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1 Introduction

Let H be a real Hilbert space and let C' be a nonempty closed convex subset
of H and P. is the metric projection of H onto C. A mapping T : C — C
is called nonexpansive if |Tx — Ty|| < ||z — y|| for all z,y € C. We denote
F(T) = {z € C : Tx = x} be the set of fized points of T. Recall that a
self-mapping f : C' — C'is contraction if there exists a constant o € [0, 1) such
that || f(z) — f(w)|| < a|lz —y||, Yx,y € C. In addition, let A: C — H be a
nonlinear mapping. Let F' be a bifunction of C' x C' into R, where R is the
set of real numbers. The generalized equilibrium problem is to find u € C' such
that

F(u,v) 4+ (Au,v —u) >0, YveC. (1)

The set of such an v € C' is denoted by €2, i.e.,
Q={ueC:Fluv)+ (Au,v—u) >0, VveC}. (2)

If A =0, then the problem (1) reduces to the equilibrium problem is to find
u € C such that
F(u,v) >0, YveC. (3)

The set of solutions of (3) is denote by EP(F).
If F¥ =0, then the problem (1) reduces to the variational inequality problem
is to find v € C' such that

(Au,v —u) >0, YoveC. (4)

The set of solutions of (4) denoted by VI(C, A).

The generalized equilibrium problem is very in the sense that it includes, as
special cases, Numerous problems in physics, saddle point problem, fixed pint
problem, variational inequality problems, optimization, economics and others.
Some methods have been proposed to solve the equilibrium problem; see, for
instance [4, 6, 7, 13, 19, 20]. In 1997, Combettes and Hirstoaga [3] introduced
an iterative scheme of finding the best approximation to initial data when
EP(F) is nonempty and proved some strong convergence theorems in Hilbert
spaces.

A mapping A : C — H is called p-inverse-strongly monotone (see [2, 9]) if
there exists a constant p > 0 such that

(Au — Av,u — v) > pl|Au — Av||?, VYu,v € C.

For finding a common element of F(T)NVI(C, A), Takahashi and Toyoda
[17] introduced the following iterative scheme:

xg = x € C chosen arbitrary, (5)
Tpi1 = @y + (1 — )T Po(x, — A\yAzxy,), Yn >0,
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where A is an p-inverse-strongly monotone, {a,} is a sequence in (0, 1) and
{A\.} is a sequence in (0,2p). They showed that if F(T)NVI(C,A) # 0, then
the sequence {x,} generated by (5) converges weakly to zp € F(T)NVI(C, A).
For finding a common element of F(T)NVI(C, A)NEP(F), Plubtieng and
Punpaeng [11] introduced the following iterative scheme: x; = x € C' and

F(ttn, y) + 7=y = tn, un — 20) 20, Yy € C,
Yn = pC(un - )\nAun>: (6>
Tpt1 = A + By + VT Po(Yn — MAyy,), ¥Yn > 1.

They proved that under certain appropriate conditions imposed on {«, }, {5, },
{7}, {rn} and {\,}, the sequence {x,} generated by (6) converges strongly
to 2o € F(T)NVI(C,A) N EP(F), where 2y = Ppryvi(c,AnEP(F)T-

In 2009, Kangtunyakarn and Suantai [5] introduced a mapping generated
by a finite family of nonexpansive mappings as follows:

For a finite family of nonexpansive mappings 717,75, ..., Ty and sequence
{pn:}YY in [0,1], they define the mapping K, : C' — C as follows:

Ui = pinaTh + (1 — pni)l,
Un,Q Mn,QTQUn,l + (1 - Mn,Q)Un,lu
Uns = tnsT3Un2 + (1 — pin3)Uno,

(7)
Usn-1 = paNn-1TN-1Upn—2+ (1 = pto,n-1)Un n_2,
Kn = Un,N = ,U/n,NTNUn,Nfl + (1 - ,Un,N>Un,N71-

Let C' be a nonempty convex subset of real Banach spaces. Let {T;}Y,
be a finite family of nonexpanxive mappings of C' into itself and let pq, ..., un
be real numbers such that 0 < p; < 1 for every @« = 1,..., N. They define a
mapping K : C' — C as follows:

Uy = mT+ (1 —m),
Uy = pThUy + (1 — po)Un,
Us = psT3Us + (1 — ps)Us,

Unv-1 = pnaaTn-1Un—a+ (1 — pun—1)Un—2,
K= UN = HNTNUN—I + (1 — MN)UN—I‘

Such a mapping K is called the K-mapping generated by 17, ...., T and pyq, ..., piy-
Very recently, many others studied the problems to finding a common element
of the set of fixed points for a finite family of nonexpansive and the set of so-
lutions for an generalized equilibrium problem in the setting of Hilbert spaces.
(see for instance, [5, 8, 10] and the references Therein).
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In this paper, motivated by the works the mentioned above, we introduced
an iterative scheme (12) below for finding a common element of the set of
solutions of a generalized equilibrium problem, the set of common fixed points
of a finite family nonexpansive mappings and the set of solution of the vari-
ational inequality for an inverse-strongly monotone mapping in real Hilbert
spaces. The results obtained in this paper improve and extend the recent ones
announced many others.

2 Preliminary

Let H be a real Hilbert space with inner product (-,-) and norm | - ||, and
let C' be a nonempty closed convex subset of H. We denote weak convergence
and strong convergence by notations — and —, respectively. For every point
xr € H, there exists an unique nearest point in C, denoted by Pgx, such that
|z — Poz|| < |Jz —y| forally € C. The mapping Pc is called the metric
projection of H onto C'. It is well known that P is a nonexpansive mapping
of H onto C' and satisfies

(x — vy, Pox — Poy) > ||Pox — Poyl|,? Va,y € H. 9)

Moreover, Pox is characterized by the following properties: Pox € C' and
(x — Pex,y — Pox) <0, (10)
lz = yl* = ll = Pox|l* + |y — Pel, (11)

for all z € H,y € C. For more details see [16]. It is easy to see that the
following is true:

ueVI(C,A) < u= Po(u—NAu), A>0.

A space H is said to satisfy Opial’s condition [12] if for each sequence {z,}
in H which converges weakly to point x € H, we have

liminf ||z, — 2| <liminf [z, —y|, Yy € H, y#z.

A set-valued mapping T : H — 2 is called monotone if for all z,y € H,
f €Tz and g € Ty imply (x—y, f—g) > 0. A monotone mapping T': H — 27
is mazimal if the graph of G(T') of T is not properly contained in the graph
of any other monotone mapping. It is known that a monotone mapping T’
is maximal if and only if for (z,f) € H x H, (x —y, f — g) > 0 for every
(y,g9) € G(T) implies f € Tx. Let A be an p-inverse-strongly monotone
mapping of C' into H and let Ngp be the normal cone to C at ¢ € C, i.e.,
Nep={we H: (p—&w) >0, V¢ € C} and define

Ap + Neo, eC;
T‘p:{w,@ T lec
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Then T is the maximal monotone and 0 € T if and only if p € VI(C, A); see
[14]. For solving the equilibrium problem for a bifunction F': C'x C' — R, let
us assume that F' satisfies the following conditions:

(A1) F(z,z) =0 for all z € C;

(A2) F is monotone, i.e., F(z,y) + F(y,x) <0 for all z,y € C;

(A3) for each z,y,z € C, limyo F(tz + (1 — t)z,y) < F(x,y);

(A4) for each z € C,y — F(x,y) is convex and lower semicontinuous.

Lemma 2.1 [1]. Let C be a nonempty closed convez subset of H and let F
be a bifunction of C x C into R satisfying (A1)-(A4). Letr >0 and x € H.
Then, there exists z € C' such that

1
F(zy)+{y—22-2) 20, vyel.

Lemma 2.2 [3]. Assume that F : C x C — R satisfies (A1)-(A4). For
r >0 and x € H, define a mapping T, : H — C as follows:

1
Tr(x):{ZEC:F(z,y)+;<y—z,z—x)ZO, Vy € C}

or all z € H. Then, the following hold:
for all z € H. Then, the following hold
(1) T, is single-valued;
(2) T, is firmly nonexpansive, i.e.,

T,z — Ty|* < (T,a — Ty,x —y), VYa,y € H;

(5) F(T,) = EP(F);
(4) EP(F) is closed and conver.

Lemma 2.3 [5]. Let C be a nonempty closed convex subset of a strictly
convexr Banach space. Let {T;}X.| be a finite family of nonexpansive mappings
of C into itself with N F(T;) # 0 and {u.} be a real numbers such that
0<u; <1foreveryi=1,... N—1and0 < uy < 1. Let K be the K-mapping
generated by Ty, Ty, ..., T and py, pia, ..., piy. Then F(K) = NN, F(T;).

Lemma 2.4 [5]. Let C' be a nonempty closed convex subset of a Banach
space. Let {T;}Y., be a finite family of nonexpansive mappings of C into itself
and {p,;} sequences in [0,1] such that p,; — pn, as n — oo, (i=1,2,...,N).
Moreover, for every n € N, let K and K, be the K-mapping generated by
Ty, Ty, ..., Ty and p, po, ..., un and T1,Ts, ..., Ty and fin 1, fin2, -, fin,N TESPEC-
tively. Then, for every x € C, we have lim,,_ || K,z — Kz|| = 0.
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Lemma 2.5 [5]. Let H be a Hilbert space, C' a closed conver nonempty
subset of H{T;}X, be a finite family of nonerpansive mappings of C into
itself with F = MY F(T;) # 0, and let F : C x C' — R satisfies (A1)-(A4).
For every n € N, let K, be the K-mapping generated by T1,Ts,....,Tn and
Pty 2y ooy o N With {pin i 1Y C [a, b] where 0 < a < b < 1. For a sequence
{rn} in (0,00), let T, : H — C' be defined by

1
Trn(x):{zeC:F(z,y)+;<y—z,z—x> >0,Vy € C}.

If liminf,, 7, > 0,liminf, TTL =1 and im,_ oo |ftn; — pin—1,| =0, Vi €
{1,2,3,...,N}, then

(1) limy, oo | Kpi1 T,y wn — K1 Ty ]| = 0,
(2) limn—>oo HKn—‘rlwn - Kn-i-lwnH =0,

for every bounded sequence {w,} in H.

Lemma 2.6 [15]. Let {z,} and {z,} be bounded sequences in a Banach
space X and let {B,} be a sequence in [0, 1] with

0< lignioglfﬁn < limsup g3, < 1.

n—oo

Suppose xn1 = (1 = Bu)zn + Bun, Y0 > 0 and limsup,, . (|[2ne1 — 2l —

Lemma 2.7 [18]. Assume {a,} is a sequence of nonnegative real numbers
such that

a1 < (1 —=1y)an + on, n >0,

where {l,,} is a sequence in (0,1) and {0} is a sequence in R such that
(1) X5Ziln = o005
(2) limsup,,_,, 7= < 0; or 307, |0,] < o0.

Then lim,,_, a,, = 0.
Lemma 2.8 Let H be a real Hilbert space. Then for all x,y € H,

(1) llz+ylI* < llz]* + 2{y, = + y);

(2) lx+yll* = [l=]* + 2y, z).
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3 Main Results

Theorem 3.1 Let C' be a nonempty closed convex subset of a real Hilbert
space H, let F be a bifunction from C x C to R satisfying (A1)-(A4), let
B : C — H be an ¢-inverse-strongly monotone mapping, let A : C — H
be an p-inverse-strongly monotone mapping and let {T,} be a finite family
of nonexpansive mapping of C into itself such that © =: N>, F(T,,) N QN
VI(C,A) # 0. Let f be a contraction of H into itself with o € [0,1). Let
{z,}, {yn} and {u,} be the sequences generated by

x1 = x € C chosen arbitrary,

F(tn,y) + (Bn,y = tn) + 7y — tp, un — ) >0, Vy € O,
Yn = Po(u, — A\ Auy,)

Tpi1 = A f(zn) + Bnxn + W EKnPo(Yn — MAyy,), Yn > 1,

(12)

where {K,} is the sequence generated by (7) and {a,}, {Bn}, {7} are three
sequences in (0,1), {1y C la,c] € (0,1), A\, € (0,0] C (0,2p) and r,, €
(0,d] C (0,2¢) satisfy the following conditions:

(i) an + B +vn =1,
(77) lim,, o a, =0 and 300, @, = 00,
(#i) 0 < liminf, . 8, <limsup,,_, . G, <1,
(iv) liminf, .o A, > 0 and lim,,_ [A\s1 — | =0,
(v) liminf, .7, >0 and lim, . |rpi1 — ra| =0,
(vi) imy, oo |fhni — pn—14] =0, fori=1,2,3,...,N.
Then, {z,} and {u,} converge strongly to a point zo € ©, where zg = Po f(20)-

Proof. First, we show that I — r,B is nonexpansive. Indeed, from the ¢-
inverse-strongly monotone and r, < 2¢, Vn € N, we obtain

(I = roB)z — (I —r,B)y|’

I(z — y) — ra(Bz — By)|”

lz = y||> = 2r, (x — y, Bz — By) +r2|| Bz — By’
lz — y||* = 2ru¢ | Bz — Byl|* + r || Bz — By

= |z = ylI> + ra(r. — 2¢) || Bz — Byl

= llz—ul

IN

Thus I — A\, B is nonexpansive. Sois I — \, A
Next, we will divide the proof into several steps.
Step 1. We claim that {z,} is bounded.
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By Lemma 2.2, we have u,, = T, (¢, — rn,Bx,), VYn € N. Let z* € O for
each n > 1, we get z* =T, (2" —r,Bz*). By Lemma 2.2 (2), we obtain

[t — Z*||2 = |7, (zn —rnBr,) = T, (2" — TnBZ*)||2
< <un — 2% (x, — r,Bx,) — (" — rnBz*)>

1 . . \
— 5{Hun — 2| + |z — muBxy,) — (2° — r,B2")|?
— [[(up = 2") = ((xn — rpBay) — (2" — TnBZ*))lF}

and by I — r, B is nonexpansive implies that

[t — 2*|?
< |zn —rnBxyn) — (2" — rnBZ*)HQ — [[(tp — ) = rp(B2" — an)HQ
= H( —Tn ) T, — (I — TnB)Z*HQ - H(un - xn) - Tn(BZ* - an)”Q
< Nl = 2*IP = [ (un — 20) = r0(B2" — Bay)||* < |l — 272

Let z* € VI(C, A), since Pc is a nonexpansive mapping and A is an p-inverse-
strongly monotone mapping and by (12), we obtain

n — Z*HQ = |[[Po(un — MAu,) — Po(2" — )‘nAZ*)HQ
| (wn, — AAuy,) — (2% — /\nAz*)H2

= H(un - Z*) - )‘n(Aun - AZ*)”Q

[t — 212 + An(An — 2p) || Auy — Az*||?

= 27" < 2 — 2712

IN

IAIN

Put v, = Po(yn — A\Ay,). It follows that
[on = 2112 = (| Po(yn — AnAyn) — Po(z" = MAZ") |12 < lyn — 2°|* < [z — 27

and so

Hxn—H - Z*H ||anf(‘rn) + ﬁnxn + ’YnKnUn - Z*H

< ol f(xn) = 27| + Ballzn — 27| + Yl Knvn — 27|

< O‘naHxn - Z*H + O‘an(Z*) - Z*H + ﬁnHIn - Z*H + Vnan - Z*H

< apallz, = 2| + anl| f(27) = 27| + Bullzn — 27| + Yallzn — 27|
2*) — ¥

R z*n Fan - o L

] Hf - Z*||

IN

maX{Hxn — 2"

IN

e
] Hf Z*H}

max{||a:1 — 2|
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This implies that {x,} is bounded, so are {v,},{yn}, {un} and {K,v,}.
Step2. We claim that lim, . || Zp41 — 2, = 0.
Since u,, = T,, (2, — rBxy) and upy1 =T, (Tng1 — Tnp1 Bapy), we get

1
F(un,y) + (Bxp,y — un) + r—(y — Up, Uy — Tp) >0, Vy €l (13)
and
1
F(un+17y)+<BIn+17y_un+1>+T <y_un+laun+l_xn+1> >0, VyeC. (14>
n+1

Take y = w41 in (14) and y = u, in (13), we have

1
F(unvun-l—l) + <an7un+1 - un) + T_<un+1 = Up, Uy — xn) Z 0
and
1
F(Un+1, un) + <an+lu Up — un—‘rl) + r <un — Up+1y Un+1 — In—i—l) Z O
n+1

Adding the above two inequalities, the monotonicity of F' implies that

Up+1 — Tn41 Up — Tn
<an+1 - anaun - un+1> + Up — Un+1, - 2 O
Tn+1 Tn
and so
Tn
0 S Up — Un+1, Tn(B-rn—l—l - an) + (un-‘rl - -rn-l—l) - (un - -rn)

T'n

<
(

Up4+1 — Up, Up — Up+1 + (1 - )un-i-l + (xn+1 - TnB-rn-l—l)

Tn+1

Tn
- (xn - Tann) — Tp+1 + Tp+1
Tn+1

T'n

= <un+1 — Up, Up — Un+1 + (1 - )(unJrl - xn+1)

Tn+1

+ (Tpg1 — T Bxpy1) — (2p — rann)>.

Without loss of generality, let us assume that there exists a real number ¢ such
that r, > ¢, Vn > 1. Then, we have

T'n

[ttt — un||2 < Jupgr — un“{||xn+1 — |l + ‘1 o Mu”‘i‘l - xn—&-lH}

n+1
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and hence
1
||un+1 - un“ < Hxn-i-l - xn“ + |rn+1 - Tn|Hun+1 - xn-&-lH
n+1
1
< Hanrl - xn” + E’rnJrl - rn’Mla (15)

where M; = sup{||u,, — || : n € N}. Since I — A, A is nonexpansive, we have

|Vns1 — V4|
= ||Po(Ynt1 — Ms14YUnt1) — Po(yn — MAyn) ||

< W1 = At 1AYnt1) = (Yn — A Ay ||

< ynrr = wnll + 1An = Anga [l Aya|

= [[Pe(untr = AnprAtni1) — Po(un — AnAua) || + [An = Apsa ||| Ayal
< unsa = wall + [An = A [l Aua] + (A = A || A

= Nungr = wnll + A = A (| Awn]] + | Ayal)- (16)
Substituting (15) into (16), we have

M,
[vng1 —vnll < f@p — 2l + 7‘rn+l — T
+An = A | ([ Aun] + ([ Ayal|). (17)

Setting z, = 2%~ f(xn) + 125 Kavy, we have z41 = (1= 0,) 2, + fotn, n 2 1.
It follows that

(R
- e+ T2 ) = (e + 2 )|
- ) T e
< %rwxm) = Sl + |25 = 1o I )l
< T ol |25 = ) Vo)
(1= Tt~ Ko
< T = ol |2 = )] )
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Qn
+ (1 — i) {HKn+1Un+1 — Kpy1val| + [ Kps1vn — K"U"H}

1_Bn+1
S TGy el - F@)l + 1 Knvy
s = | [ 2 = )+ )
Q41
1= 2 ) st — vall + [ EKnrvn — Kovall V. s
+< 1—ﬁn+1>{HU+1 Un|| + || Kngav UH} (18)

Combining (17) and (18), we deduce

A

(295 = 1)l =l | 22— 2 )+ )
App1 Ml

( 1—ﬁn+1>{“‘”“ Zall ¥ = lrnsr =7l

+ 1A = A | ([ Aunl| + | Ayal]) + [[ K pron — KnvnH}

apir(a—1) Oyl o,
(2= s =l | 22— 2 )+ )
oy, M
" (1 - —){—r il P = Al Aual] + 1Ay )
1_ﬁn+1 c

+ || Ky 10, — KnvnH}.

From conditions (i), (ii), (iv), (v) and Lemma 2.5, we obtain
limsup([[zn41 = 2ol = 041 = 2l]) <0.

Hence, by Lemma 2.6, we obtain

Jim |z — || = 0.
It follows that
T 121 — )l = Jim (1= ) — 7)) = 0. (19)

Applying (19), (iv) and (v), we have

im |up1 — unl| = nhjgo |41 — vall = 0.

n—oo
Step 3. We claim that lim,, . || K,v, — v,|| = 0.
Indeed, from || K v, — v, || < [[Knvn — || + |20 — wn|| + |Jtn — va]]-
(a) First, we prove that ||K,v, — z,|| — 0, we note that

< anllf(zn) — znll + Al Kpvn — 0.
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Since a;, — 0 and ||x,41 — x,|| — 0 implies that || K,v, — z,|| — 0, as n — o0
(b) Next, we prove that ||z, — u,|| — 0, we obtain

Hun - Z*||2 < Hxn - Z*HQ - H(un — ) + Tn(an - BZ*)||2
<l — 2% - {Hun — 2, |?

+2ry|[un — 2a|[[| Bxn — B2"|| + 12| Bx, — Bz"|*}

< = 2l — (20)
From (12), we compute
[Znes = 217 < anllf(@a) = 21 + Ballzn — 2711° + vl Knvn — 27|
< apllf(@n) — 25|+ Bullzn — 2*|1* + nllve — 2¥|2
< anllf(mn) = 2517+ Buallzn — 2117 + Yllyn — 211
< anllf(@n) = 217+ Buallwn — 2I1* + nllun — 212 (21)

Substituting (20) into (21), we obtain

|Zns1 — 2*I?

ol f(@n) = 2" [17 + Bullza — 212 + v l2n — 21 = llun — 2l|*}
O‘an($n) - Z*HQ + (1 - an)Hwn - Z*HQ - Vn"un - anQ

anllf (@n) = 2°II° + |z = 2°[° = Ynllun — 20l 2

IIA

IN

It follows that

anllf(@n) = 21" + 2 — 2717 = ll@ns — "1,

anllf (@n) = 2°[° + llzn = Tl (2 — 21| + l2nss — 27])).

/YnHun - anQ S
<

By virtue of conditions (i)-(iii), liminf,, . r, > 0 and (19), we have

lim ||z, — u,| = 0.

n—oo

(c¢) Now, we prove that ||v, — u,| — 0. We observe that

lyn = 217 <l = 211 + An(Aa = 29) [ Ay — A2"1%,
<z = 211° + a(b = 2p) || Au, — A7, (22)

Substituting (22) into (21), we have

|zner — 217 <l f@n) = 2*12 + Ballwn — 2|2
+m{ lzn = 2"[17 + a(b — 2p) || Auy — A2"|?}
= O‘an(xn) - Z*HQ + (1 - O‘n)Hxn - Z*HQ
+yma(b — 2p)|| Au, — Az||?
| f (@) = 22 + 2 — 2| + Ymalb — 20)[| Au,, — A2*||?

IN
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and hence
Tma(2p — b)|| Au, — AZ*|?
< ol f(@n) = 212+ [2nsr — 2all(lzn — 25)| + llzne — 27).

Since o, — 0, a,b € (0,2p), liminf, v, > 0 and ||z,+1 —x,| — 0, we obtain
| Au,, — Az*|| — 0, as n — oco. We compute

Y — Z*HQ = |[[Po(un — MAu,) — Po(z" — )‘nAZ*NQ

< A{(up — MAuy,) — (25 — NAZY), Yy — 27)
= {0 = M) — (2 = A A g — 2
= M) = (2* = AnAz") = (g — 2)[12}
< = 21 = 27 = Nt = 92) = A — A7)}
< gl =2 g = 2P =t~ gl

+ 200 (U — Y, Ay, — AZF) — N2|| Auy, — AZ*H2},
this implies that

e — 2% = [lun = yall* + 220t — Yo, Auy, — Az7)

lyn — 2|17 <
< Hxn - Z*||2 - Hun - yn||2 + 2)‘n<un — Yn, Aun - AZ*> (23>

Substituting (23) into (21), we have
lznir =21 < anllf(za) = 27 + Ballzn = 21 + af Iz — =*|?
— Ntn = yul® + 220 (tn = Y, Ay, — A2) }

anll f(zn) = 2" * + e — 251 = yallun — yall®
+ 2)\n/7n<un — Yn, Aun - AZ*>7

IN

which implies that

Yalltn = yal® < anllf(@n) = 217 + 2w — 2717 = ll@nss — 2717
+ 22X ullun — Yl Aun, — AZ7|
< anllf(@n) = 21+ 2nsr = zall (2 = 271 + @01 — 271)
+ 220 Ynlltn — Yall[| Au, — A27.
By conditions, (i)-(iii), ||€n+1 — zn|| — 0 and ||Au,, — Az*|| — 0, we obtain

|ltun, — yn|l — 0, as n — oc.
We note that

N

[on = unll < lvn = ynll + llyn — ual
1P (yn = AnAyn) — Po(un = AnAun) || + [[yn = unll

< lyn = wnll + llyn = unll = 2[lyn — unll = 0, as n — oo,
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Hence
[ EKovn — vnll < | Knvn — @l + |20 — unl| + lun — vn]l — 0, as n — o0.(24)

Let K be the mapping defined by (8). Since {v,} is bounded, applying Lemma
2.4 and (24), we have

| Kvy, — vy || < ||Kvp — Kpop|| + || Knvn — vp]] — 0 as n — oo.

Step 4. We claim that limsup,,_, . (f(20) — 20, 2n — 20) < 0, where zy =

Po f(z0).
To show this inequality, we choose a subsequence {vy,,} of {v,} such that

Zlg&(f(zo) — 20, Ko, — vy,) = limsup(f(z0) — 20, Kpvn — Un,).
Since {vy,,} is bounded, there exists a subsequence {vnij} of {vy, } which con-
verges weakly to z € C. Without loss of generality, we can assume that
Up, — 2. From || K, v, — v,|| — 0, we obtain K,v,, — z.
By Theorem 3.1 in [10] pp.14-17, we can prove that z € ©. Thus, by the
property of the metric projection implies that

limsup(f(z0) — 20, Zn — 20) = limsup(f(z0) — 20, Tn — Kpvn + Kpv, — 20)

m su m sup(f(
f(z0

(

(

IN

— 2o, Kyu, — 20)

n—oo

lim sup(f(z0) — 20, Kn,Vn, — 20)

n—oo

lim sup( f(zo

n—oo

(f(20)
lim sup(f(zo)
{f(20)
(f(z0) — 20,2 — 20) < 0. (25)

From Step 3(a), we have || K, v, — x,|| — 0, then

limsup(f(z0) = 20, Tns1 — 20) < limsup(f(zo0) = 20, Tnt1 — )

n—oo n—:oo

+ limsup(f(zo0) — 20, n — 20)-

n—oo

Since ||Zn41 — || — 0 and (25), we obtain

lim sup(f(z0) — 20, Znt+1 — 20) < 0. (26)

n—oo

Step 5. Finally, we show that z,, — 2y as n — oco. We observe that

[
= <anf(xn) + ﬂnxn + ’ynKnvn — 20, Tp+1 — ZO>

< an<f(xn) - f(20)7xn+1 - ZO> + Oén<f(20) — 20, Tp+1 — ZO>

1 1
+ 50120 = 20l” + l7ns1 = 200°) + 591K = 200° + lz0s1 = 20[1%)
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< (T — 20, Tt — 20) + an{f(20) — 20, Tnt1 — 20)

+ 3l = 20l + zass = 20l) + 390(llon = 20l + lzss = 2ol
< 5ne(lan = ol + nss = 20l) + 6l f0) = 20, Fns = 20)
4 3 Bullen = 2l + s = 20l) + 330070 = 20l + fnss = )
< 20?2 — 20l + [2ner — 20l + 0 F(20) — 20, Tsr — 20}
+ 500 = @) (llzn = 20l + 71— )
< 2l = (= e — 2l + 5 henes — 2l + 20007 (20) — 20, Tass — 20).

Which implies that

—_

2011 — 20| [1— (1 = a®)ag]llzn — 20/1* + an(f(20) = 20, Tns1 — 20)-

DO |

Taking a,, = ||z, — 20/, I, = (1 — &), and o, = 20, (f(20) — 20, Tnr1 — 20)-
By (26), we have limsup 9 o < 0. It follow from Lemma 2.7 that z, — z.
Consequently from ||z, — unH — 0, we obtain u,, — 2. This complete the
proof.

Corollary 3.2 Let C' be a nonempty closed convex subset of a real Hilbert
space H, let F' be a bifunction from C x C to R satisfying (A1)-(A4), let
B : C' — H be an ¢p-inverse-strongly monotone mapping and let {T,,} be a finite
family of nonexpansive mapping of C' into itself such that © =: N2, F(T,,) N
Q£0. Let f be a contraction of H into itself with o € (0,1). Let {x,}, {yn}
and {u,} be the sequences generated by

x1 = x € C chosen arbitrary,
F(unuy)+<an7y_un>+L<y_un7un_-rn> 207 Vyeov

Tn

Tn+1 = &"f(xn) + ann + P)/nKnum Vn > 17

where {K,} is the sequence generated by (8)and {a,}, {6n},{Vn} are three
sequences in (0,1), {unitiv, C [a,c] € (0,1) and r, € (0,d] C (0,2¢) satisfy
the following conditions:

(i) o+ Bn+m =1,
(77) lim, o o, = 0 and 300, @, = 00,
(#i) 0 < liminf, . G, <limsup,,_, . G, <1,

(iv) liminf, .7, >0 and lim,_ |r,11 — ra| =0,
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(v) Umy, oo |phni — pin-14] =0, for i =1,2,3,..., N.

Then, {z,} and {u,} converge strongly to a point zo € ©, where zy = Pg f(20).

Proof. Put A = 0in Theorem 3.1. Then y,, = u,. The conclusion of Corollary
3.2 can be obtained the desired result easily.

Corollary 3.3 Let C' be a nonempty closed convex subset of a real Hilbert
space H, let F be a bifunction from C x C to R satisfying (A1)-(A4) and
let {T,,} be a finite family of nonexpansive mapping of C' into itself such that
© =N, F(T,)NEP(F) # (. Let f be a contraction of H into itself with
a € (0,1). Let {z,}, {yn} and {u,} be the sequences generated by

x1 = x € C chosen arbitrary,
F(ttn, y) + 75y = thn, un — 2) >0, Yy €O,
Tpy1 = &nf(xn) + ﬂnxn + ﬁ)/nKnuna Vn > 17
where {K,} is the sequence generated by (8)and {a,}, {6n},{7n} are three

sequences in (0,1), {pni}, C [a,¢] C (0,1) and r, € (0,d] C (0,00) satisfy
the following conditions:

(1) om+ Bn+ 9 =1,

(77) lim,, o o, = 0 and >200 | @, = 00,

(#i) 0 < liminf, . 8, <limsup,,_, . G, <1,

(iv) liminf, .7, >0 and lim, . |rpi1 — ra| =0,
(v) imy, oo |fhni — pn—14] =0, fori=1,2,3,...,N.

Then, {z,} and {u,} converge strongly to a point zo € ©, where zg = Po f(20)-

Proof. Put A= B =0 in Theorem 3.1. Then y,, = u,, and for any ¢ > 0, we
see that (Bx — By, x —y) > ¢||Bx— By||*>, Vz,y € C. Let {r,} be a sequence
satisfying the restriction: 0 < r, < d, where d € (0,00). Then we can obtain
the desired conclusion easily from theorem 3.1.
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