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Abstract

In this paper, a general framework of the reduced differential trans-
form method is presented for solving the regularized long wave (RLW)
equation. In this method, the solution is calculated in the form of con-
vergent power series with easily computable components. The efficiency
of the considered method is illustrated by some examples. The results
show that the proposed iteration technique, without linearization or
small perturbation, is very effective and convenient.
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1 Introduction

Partial differential equations (PDEs) have numerous essential applications in
various fields of science and engineering such as fluid mechanic, thermody-
namic, heat transfer, physics [17]. Most of these equations are nonlinear par-
tial differential equations. The nonlinear models of real-life problems are still
difficult to solve either numerically or theoretically. A broad class of analytical
solutions methods and numerical solutions methods were used to handle these
problems. Hirtoa’s bilinear method [28], the balance method [18], inverse scat-
tering method [23], sine–cosine method [5], the homotopy analysis method [14],
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the homotopy perturbation method (HPM) [15,19-20], the differential trans-
form method (DTM) [2,21], the variational iteration method (VIM) [1,10,16],
the B-spline finite element method [12], the Adomian’s decomposition method
(ADM) [7-8,11] are some examples of analytical methods.

The regularized long wave (RLW) equation is one of the important non-
linear equations. A large number of important physical phenomena such as
shallow water waves and plasma waves can be described by the RLW equa-
tion[9].

In this paper we will apply the reduced differential transform method
(RDTM) [24-27] to the regularized long wave equation defined as below [3,22].

ut + ux + δuux − μuxxt = 0, (1)

where δ and μ are positive parameter and the subscripts tand xdenote differen-
tiation, with the boundary condition u → 0 as x → ±∞. The soliton solution
of RLW equation has the form

u(x, t) = 3csech2 (p(x − vt − x0))

where p =
√

c
4μ(c+1)

, v = c + 1, δ = 1 and c is a constant [10].

The RLW equation is a special case of the generalized regularized long wave
(GRLW) equation which has the form [7]

ut + ux + δ(up)x − μuxxt = 0, u(x, t) = Asech2 (K(x + x0 − ct))(1/p−1) (2)

where p is a positive integer K =
(

p−1
2μ

) √
c−1

c
and A =

[
(p+1)(c−1)

2δ

](1/p−1)
was

studied by few authors in [1,3,7-8,10,12-13,19-20].

2 Analysis of the method

The basic definitions of reduced differential transform method are introduced
as follows:

Definition 2.1 If function u (x, t) is analytic and differentiated continu-
ously with respect to time t and space x in the domain of interest, then let

Uk(x) =
1

k!

[
∂k

∂tk
u (x, t)

]
t=0

(3)

where the t-dimensional spectrum function Uk (x) is the transformed func-
tion.In this paper, the lowercase u (x, t) represent the original function while
the uppercase Uk (x) stand for the transformed function.
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Definition 2.2 The differential inverse transform of Uk (x) is defined as
follows:

u (x, t) =
∞∑

k=0

Uk (x) tk. (4)

Then combining equation (3) and (4) we write

u (x, t) =
∞∑

k=0

1

k!

[
∂k

∂tk
u (x, t)

]
t=0

tk. (5)

From the above definitions, it can be found that the concept of the reduced
differential transform is derived from the power series expansion.

For the purpose of illustration of the methodology to the proposed method,
we write the RLW equation in the standard operator form

L (u(x, t)) − μR (u(x, t)) + δN (u(x, t)) = g(x, t) (6)

with initial condition
u(x, 0) = f(x) (7)

where L = ∂
∂t

, R = ∂3

∂x2∂t
, is a linear operator which has partial derivatives,

N (u(x, t)) = uux is a nonlinear term and g(x, t) is an inhomogeneous term.
According to the RDTM and Table 1, we can construct the following iter-

ation formula:

(k + 1)Uk+1(x) = Gk(x) + μ
∂3

∂x2∂t
ũk(x, t) − δN (Uk(x)) (8)

where ∂3

∂x2∂t
ũk(x, t), N (Uk(x)) and Gk(x) are the transformations of the func-

tions R (u(x, t)) , N (u(x, t)) and g(x, t) respectively.
From initial condition (7), we write

U0(x) = f(x) (9)

Substituting (9) into (8) and by a straight forward iterative calculations, we
get the following Uk(x) values. Then the inverse transformation of the set of
values {Uk(x)}n

k=0 gives approximation solution as,

ũn(x, t) =
n∑

k=0

Uk(x)tk (10)

where n is order of approximation solution.
Therefore, the exact solution of problem is given by

u(x, t) = lim
n→∞ ũn(x, t). i = 1, ..., n (11)
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Table 1: Reduced differential transformation

Functional Form Transformed Form

u(x, t) Uk(x) = 1
k !

[
∂k

∂tk
u (x, t)

]
t=0

w (x, t) = u (x, t) ± v (x, t) Wk(x) = Uk(x) ± Vk(x)

w (x, t) = αu (x, t) Wk(x) = αUk(x) (α is a constant)

w (x, y) = xmtn Wk(x) = xmδ(k − n)

w (x, y) = xmtnu(x, t) Wk(x) = xmU(k − n)

w (x, t) = u (x, t) v (x, t) Wk(x) =
k∑

r=0
Vr(x)Uk−r(x) =

k∑
r=0

Ur(x)Vk−r(x)

w(x, t) = ∂r

∂tr
u(x, t) Wk(x) = (k + 1)...(k + r)Uk+1(x) = (k+r)!

k!
Uk+r(x)

w(x, t) = ∂
∂x

u(x, t) Wk(x) = ∂
∂x

Uk(x)

Nu(x, t) Maple Code for Nonlinear Function
restart;
NF:=Nu(x,t):#Nonlinear Function
m:=5: # Order
u[t]:=sum(u[b]*tˆb,b=0..m):
NF[t]:=subs(Nu(x,t)=u[t],NF):
s:=expand(NF[t],t):
dt:=unapply(s,t):
for i from 0 to m do
n[i]:=((D@@i)(dt)(0)/i!):
print(N[i],n[i]); #Transform Function
od:

3 Applications

To illustrate the effectiveness of the present method, several test examples
are considered in this section. The accuracy of the method is assessed by
comparison with the exact solutions.

Example 3.1 First we consider, for simplicity, the RLW equation (1), for
μ = 0.125, δ = 1, c = 1 and x0 = 0 [10].

ut + ux + uux − 0.125uxxt = 0, (12)
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with initial condition and boundary conditions

u(x, 0) = 3sech2(x) (13)

For the solution procedure, we first take the differential transform of (3) by
the use of Table 1 and have the following equation

(k+1)Uk+1(x) = − ∂

∂x
Uk(x)−

k∑
r=0

Uk−r(x)
∂

∂x
Ur(x) + 0.125

∂3

∂x2∂t
ũk(x, t) (14)

where the t-dimensional spectrum function Uk (x) is the transformed function

and ũn(x, t) =
n∑

k=0
Uk(x)tk.

From the initial condition (13) we write

U0 (x) = 3sech2(x) (15)

Now, substituting (15) into (14), we obtain the following Uk (x) values
successively

U1(k) = 18sech4(x) tanh(x) + 6sech2(x) tanh(x)
U2(k) = 3

4
(18sinh(x) cosh2(x) + 2sinh(x) cosh4(x) − 45sinh(x) + 36 cosh3(x)

+8 cosh5(x) − 60 cosh(x))/ cosh7(x)
U3(k) = 1

4
(2sinh(x) cosh5(x) + 180sinh(x) cosh3(x) − 450sinh(x) cosh(x)

+4 cosh6(x) + 66 cosh4(x) − 360 cosh(x) + 315)/ cosh8(x)

and so on.
Then, the inverse transformation of the set of values {Uk(x)}3

k=0 gives four
term (Order 3) approximation solution as

ũ3(x, t) =
3∑

k=0
Uk(x)tk = 1

4
(24t sinh(x) cosh5(x)

+6t2 sinh(x) cosh5(x) + 20t3 sinh(x) cosh5(x)
+72t sinh(x) cosh3(x) + 54t2 sinh(x) cosh3(x)
+180t3 sinh(x) cosh3(x) − 450t3 sinh(x) cosh(x)
−135t2 sinh(x) cosh(x) + 4t3 cosh6(x) + 12 cosh6(x)
+108t2 cosh4(x) + 24t2 cosh6(x) + 66t3 cosh4(x)
−360t3 cosh2(x) − 180t2 cosh2(x) + 315t3)/ cosh8(x)

Therefore, the exact solution of problem is given by

u(x, y) = lim
n→∞ ũn(x, y).

This solution is convergent to the exact solution and the same as approximate
solution of the variational iteration method [10]. (see Figure 1)

u(x, t) = 3sech2(x − 2t)
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Figure 1: The numerical results for ũ3(x, y): (a) in comparison with the an-
alytical solutions u(x, t) = 3sech2(x − 2t), (b) for the solitary wave solution
with the initial condition of Example 1.

which is the exact solutions of (12)–(13)
Figure 1 shows the comparison of the RDTM approximation solution of

order four, the (a) exact solution u(x, t) = 3sech2(x − 2t) the solid line rep-
resents the solution by the reduced differential transform method, while the
circle represents the exact solution. From the figure 1-2, it is clearly seen that
the RDTM approximation and the exact solution are in good agreement.

Example 3.2 For the purpose of illustration of the variational iteration
method for solving the GRLW equation, we consider the case for p = 2. In this
case, the solitary wave solution can be evaluated for the equation: Consider
generalized long wave (GRLW) equation which takes the form [1,7-8]:

ut + ux + δ(u2)x − μuxxt = 0, (16)

and initial conditions

u(x, 0) = Asech2 (K(x + x0)) (17)

where k is constant and u = u (x, t) is a function of the variables x and t.

Then, by using the basic properties of the reduced differential transforma-
tion, we can find the transformed form of equation (15) as

(k + 1)Uk+1(x) = μ
∂3

∂x2∂t
ũk(x, t) − ∂

∂x
Uk(x) − δ

∂

∂x
Nk(x) (18)

where the t-dimensional spectrum function Uk (x) is the transformed function.
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Figure 2: The single solitary wave at t = 0.01, c = 1, δ = 1, μ = 0.125, x0 = 0.

From the initial condition (16) we write

U0(x) = Asech2 (K(x + x0)) (19)

Substituting (19) into (18), we obtain the following Uk (x) values successively

U1(x) = 0.09sech4(0.5x + 5) tanh(0.5x + 5) + 0.30sech2(0.5x + 5) tanh(0.5x + 5)
U2(x) = 0.00075(−360sinh(0.5x + 5) cosh3(0.5x + 5) − 450sinh(0.5x + 5) cosh(0.5x + 5)
+200sinh(0.5x + 5) cosh5(0.5x + 5) − 246 cosh2(0.5x + 5) − 63 − 60 cosh4(0.5x + 5)
+200 cosh6(0.5x + 5))/ cosh8(0.5x + 5)

and so on.
Then, the inverse transformation of the set of values {Uk(x)}4

k=0 gives four
term (Order 4) approximation solution as

ũ2(x, t) =
2∑

k=0
Uk(x)tk = 0.00075(400 cosh6(0.5x + 5)

+120tsinh(0.5x + 5) cosh3(0.5x + 5)
+400tsinh(0.5x + 5) cosh5(0.5x + 5)
−360t2sinh(0.5x + 5) cosh3(0.5x + 5) − 63t2

−450 t2sinh(0.5x + 5) cosh(0.5x + 5)
+200t2sinh(0.5x + 5) cosh5(0.5x + 5)
−246t2 cosh2(0.5x + 5) − 60t2 cosh4(0.5x + 5)
+200t2 cosh6(0.5x + 5))/ cosh8(0.5x + 5)

(20)

Therefore, the exact solution of problem is given by

u(x, t) = lim
n→∞ ũn(x, t).
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This solution is convergent to the exact solution u(x, t) = Asech2 (K(x + x0 − ct))
[7] and the same as approximate solution of the variational iteration method
[1]. (see Table 2 and Figure 3)

Table 2: Comparison of the approximate solutions with exact solution
for c = 3, x0 = 10, K = 2.85774, A = 0.70306, δ = 0.5, μ = 1.

t x Exact Solution RDTM Absolute error

0.003

-4 0.2986436163E-2 0.2968699169E-2 0.1773699383E-4
-2 0.4059196521E-3 0.4034953577E-3 0.2424294383E-5
0 0.5496741177E-4 0.5463887938E-4 0.3285323896E-6
2 0.7439619576E-5 0.7395149495E-5 0.4447008178E-7
4 0.1006853817E-5 0.1000835298E-5 0.6018518363E-8

0.001

-4 0.2968659807E-2 0.2962767964E-2 0.5891842296E-5
-2 0.4034930595E-3 0.4026877839E-3 0.8052756328E-6
0 0.5463862467E-4 0.5452949676E-4 0.1091279112E-6
2 0.7395116055E-5 0.7380344529E-5 0.1477152637E-7
4 0.1000830791E-5 0.9988316344E-6 0.1999156567E-8

0.01

-4 0.3049491534E-2 0.2989644138E-2 0.5984739596E-4
-2 0.4145281461E-3 0.4063474018E-3 0.8180744357E-5
0 0.5613382386E-4 0.5502518168E-4 0.1108642173E-5
2 0.7597501566E-5 0.7447435691E-5 0.1500658753E-6
4 0.1028221285E-5 0.1007911573E-5 0.2030971173E-7

Figure 3: The single solitary wave at t = 0.02 and t = 0.002
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4 Conclusion

The main concern of this article is to construct an approximate analytical
solution for regularized long wave equation. We have achieved this goal by
applying reduced differential transform method. The main advantage of the
method is the fact that it provides its user with an analytical approximation, in
many cases an exact solution, in a rapidly convergent sequence with elegantly
computed terms. Analytical solutions enable researchers to study the effect of
different variables or parameters on the function under study easily. Its small
size of computation in comparison with the computational size required in
other numerical methods, and its rapid convergence show that the method is
reliable and introduces a significant improvement in solving partial differential
equations over existing methods.
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