭఒ
௔ሺݖ, ߱ሻԡா

ଶ
 

Λశ
ሺ߱ሻߤ݀   ൒  න ԡܭఒ

௔ሺݖ, ߱ሻԡா
ଶ ሺ߱ሻߤ݀ 

 

ௌሺ௭ ,   ௥௬ሻ
 

                                                ൒   
ԡܽԡா ܥ

ଶ

ሾݕఒାଶሿଶ , ݖ൫ܵሺߤ       ,    ሻ൯ݕݎ

for some constant  ܥ ൐ 0.  Thus,  

, ݖ൫ܵሺߤ  ሻ൯ݕݎ    ൑   
ܥ ′൫ݕఒାଶ൯ଶ

ԡܽԡா
ଶ  න ԡܭఒ

௔ሺݖ , ߱ሻԡா
ଶ ߤ݀ 

 

Λశ
ሺ߱ሻ               ሾ  ܥ ′ ൌ

1
ܥ   ሿ               

                           ൑ ܥ   ఒାଶ൧ଶݕൣ ′  න ฬ
1

ݖ െ ഥ߱ฬ
ଶሺఒାଶሻ

ሺ߱ሻߤ݀  
 

Λశ
 

                          ൑ ܥ   ఒାଶ൧ଶݕൣ ଶܥ ′   
1

 ఒାଶݕ

                           ൑    ఒାଶ ,    whereݕܥ 
ܥ ൌ ܥ     ז                                                                                           ଶܥ ′
A positive Borel measure ߤ is called a ߣ െ Carleson measure if it satisfies any one of the three 
equivalent conditions in Theorem 3.1. 
 
 
4.  Weighted composition operators on   ऋࣅ,ࡱ

࢖ ሺ઩ାሻ  
 
This section is devoted to characterize boundedness of weighted composition operators on 
weighted Bergman spaces of the upper half-plane. 
Theorem 4.1.   Suppose that 1 ൑ ൏ ݌  ∞,  െ1 ൏ ൏ ߣ ∞, and let  ߮ ܽ݊݀ ߰:   ା→ ԧ  be analytic߉
maps  on  ߉ା  such that ߮ሺ ߉ାሻ ߉ ؿା. 
Then  the  following are equivalent : 

(i) ߰ܥఝ  is  a bounded  on   ࣛா,ఒ
௣ ሺ߉ାሻ 

(ii) The  pull – back measure   ߴట,ఒ,௣ ൌ  ట,ఒ,௣   induced by  ߮  is aߤ ଵofି߮ ݋ ట,ఒ,௣ߤ 
ߣ െCarleson measure. Here ݀ߤట,ఒ,௣ ൌ  |߰|௣݀ߤఒ. 

          ሺ݅݅݅ሻ                ݌ݑݏ ቐ  න |߰ሺ߱ሻ|௣ ఒାଶݕ

|߮ሺ߱ሻ െ ҧ|ଶሺఒାଶሻݖ ఒߤ݀

 

௸శ     

ሺ߱ሻ ׷     ݖ   א ାቑ߉   ൏  ∞ 

 Proof :  (i) ฻ (ii).  By definition  ߰ܥఝ  is  a bounded  on   ࣛா,ఒ
௣ ሺΛାሻ   if   and only if  there is a  

positive constant ܥ௣  such that   for any  ݂ ா,ఒࣛ א
௣ ሺΛାሻ , 

                                        หฮ൫߰ܥఝ൯ሺ݂ሻฮห
௣,ఒ
௣    ൑ ௣|ԡ݂ԡ|௣,ఒܥ  

௣ ,  
which is same as    

                    න  |߰ሺݖሻ|௣ ԡ݂ሺ߮ሺݖሻሻԡா
௣ ݀ߤఒሺݖሻ

 

Λశ 
 

൑ ௣|ԡ݂ԡ|௣,ఒܥ   
௣ .                                                                       ሺ4.1ሻ 
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  Let    ݀ߤట,ఒ,௣ሺݖሻ    ൌ    |߰ሺݖሻ|௣݀ߤఒሺݖሻ and let   ߴట,ఒ,௣  ൌ  ଵ be  the  pull – backି߮ ݋ ట,ఒ,௣ߤ 
measure of ߤట,ఒ,௣    induced by  ߮.   If we change variable ߱ ൌ  ߮ሺݖሻ , then we get,  

    න  |߰ሺݖሻ|௣ ԡ݂ሺ߮ሺݖሻሻԡா
௣  ݀ߤఒሺݖሻ

 

Λశ 

    ൌ නԡ݂ሺ߮ሺݖሻሻԡா
௣  ݀ߤట,ఒ,௣ሺݖሻ

 

Λశ 

ൌ න  ԡ݂ሺ߱ሻԡா
௣  ݀ߴట,ఒ,௣ሺ߱ሻ

 

Λశ 

 

Thus (4.1) is equivalent to  

              න ԡ݂ሺ߱ሻԡா
௣ ݀ߴట,ఒ,௣ሺ߱ሻ

 

Λశ 
    ൑ ௣|ԡ݂ԡ|௣,ఒܥ  

௣  . 

  That is,    ߴట,ఒ,௣ ൌ ߣ  ଵ  is aି߮ ݋ ట,ఒ,௣ߤ  െCarleson measure on Λା. Hence (i) and (ii) are 
equivalent.                                                                    
 (ii) ฻ (iii).  By Theorem 3.1,     ߴట ൌ ߣ ଵ    is aି߮ ݋ ట,ఒ,௣ߤ  െCarleson measure is equivalent to  

݌ݑݏ ቐ  න
ఒାଶݕ

|߱ െ ҧ|ଶሺఒାଶሻݖ ట,ఒ,௣ߴ݀

 

Λశ     

ሺ߱ሻ ׷     ݖ   א  Λାቑ ൏  ∞. 

Changing the variable, we get  

݌ݑݏ ቐ  න |߰ሺ߱ሻ|௣ ఒାଶݕ

|߮ሺ߱ሻ െ ҧ|ଶሺఒାଶሻݖ ఒߤ݀

 

Λశ     

ሺ߱ሻ ׷     ݖ   א  Λାቑ  ൏  ∞, 

Thus (ii) and (iii) are equivalent.                        
� 
Corollary 4.2:   Let  1 ൑ ൏ ݌  ∞  and  െ1 ൏ ൏ ߣ ∞  and ߮ be an analytic self map of ߉ା  . 
Then boundedness  of the composition operator ܥఝ on ࣛா,ఒ

௣ ሺ߉ାሻ , induced by  ߮ , is independent 
of the index  p; that is, ߮ simultaneously induces bounded composition operators on all  
ࣛா,ఒ

௣ ሺ߉ାሻ.                                                                  
Corollary 4.3.  Let  1 ൑ ൏ ݌  ∞  and  െ1 ൏ ൏ ߣ ∞ and ߮ be a bounded analytic self map of ߉ା  
and ߰: ߰ ା such that߉ ା→ ԧ be an analytic  map on߉ ఒࣛ ב

௣ሺ߉ାሻ. Then the operators  ߰ܥఝ 
,induced by ߮  and  ߰,  is not bounded on ࣛா,ఒ

௣ ሺ߉ାሻ. 
Proof:  Fix  0 ൏ ݎ ൏ 1. Choose   ݖ௞ ൌ ௞ݔ  ൅ ௞ݕ ݅  א   Λା , ݇ ൌ 1,2,3 … . , ݊ such  that   

߮൫Λା൯ ؿ  ራ  ܵሺݖ௞ ,ݕݎ௞ሻ
௡

௞ୀଵ

 

for some fixed ݎ א ሺ 0, 1ሻ , which is possible because  ߮  is bounded.  
Now ,                       

                              ራ ߮ିଵሺܵሺ ݖ௞  , ௞ݕݎ

௡

௞ୀଵ

ሻ     ൌ   ߮ିଵ ൭ራ ܵሺݖ௞ ,ݕݎ௞ሻ
௡

௞ୀଵ

൱  ൌ   Λା. 

 Thus,  

ట,ఒ,௣ߤ             ൭ራ ߮ିଵሺܵሺ ݖ௞  , ௞ݕݎ

௡

௞ୀଵ

ሻ൱    ൌ  ట,ఒ,௣൫Λା൯ߤ  
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                                                                       ൌ න ట,ఒ,௣ߤ݀

 

Λశ

 

                                                                       ൌ න  |߰ሺݖሻ|௣݀ߤఒሺݖሻ
 

Λశ

 

                                                                     ൌ  ∞. 
That is, 
ట,ఒ,௣ߤ                             ቀ߮ିଵ൫ܵሺݖ௞, ௞ሻ൯ቁݕݎ ൌ   ∞,       
for some  ݇. Hence   ܥఝ  is not bounded.                       
� 
As an application of the above result we have   
Corollary 4.4.    Let  1 ൑ ൏ ݌  ∞  and  െ1 ൏ ൏ ߣ ∞ and ߮ be a bounded ,  analytic self 
mapping  of ߉ା. Then  ߮ does not induce a bounded composition operator on any of the spaces  
ࣛா,ఒ

௣ ሺ߉ାሻ.                                                                  
Proof:  Since  1 ב  ࣛఒ

௣ሺΛାሻ for   1 ൑ ൏ ݌  ∞  and  െ1 ൏ ൏ ߣ ∞, the proof follows from the 
above result by taking  ߰ ؠ 1.                        
� 
Corollary 4.5.   Let   1 ൑ ൏ ݌  ∞  and  െ1 ൏ ൏ ߣ ∞  and let   

߮ሺݖሻ     ൌ
ݖܽ ൅ ܾ
ݖܿ ൅ ݀

 

where        a, b, c, d are real numbers and  ad - bc ൐ 0.     Let ߰:  ା→ ԧ  be an  analytic map on߉
ఝ  is bounded on  ࣛா,ఒܥ߰   ା such that߉   

௣  ሺ  ߉ାሻ.   Then either ܿ ൌ 0 or    ߰  א ࣛఒ
௣ ሺ  ߉ାሻ . 

Proof:    ߰ܥఝ  is bounded on  ࣛ୉,λ
௣  ൫  Λା൯ . So  by corollary 4.3 either ߮ሺݖሻ  is not bounded or   

א  ߰ ࣛλ
௣ ൫  Λା൯. Hence either ܿ ൌ 0 or ߰ א ࣛλ

௣൫  Λା൯.                                                                                           
�                  
Corollary 4.6:  Let 

߮ሺݖሻ  ൌ
ݖܽ ൅ ܾ
ݖܿ ൅ ݀

,        
where    a, b,  c,  d are real numbers and ad - bc ൐ 0. Then necessary and sufficient condition for 
ఝ  to be bounded  on    ࣛா,ఒܥ

௣  ሺ  ߉ାሻ is that  ܿ ൌ 0. 
Corollary 4.7.  Let  ߮  and  ߰: ାሻ߉ା such that ߮ሺ߉ ା→ ԧ  be analytic  maps on߉    ା.  Let߉ ؿ
the weighted composition operator ߰ܥఝ is bounded on the ࣛா,ఒ

௣  ሺ  ߉ାሻ . Then                       

݌ݑݏ ൝ቆ
ሻݖሺ݉ܫ

ሻ൯ݖ൫߮ሺ݉ܫ
ቇ

ఒାଶ

 |߰ሺݖሻ|௣ ׷ ݖ  א ାൡ߉  ൏ ∞. 

Proof:   Let  ߰ܥఝ be bounded on the ࣛ୉,λ
௣  ൫  Λା൯.  Then by Theorem  4.1, we have 

ሻݖఝ,ఒሺ|߰|௣ሻሺܤ൛݌ݑݏ                    ׷  ݖ   א Λାൟ 

 ൌ ݌ݑݏ  ቊන  |߰ሺ߱ሻ|௣
 

Λశ

ఒାଶݕ

|߮ሺ߱ሻ െ ҧ|ଶሺఒାଶሻݖ ఒሺ߱ሻߤ݀  ׷   ݖ א Λାቋ  ൏     ∞. 

   In particular,       
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݌ݑݏ ൝න  |߰ሺ߱ሻ|௣
 

Λశ

൫߮݉ܫሺߙሻ൯ఒାଶ

ห߮ሺ߱ሻ െ ߮ሺߙሻതതതതതതതห
ଶሺఒାଶሻ ఒሺ߱ሻߤ݀  ׷   ݖ א Λାൡ  ൏     ∞. 

 
   By the subharmonicity of the function 

|߰ሺ߱ሻ|௣

ห߮ሺ߱ሻ െ ߮ሺߙሻതതതതതതതห
ଶሺఒାଶሻ 

we get,  

            න|߰ሺ߱ሻ|௣

 

Λశ

൫߮݉ܫሺߙሻ൯ఒାଶ

ห߮ሺ߱ሻ െ ߮ሺߙሻതതതതതതതห
ଶሺఒାଶሻ  ఒሺ߱ሻߤ݀

                                   ൒ න   |߰ሺ߱ሻ|௣

 

ௌ൫ఈ,   ௥ ூ௠ሺఈሻ൯

൫߮݉ܫሺߙሻ൯ఒାଶ

ห߮ሺ߱ሻ െ ߮ሺߙሻതതതതതതതห
ଶሺఒାଶሻ  ఒሺ߱ሻߤ݀ 

                                  ൒ ሻ|௣ߙሻ൯ఒାଶ|߰ሺߙሺ݉ܫ൫ܥ          
൫߮݉ܫሺߙሻ൯ఒାଶ

൫߮݉ܫሺߙሻ൯ଶሺఒାଶሻ 

                                ൌ ܥ
൫݉ܫሺߙሻ൯ఒାଶ

൫߮݉ܫሺߙሻ൯ఒାଶ  |߰ሺߙሻ|௣.                                                                             � 

 
Corollary 4.8.  Let  ߰:  ట is boundedܯ  ା . Then the operator߉ ା→ ԧ  be an analytic map on߉
ࣛா,ఒ

௣ ሺ ߉ାሻ if and only if   supሼ|߰ሺݖሻ| ׷ ݖ א ାሽ ൏߉  ∞. 
Corollary 4.9.  Suppose  ߮ሺݖሻ ൌ ݖܽ ൅ ܾ, where ܽ, ܾ are real numbers , and ߰:  ା→ ԧ  be an߉
analytic map on  ߉ା  such that ܯట is bounded. Then   ߰ܥఝ is  bounded. 
Proof:   Using 4.6, we have, 

หฮ൫߰ܥఝ൯ሺ݂ሻฮห
௣,ఒ
௣ ൌ න|߰ሺݖሻ|௣ԡ݂ሺ߮ሺݖሻሻԡா

௣ ݀ ఒߴ

௸శ

ሺݖሻ 

൑ ௣ܯ නԡ݂ሺ߮ሺݖሻሻԡா
௣  ݀ ఒߴ

௸శ

ሺݖሻ 

൑ ଵܯ௣ܯ නԡ݂ሺ߱ሻԡா
௣ ݀ ఒߴ

௸శ

ሺݖሻ 

   ൌ ଶ|ԡ݂ԡ|௣,ఒܯ
௣ ,   

where   
ܯ ൌ

݌ݑݏ
ݖ א Λା|߰ሺݖሻ|  ൏ ∞, ଶܯ         ൌ  �                                                                          .ଵܯ௣ܯ
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