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Abstract

In this article, we use an efficient analytical method called homotopy
analysis method (HAM) to derive an approximate solution of nonlinear
ion sound waves equation. Actually, we solved Korteweg-de Vries equa-
tion arises in a one-dimensional macroscopic plasma model describing
the weakly nonlinear evolution of ion sound speed by the HAM. Unlike
the perturbation method, the HAM does not require the addition of a
small physically parameter to the differential equation. It is applica-
ble to strongly and weakly nonlinear problems. Moreover, the HAM
involves an auxiliary parameter, which renders the convergence param-
eter of series solutions controllable, and increases the convergence, and
increases the convergence significantly. This article depicts that the
HAM is an efficient and powerful method for solving nonlinear differen-
tial equations. Its performance is considerable and the solution of the
equation is the same as the numerical methods solution.
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1 Introduction

Modeling of natural phenomena in most sciences yields nonlinear differential
equations the exact solutions of which are usually rare. Therefore, analytical
methods are strongly needed. For instance, one analytical method, called
perturbation, involves creating a small physically parameter in the problem,
however, finding this parameter is impossible in most cases [1, 2]. Generally
speaking, one simple solution for controlling convergence and increasing it does
not exist in all analytical methods.

In 1992, Liao [3] presented Homotopy Analysis Method (HAM) based on
fundamental concept of homotopy in topology [4-9]. In this method, we do not
need to apply the small parameter and unlike all other analytic techniques,
the HAM provides us with a simple way to adjust and control the convergence
region of approximate series solutions. HAM has been successfully applied to
solve many types of nonlinear problems [10-14].

In this work, the basic idea of HAM is described, and then we apply it to the
nonlinear ion sound waves equation. In [15,16] the authors use the Korteweg-
de Vries equations and show how this equation arises in a one-dimensional
macroscopic plasma model describing the weakly nonlinear evolution of ion
sound speed. The importance of this equation in plasma physics is mentioned
in Section 2.

The paper is organized as follows: In Section 2 we briefly describe the
Korteweg-de Vries equation and Historically show the application and impor-
tance of it in plasma physics. Basic Idea of HAM is introduced in Section
3. In Section 4, using HAM, we propose a suitable formulation of nonlinear
ion sound waves equation for HAM and find a solution which has a perfor-
mance like numerical methods. In Section 5 we conclude the method and the
proposed solution.

2 Ion Sound Wave Model

Two of the most important properties characteristic of a plasma are nonlinear-
ity and dispersion. We begin in this section by discussing a classic nonlinear
partial differential equation, known as the Korteweg-de Vries equation, which
aries in a variety of physical situation, including problems relevant to plasma
physics. The Korteweg-de Vries equation is given by
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∂U

∂τ
+ a · U ∂U

∂ζ
+ b

∂3U

∂ζ3
= 0, (1)

where ζ and τ are independent variables and a and b are real, nonzero con-
stants. Equation (1) is nonlinear through the convective term U ∂U

∂ζ
, and dis-

persive through the term ∂3U
∂ζ3

. Historically, Equation (1) was first derived by

Korteweg and de Vries [17] in relation to the problem of long surface waves in
water in a channel of constant depth. Subsequently, Gardner and Morikawa
[18] derived Equation (1) from a cold-plasma hydromagnetic model describing
the long-time behavior of disturbances propagating perpendicular to a mag-
netic field with velocity near the Alfvén velocity. As demonstrated by Kruskal
and Zabusky [19-21], Equation (1) can also describe one-dimensional acoustic
waves in anharmonic crystals. Moreover, as a further example from plasma
physics, Washimi and Taniuti [22] have shown that Equation (1) gives a weakly
nonlinear description of one-dimensional ion sound wave disturbances traveling
through near the ion sound speed. In view of these many diverse applications
of the Korteweg-de Vries equation, it is apparent that some generalizations are
in order. In this regard, Su and Gardner [23] have shown that Equation (1)
arises in a broad class of weakly nonlinear dispersive systems, just as Burg-
ers’equation [24] a broad class of weakly nonlinear dissipative systems.

For present purposes, it is sufficient to derive the Korteweg-de Vries equa-
tion for one specific problem of interest in plasma physics, and keep in mind
the many applications [23] of Equation (1). In the rest of this section we show
in detail how Equation (1) arises in a one-dimensional macroscopic plasma
model describing the weakly nonlinear evolution of ion sound speed.

We now derive the Korteweg-de Vries equation for the case of ion sound
wave disturbance moving with Mach number (defined relative to the ion sound
speed) slightly greater than unity in a uniform, magnetic field-free, plasma
background. The ions are assumed cold and nondrifting relative to the elec-
trons (Ti � Te), and a one-dimensional macroscopic description is used. More-
over, electron interia effects are neglected (Me → 0) and the isothermal equa-
tion of state, Pe = nekBTe (Te = const), is adopted for the electrons. We then
find

0 = e · ∂Φ

∂x′
− KBTe

ne
· ∂ne
∂x′

, (2)

where −e is the charge on the electron, ne(x
′, t′) is the electron density, and

Φ(x′, t′) is the electrostatic potential (E = −∂Φ/∂x′). Equation (2) may be
integrated to give ne = n0exp(eΦ/kBTe), where n0 is the uniform background
electron density. Poisson’s equation becomes

∂2Φ/∂x′2 = 4πen0[exp(eΦ/kBTe)]− ni (3)
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For the ions, we have

∂ni
∂t′

+
∂ni · vi
∂x′

= 0, (4)

∂vi
∂t′

+ vi ·
∂vi
∂x′

= − e

mi

· ∂Φ

∂x′
, (5)

where ni(x
′, t′) is the ion density, vi(x

′, t′) the ion mean velocity, and e and
mi the ion charge and mass, respectively. It is convenient to introduce the
dimensionless quantities (x, t, φ, n, v) where

x ≡ x′

(kBTe/4πn0e2)1/2
,

t≡ t′(40e2

mi
)1/2,

φ ≡ eΦ
kBTe

,

n≡ ni

n0
,

v≡ vi

(kBTe/mi)1/2

Equations (3)-(5) may then be written in the dimensionless form

∂n

∂t
+
∂(n · ν)

∂x
= 0 (6)

∂v

∂t
+ v · ∂(v)

∂x
= −∂φ

∂x
(7)

∂2φ

∂x2
= eφ − n (8)

where n is the ion density, v is the ion velocity, and φ is the electrostatic po-
tential. For a travelling-wave solution, we assume the n, v and φ are functions
of ζ := x −M · t, where M is the mach number. The appropriate boundary
conditions for a solitary-wave solution are:

|ζ| → ∞ ⇒=



n→ 1
v → 0
φ→ 0
n′ → 0
v′ → 0
φ′ → 0

, (9)
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where a dash denotes differentiation with respect to ζ.
Equations (6) and (7) may be integrated once to give:

n =
M

M − v
, (M − v)2 = M2 − 2 · φ, (10)

where we have used n → 1, v → 0 and φ → 0 as |ζ| → ∞. Substitution of
Equation (10) into Equation (8) gives:

φ′′ = eφ − M√
M2 − 2 · φ

. (11)

One more integration gives:

1

2
φ′2 = −V (φ) := eφ +M

√
M2 − 2 · φ− (M2 + 1) (12)

where we have used φ → 0 and φ′ → 0 as |ζ| → ∞. Although Equation

Figure 1: v(φ), as defined by (12), for M = 1.2 so that a = 0.5244

(12) does not have an analytic solution, we can deduce some properties of the
solution by considering the graph of V as a function of φ. (Figure 1 shows the
graph of V (φ)) when M = 1.2. Notice that curve terminates at φ = M2

2
= 0.72

where V (M
2

2
) = 0.3856.)

We observe that V (0) = 0, V ′(0) = 0 and V ”(M
2

2
) = −1 + M−2 so that

V ”(0) < 0 provided M > 1. Thus, provided M > 1 and V (M
2

2
) > 0, V (a) = 0

with a somewhere in the interval 0 < a < M2

2
. But V (M

2

2
) > 0 implies that

M < Mmax where Mmax is the root of V (M
2

2
) = 0, i.e.

e
M2

2 −M2 − 1 = 0 (13)

Equation (13) gives Mmax = 1.585 (to 3D). The condition V (a) = 0 can be
rearranged to give:
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M2 =
(ea − 1)2

2 · (ea − a− 1)
. (14)

Figure 2: a, as a function of M as computed from (14)

When M = 1, a = 0. When M = Mmax,a = M2
max

2
= 1.256 (to 3D). (Figure

2 shows a as a function of M , for 1 < M ≤ Mmax. Notice that the curve
terminates at M = Mmax). It follows that, if 1 < M ≤ Mmax, (12) has a
solitary-wave solution of amplitude a, where a and M are related by Equation
(14). Without loss of generality we can take the the crest of the wave to be
located at ζ = 0 so that φ(0) = a and then the solitary wave is symmetric
about ζ = 0. (As an example, Figure 3 shows the graph of φ(ζ) when M = 1.2.
This was plotted by solving Equation (12) numerically).

Figure 3: φ(ζ) for M = 1.2 so that a = 0.5244 (Numerical computation)
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3 Basic idea of HAM

Let us consider the following differential equation:

N [u(τ)] = 0, (15)

where N is a nonlinear operator, τ denotes in dependent variable, u(τ) is an
unknown function that is the solution of the equation. We define the function

lim
p→0

ϕ(τ ; p) = u0(τ), (16)

where, p ∈ [0, 1] and u0(τ) is the initial guess which satisfies the initial or
boundary condition and is

lim
p→1

ϕ(τ ; p) = u(τ). (17)

By means of generalizing the traditional homotopy method, Liao [3] con-
structs the so-called zero-order deformation equation:

(1− p) · L[ϕ(τ ; p)− u0(τ)] = p · ~ ·H(τ) ·N [ϕ(τ ; p)], (18)

where ~ is the auxiliary parameter which increases the results convergence,
H(τ) 6= 0 is an auxiliary function and L is an auxiliary linear operator, p
increases from 0 to 1, the solution ϕ(τ ; p) changes between the initial guess
u0(τ ; p) and solution u(τ). Expanding ϕ(τ ; p) in Taylor series with respect to
p, we have:

ϕ(τ ; p) = u0(τ) +
∞∑
m=1

um(τ) · pm, (19)

where

um(τ) =
1

m!
· ∂

mϕ(τ ; p)

∂pm
|p=0 . (20)

if the auxiliary linear operator, the initial guess, the auxiliary parameter ~,
and the auxiliary function are so properly chosen, the series Equation (19)
converges at p = 1, and then we have:

u(τ) = u0(τ) +
∞∑
m=1

um(τ), (21)

which must be one of the solutions of the original nonlinear equation, as proved
by Liao [7]. It is clear that if the auxiliary parameter is ~ = −1 and auxiliary
function is determined to be H(τ) = 1, Equation (18) will be:
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(1− p) · L[ϕ(τ ; p)− u0(τ)] + p ·N [ϕ(τ ; p)] = 0. (22)

this statement is commonly used in HPM procedure. Indeed, in HPM we solve
the nonlinear differential equation by separating every Taylor expansion term.

Now we define the vector of −→u m as follows −→u m = {−→u 1,
−→u 2, . . . ,

−→u n}.
According to the definition Equation (20), the governing equation and the

corresponding initial condition of um(τ) can be deduced from zero-order defor-
mation Equation (18). Differentiating Equation (18) for m-times with respect
to the embedding parameter p and setting p = 0 and finally dividing by m!, we
will have the so-called m-th order deformation equation in the following from

L[um(τ)− xm · um−1(τ)] = p · ~ ·H(τ) ·Rm(−→u m−1), (23)

where

Rm(−→u m−1) =
1

(m− 1)!
· ∂

m−1N [ϕ(τ ; p)]

∂pm−1
|p=0 (24)

and

xm =

{
0 m ≤ 1
1 m > 1

(25)

So by applying inverse linear operator to both sides of the linear equation,
Equation (23), we can easily solve the equation and compute the generation
constant by applying the initial or boundary condition.

4 The problem as formulated for the HAM

φ(0) = a, φ′(0) = 0, φ(∞) = 0 (26)

We choose the initial approximation.

φ0(ζ) = a · e−ζ2 |a=0.5244 (27)

and the linear operator for equation (11)

`[ϕ(ζ; q)] =
∂2ϕ(ζ, q)

∂ζ2
(28)

We change equations Equation (11) and Equation (28) to nonlinear form:

N [ϕ(ζ, ; q)] = φ′′(ζ)− eφ(ζ) +
M√

M2 − 2 · φ(ζ)
(29)

assuming H(τ) = 1, we use above definition to construct the zero-order
deformation equations.
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(1− q) · `[ϕ(ζ; q)− φ0(ζ)] = q~N [ϕ(ζ; q)] (30)

Obviously it is observed that:

q = 0⇒ ϕ(ζ; 0) = φ0(ζ) (31)

and:

q = 1⇒ ϕ(ζ; 1) = φ(ζ) (32)

Differentiating the zero-order deformation Equation (30) m-times with re-
spect to q, we have:

`[φm − xmφm−1] = ~Rm(φm−1) (33)

where

Rm = Rm1 +Rm2 +Rm3 (34)

In (33) for calculating Rm, we expand functions eφ and 1√
M2−2·φ(ζ)

and use

four terms of their Taylor series. In (34) Rm1 , Rm2 and Rm3 are as follow:

Rm1 =
1

(m− 1)!
× ∂2φm−1

∂ζ2
(35)

and

Rm2 = 0 + φm−1 +
1

2

m−1∑
k=0

φkφm−1−k +
1

6

m−1∑
k=0

φm−1−k

k∑
p=0

φp × φk−p (36)

and

Rm3 = 0 +
φm−1

M2
+

3

2M4

m−1∑
k=0

φkφm−1−k +
5

2M6

m−1∑
k=0

φm−1−k

k∑
p=0

φp × φk−p (37)

and

xm =

{
0 m ≥ 1
1 m > 1

(38)

From Equation (27) and Equation (34), we now successively obtain the u(ζ)
and The Equation (33) is linear and thus can be easily solved, especially by
means of symbolic computation software such as Mathematica, Maple, MAT-
LAB and so on. We used 10 terms in evaluating the approximate solution.
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φ(ζ) = φ0(ζ) +
9∑

m=1

φm(ζ) (39)

Figure 4: ~-curve of ∂2(0)
∂ζ2

Note that this series contains the auxiliary parameter ~, which influence
its convergence region and rate. We should therefore focus on the choice of ~
by plotting of ~-curve. Figure 4 shows the ~-curve of ∂2(0)

∂ζ2
.

We should select optimal ~ from the region in which the diagram is quite
horizontal. Horizontal region is the optimal ~ region. Regarding Figure 4
optimal ~ equals 0.14365176. In this article we have obtained the values of
u by applying HAM remarkable method as well as by numerical method and
you will see the consequences of these methods in Figure 5. This diagram
apparently shows that quite analytic method of HAM is so close to numerical
solution with great exactness which is a token of its high accuracy.

Figure 5: Comparison between HAM and Numerical Method
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5 Conclusion

In this paper, we utilized the powerful method of homotopy analysis to ob-
tain the nonlinear ion sound waves equation solution. We achieved a very
good approximation with the numerical solution of the considered problem.
In addition, this technique is algorithmic and it is easy to implementation by
symbolic computation software, such as Maple and Mathematica. Different
from all other analytic techniques, it provides us with a simple way to adjust
and control the convergence region of approximate series solutions. Unlike
perturbation methods, the HAM does not need any small parameter. It shows
that the HAM is a very efficient method. We sincerely hope this method can
be applied in a wider range.
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