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1 Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H and PC is the metric projection of H onto C. A mapping T : C → C
is called nonexpansive if ‖Tx − Ty‖ ≤ ‖x − y‖ for all x, y ∈ C. We denote
F (T ) = {x ∈ C : Tx = x} be the set of fixed points of T . Recall that a
self-mapping f : C → C is contraction if there exists a constant α ∈ [0, 1) such
that ‖f(x) − f(y)‖ ≤ α‖x − y‖, ∀x, y ∈ C. In addition, let A : C → H be a
nonlinear mapping. Let F be a bifunction of C × C into R, where R is the
set of real numbers. The generalized equilibrium problem is to find u ∈ C such
that

F (u, v) + 〈Au, v − u〉 ≥ 0, ∀v ∈ C. (1)

The set of such an u ∈ C is denoted by Ω, i.e.,

Ω = {u ∈ C : F (u, v) + 〈Au, v − u〉 ≥ 0, ∀v ∈ C}. (2)

If A ≡ 0, then the problem (1) reduces to the equilibrium problem is to find
u ∈ C such that

F (u, v) ≥ 0, ∀v ∈ C. (3)

The set of solutions of (3) is denote by EP (F ).
If F ≡ 0, then the problem (1) reduces to the variational inequality problem
is to find u ∈ C such that

〈Au, v − u〉 ≥ 0, ∀v ∈ C. (4)

The set of solutions of (4) denoted by V I(C, A).
The generalized equilibrium problem is very in the sense that it includes, as

special cases, Numerous problems in physics, saddle point problem, fixed pint
problem, variational inequality problems, optimization, economics and others.
Some methods have been proposed to solve the equilibrium problem; see, for
instance [4, 6, 7, 13, 19, 20]. In 1997, Combettes and Hirstoaga [3] introduced
an iterative scheme of finding the best approximation to initial data when
EP (F ) is nonempty and proved some strong convergence theorems in Hilbert
spaces.

A mapping A : C → H is called ρ-inverse-strongly monotone (see [2, 9]) if
there exists a constant ρ > 0 such that

〈Au − Av, u − v〉 ≥ ρ‖Au − Av‖2, ∀u, v ∈ C.

For finding a common element of F (T )∩ V I(C, A), Takahashi and Toyoda
[17] introduced the following iterative scheme:

{
x0 = x ∈ C chosen arbitrary,
xn+1 = αnxn + (1 − αn)TPC(xn − λnAxn), ∀n ≥ 0,

(5)
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where A is an ρ-inverse-strongly monotone, {αn} is a sequence in (0, 1) and
{λn} is a sequence in (0, 2ρ). They showed that if F (T ) ∩ V I(C, A) �= ∅, then
the sequence {xn} generated by (5) converges weakly to z0 ∈ F (T )∩V I(C, A).

For finding a common element of F (T )∩V I(C, A)∩EP (F ), Plubtieng and
Punpaeng [11] introduced the following iterative scheme: x1 = x ∈ C and

⎧⎪⎨
⎪⎩

F (un, y) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

yn = PC(un − λnAun),
xn+1 = αnx + βnxn + γnTPC(yn − λnAyn), ∀n ≥ 1.

(6)

They proved that under certain appropriate conditions imposed on {αn}, {βn},
{γn}, {rn} and {λn}, the sequence {xn} generated by (6) converges strongly
to z0 ∈ F (T ) ∩ V I(C, A) ∩ EP (F ), where z0 = PF (T )∩V I(C,A)∩EP (F )x.

In 2009, Kangtunyakarn and Suantai [5] introduced a mapping generated
by a finite family of nonexpansive mappings as follows:

For a finite family of nonexpansive mappings T1, T2, ..., TN and sequence
{μn,i}N

i in [0,1], they define the mapping Kn : C → C as follows:

Un,1 = μn,1T1 + (1 − μn,1)I,

Un,2 = μn,2T2Un,1 + (1 − μn,2)Un,1,

Un,3 = μn,3T3Un,2 + (1 − μn,3)Un,2,
... (7)

Un,N−1 = μn,N−1TN−1Un,N−2 + (1 − μn,N−1)Un,N−2,

Kn = Un,N = μn,NTNUn,N−1 + (1 − μn,N )Un,N−1.

Let C be a nonempty convex subset of real Banach spaces. Let {Ti}N
i=1

be a finite family of nonexpanxive mappings of C into itself and let μ1, ..., μN

be real numbers such that 0 ≤ μi ≤ 1 for every i = 1, ..., N . They define a
mapping K : C → C as follows:

U1 = μ1T1 + (1 − μ1)I,

U2 = μ2T2U1 + (1 − μ2)U1,

U3 = μ3T3U2 + (1 − μ3)U2,
... (8)

UN−1 = μN−1TN−1UN−2 + (1 − μN−1)UN−2,

K = UN = μNTNUN−1 + (1 − μN)UN−1.

Such a mapping K is called the K-mapping generated by T1, ...., TN and μ1, ..., μN .
Very recently, many others studied the problems to finding a common element
of the set of fixed points for a finite family of nonexpansive and the set of so-
lutions for an generalized equilibrium problem in the setting of Hilbert spaces.
(see for instance, [5, 8, 10] and the references Therein).
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In this paper, motivated by the works the mentioned above, we introduced
an iterative scheme (12) below for finding a common element of the set of
solutions of a generalized equilibrium problem, the set of common fixed points
of a finite family nonexpansive mappings and the set of solution of the vari-
ational inequality for an inverse-strongly monotone mapping in real Hilbert
spaces. The results obtained in this paper improve and extend the recent ones
announced many others.

2 Preliminary

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖, and
let C be a nonempty closed convex subset of H . We denote weak convergence
and strong convergence by notations ⇀ and →, respectively. For every point
x ∈ H , there exists an unique nearest point in C, denoted by PCx, such that
‖x − PCx‖ ≤ ‖x − y‖ for all y ∈ C. The mapping PC is called the metric
projection of H onto C. It is well known that PC is a nonexpansive mapping
of H onto C and satisfies

〈x − y, PCx − PCy〉 ≥ ‖PCx − PCy‖,2 ∀x, y ∈ H. (9)

Moreover, PCx is characterized by the following properties: PCx ∈ C and

〈x − PCx, y − PCx〉 ≤ 0, (10)

‖x − y‖2 ≥ ‖x − PCx‖2 + ‖y − PCx‖2, (11)

for all x ∈ H, y ∈ C. For more details see [16]. It is easy to see that the
following is true:

u ∈ V I(C, A) ⇔ u = PC(u − λAu), λ > 0.

A space H is said to satisfy Opial’s condition [12] if for each sequence {xn}
in H which converges weakly to point x ∈ H , we have

lim inf
n→∞ ‖xn − x‖ < lim inf

n→∞ ‖xn − y‖, ∀y ∈ H, y �= x.

A set-valued mapping T : H → 2H is called monotone if for all x, y ∈ H ,
f ∈ Tx and g ∈ Ty imply 〈x−y, f−g〉 ≥ 0. A monotone mapping T : H → 2H

is maximal if the graph of G(T ) of T is not properly contained in the graph
of any other monotone mapping. It is known that a monotone mapping T
is maximal if and only if for (x, f) ∈ H × H , 〈x − y, f − g〉 ≥ 0 for every
(y, g) ∈ G(T ) implies f ∈ Tx. Let A be an ρ-inverse-strongly monotone
mapping of C into H and let NCϕ be the normal cone to C at ϕ ∈ C, i.e.,
NCϕ = {w ∈ H : 〈ϕ − ξ, w〉 ≥ 0, ∀ξ ∈ C} and define

Tϕ =

{
Aϕ + NCϕ, ϕ ∈ C;
∅, ϕ /∈ C.
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Then T is the maximal monotone and 0 ∈ Tϕ if and only if ϕ ∈ V I(C, A); see
[14]. For solving the equilibrium problem for a bifunction F : C ×C → R, let
us assume that F satisfies the following conditions:

(A1) F (x, x) = 0 for all x ∈ C;

(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for all x, y ∈ C;

(A3) for each x, y, z ∈ C, limt↓0 F (tz + (1 − t)x, y) ≤ F (x, y);

(A4) for each x ∈ C, y �→ F (x, y) is convex and lower semicontinuous.

Lemma 2.1 [1]. Let C be a nonempty closed convex subset of H and let F
be a bifunction of C × C into R satisfying (A1)-(A4). Let r > 0 and x ∈ H.
Then, there exists z ∈ C such that

F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C.

Lemma 2.2 [3]. Assume that F : C × C → R satisfies (A1)-(A4). For
r > 0 and x ∈ H, define a mapping Tr : H → C as follows:

Tr(x) = {z ∈ C : F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C}

for all z ∈ H. Then, the following hold:

(1) Tr is single-valued;

(2) Tr is firmly nonexpansive, i.e.,

‖Trx − Try‖2 ≤ 〈Trx − Try, x− y〉, ∀x, y ∈ H ;

(3) F (Tr) = EP (F );

(4) EP (F ) is closed and convex.

Lemma 2.3 [5]. Let C be a nonempty closed convex subset of a strictly
convex Banach space. Let {Ti}N

i=1 be a finite family of nonexpansive mappings
of C into itself with ∩N

i=1F (Ti) �= ∅ and {μn} be a real numbers such that
0 ≤ μi ≤ 1 for every i = 1, ..., N −1 and 0 < μN ≤ 1. Let K be the K-mapping
generated by T1, T2, ..., TN and μ1, μ2, ..., μN . Then F (K) = ∩N

i=1F (Ti).

Lemma 2.4 [5]. Let C be a nonempty closed convex subset of a Banach
space. Let {Ti}N

i=1 be a finite family of nonexpansive mappings of C into itself
and {μn,i} sequences in [0,1] such that μn,i → μn, as n → ∞, (i=1,2,...,N).
Moreover, for every n ∈ N, let K and Kn be the K-mapping generated by
T1, T2, ..., TN and μ1, μ2, ..., μN and T1, T2, ..., TN and μn,1, μn,2, ..., μn,N respec-
tively. Then, for every x ∈ C, we have limn→∞ ‖Knx − Kx‖ = 0.
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Lemma 2.5 [5]. Let H be a Hilbert space, C a closed convex nonempty
subset of H,{Ti}N

i=1 be a finite family of nonexpansive mappings of C into
itself with F = ∩N

i=1F (Ti) �= ∅, and let F : C × C → R satisfies (A1)-(A4).
For every n ∈ N, let Kn be the K-mapping generated by T1, T2, ..., TN and
μn,1, μn,2, ..., μn,N with {μn,i}N

i=1 ⊂ [a, b] where 0 < a ≤ b < 1. For a sequence
{rn} in (0,∞), let Trn : H → C be defined by

Trn(x) = {z ∈ C : F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C}.

If lim infn→∞ rn > 0, lim infn→∞ rn

rn+1
= 1 and limn→∞ |μn,i − μn−1,i| = 0, ∀i ∈

{1, 2, 3, ..., N}, then

(1) limn→∞ ‖Kn+1Trn+1wn − Kn+1Trnwn‖ = 0,

(2) limn→∞ ‖Kn+1wn − Kn+1wn‖ = 0,

for every bounded sequence {wn} in H.

Lemma 2.6 [15]. Let {xn} and {zn} be bounded sequences in a Banach
space X and let {βn} be a sequence in [0, 1] with

0 < lim inf
n→∞ βn ≤ lim sup

n→∞
βn < 1.

Suppose xn+1 = (1 − βn)zn + βnxn, ∀n ≥ 0 and lim supn→∞(‖zn+1 − zn‖ −
‖xn+1 − xn‖) ≤ 0. Then, limn→∞ ‖zn − xn‖ = 0.

Lemma 2.7 [18]. Assume {an} is a sequence of nonnegative real numbers
such that

an+1 ≤ (1 − ln)an + σn, n ≥ 0,

where {ln} is a sequence in (0, 1) and {σn} is a sequence in R such that

(1)
∑∞

n=1 ln = ∞;

(2) lim supn→∞
σn

ln
≤ 0; or

∑∞
n=1 |σn| < ∞.

Then limn→∞ an = 0.

Lemma 2.8 Let H be a real Hilbert space. Then for all x, y ∈ H,

(1) ‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉;

(2) ‖x + y‖2 ≥ ‖x‖2 + 2〈y, x〉.
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3 Main Results

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert
space H, let F be a bifunction from C × C to R satisfying (A1)-(A4), let
B : C → H be an φ-inverse-strongly monotone mapping, let A : C → H
be an ρ-inverse-strongly monotone mapping and let {Tn} be a finite family
of nonexpansive mapping of C into itself such that Θ =: ∩∞

n=1F (Tn) ∩ Ω ∩
V I(C, A) �= ∅. Let f be a contraction of H into itself with α ∈ [0, 1). Let
{xn}, {yn} and {un} be the sequences generated by

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x1 = x ∈ C chosen arbitrary,
F (un, y) + 〈Bxn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

yn = PC(un − λnAun)
xn+1 = αnf(xn) + βnxn + γnKnPC(yn − λnAyn), ∀n ≥ 1,

(12)

where {Kn} is the sequence generated by (7) and {αn}, {βn},{γn} are three
sequences in (0, 1), {μn,i}N

i=1 ⊂ [a, c] ⊂ (0, 1), λn ∈ (0, b] ⊂ (0, 2ρ) and rn ∈
(0, d] ⊂ (0, 2φ) satisfy the following conditions:

(i) αn + βn + γn = 1,

(ii) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞,

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1,

(iv) lim infn→∞ λn > 0 and limn→∞ |λn+1 − λn| = 0,

(v) lim infn→∞ rn > 0 and limn→∞ |rn+1 − rn| = 0,

(vi) limn→∞ |μn,i − μn−1,i| = 0, for i = 1, 2, 3, . . . , N .

Then, {xn} and {un} converge strongly to a point z0 ∈ Θ, where z0 = PΘf(z0).

Proof. First, we show that I − rnB is nonexpansive. Indeed, from the φ-
inverse-strongly monotone and rn < 2φ, ∀n ∈ N, we obtain

‖(I − rnB)x − (I − rnB)y‖2

= ‖(x − y) − rn(Bx − By)‖2

= ‖x − y‖2 − 2rn 〈x − y, Bx − By〉 + r2
n ‖Bx − By‖2

≤ ‖x − y‖2 − 2rnφ ‖Bx − By‖2 + r2
n ‖Bx − By‖2

= ‖x − y‖2 + rn(rn − 2φ) ‖Bx − By‖2

= ‖x − y‖ ,2

Thus I − λnB is nonexpansive. So is I − λnA
Next, we will divide the proof into several steps.
Step 1. We claim that {xn} is bounded.
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By Lemma 2.2, we have un = Trn(xn − rnBxn), ∀n ∈ N. Let z∗ ∈ Θ for
each n ≥ 1, we get z∗ = Trn(z∗ − rnBz∗). By Lemma 2.2 (2), we obtain

‖un − z∗‖2 = ‖Trn(xn − rnBxn) − Trn(z∗ − rnBz∗)‖2

≤
〈
un − z∗, (xn − rnBxn) − (z∗ − rnBz∗)

〉
=

1

2

{
‖un − z∗‖2 + ‖(xn − rnBxn) − (z∗ − rnBz∗)‖2

−‖(un − z∗) − ((xn − rnBxn) − (z∗ − rnBz∗))‖2
}

and by I − rnB is nonexpansive implies that

‖un − z∗‖2

≤ ‖(xn − rnBxn) − (z∗ − rnBz∗)‖2 − ‖(un − xn) − rn(Bz∗ − Bxn)‖2

= ‖(I − rnB)xn − (I − rnB)z∗‖2 − ‖(un − xn) − rn(Bz∗ − Bxn)‖2

≤ ‖xn − z∗‖2 − ‖(un − xn) − rn(Bz∗ − Bxn)‖2 ≤ ‖xn − z∗‖.2

Let z∗ ∈ V I(C, A), since PC is a nonexpansive mapping and A is an ρ-inverse-
strongly monotone mapping and by (12), we obtain

‖yn − z∗‖2 = ‖PC(un − λnAun) − PC(z∗ − λnAz∗)‖2

≤ ‖(un − λnAun) − (z∗ − λnAz∗)‖2

= ‖(un − z∗) − λn(Aun − Az∗)‖2

≤ ‖un − z∗‖2 + λn(λn − 2ρ)‖Aun − Az∗‖2

≤ ‖un − z∗‖2 ≤ ‖xn − z∗‖.2

Put vn = PC(yn − λnAyn). It follows that

‖vn − z∗‖2 = ‖PC(yn − λnAyn) − PC(z∗ − λnAz∗)‖2 ≤ ‖yn − z∗‖2 ≤ ‖xn − z∗‖2

and so

‖xn+1 − z∗‖ = ‖αnf(xn) + βnxn + γnKnvn − z∗‖
≤ αn‖f(xn) − z∗‖ + βn‖xn − z∗‖ + γn‖Knvn − z∗‖
≤ αnα‖xn − z∗‖ + αn‖f(z∗) − z∗‖ + βn‖xn − z∗‖ + γn‖vn − z∗‖
≤ αnα‖xn − z∗‖ + αn‖f(z∗) − z∗‖ + βn‖xn − z∗‖ + γn‖xn − z∗‖
= [1 − αn(1 − α)]‖xn − z∗‖ + αn(1 − α)

‖f(z∗) − z∗‖
1 − α

≤ max

{
‖xn − z∗‖, ‖f(z∗) − z∗‖

1 − α

}

...

≤ max

{
‖x1 − z∗‖, ‖f(z∗) − z∗‖

1 − α

}
.
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This implies that {xn} is bounded, so are {vn}, {yn}, {un} and {Knvn}.
Step2. We claim that limn→∞ ‖xn+1 − xn‖ = 0.
Since un = Trn(xn − rnBxn) and un+1 = Trn+1(xn+1 − rn+1Bxn+1), we get

F (un, y) + 〈Bxn, y − un〉 +
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C (13)

and

F (un+1, y)+〈Bxn+1, y−un+1〉+ 1

rn+1
〈y−un+1, un+1−xn+1〉 ≥ 0, ∀y ∈ C. (14)

Take y = un+1 in (14) and y = un in (13), we have

F (un, un+1) + 〈Bxn, un+1 − un〉 +
1

rn

〈un+1 − un, un − xn〉 ≥ 0

and

F (un+1, un) + 〈Bxn+1, un − un+1〉 +
1

rn+1
〈un − un+1, un+1 − xn+1〉 ≥ 0.

Adding the above two inequalities, the monotonicity of F implies that

〈Bxn+1 − Bxn, un − un+1〉 +

〈
un − un+1,

un+1 − xn+1

rn+1
− un − xn

rn

〉
≥ 0

and so

0 ≤
〈

un − un+1, rn(Bxn+1 − Bxn) +
rn

rn+1
(un+1 − xn+1) − (un − xn)

〉

=

〈
un+1 − un, un − un+1 +

(
1 − rn

rn+1

)
un+1 + (xn+1 − rnBxn+1)

− (xn − rnBxn) − xn+1 +
rn

rn+1
xn+1

〉

=

〈
un+1 − un, un − un+1 +

(
1 − rn

rn+1

)
(un+1 − xn+1)

+ (xn+1 − rnBxn+1) − (xn − rnBxn)

〉
.

Without loss of generality, let us assume that there exists a real number c such
that rn > c, ∀n ≥ 1. Then, we have

‖un+1 − un‖2 ≤ ‖un+1 − un‖
{
‖xn+1 − xn‖ +

∣∣∣1 − rn

rn+1

∣∣∣‖un+1 − xn+1‖
}
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and hence

‖un+1 − un‖ ≤ ‖xn+1 − xn‖ +
1

rn+1
|rn+1 − rn|‖un+1 − xn+1‖

≤ ‖xn+1 − xn‖ +
1

c
|rn+1 − rn|M1, (15)

where M1 = sup{‖un − xn‖ : n ∈ N}. Since I − λnA is nonexpansive, we have

‖vn+1 − vn‖
= ‖PC(yn+1 − λn+1Ayn+1) − PC(yn − λnAyn)‖
≤ ‖(yn+1 − λn+1Ayn+1) − (yn − λnAyn)‖
≤ ‖yn+1 − yn‖ + |λn − λn+1|‖Ayn‖
= ‖PC(un+1 − λn+1Aun+1) − PC(un − λnAun)‖ + |λn − λn+1|‖Ayn‖
≤ ‖un+1 − un‖ + |λn − λn+1|‖Aun‖ + |λn − λn+1|‖Ayn‖
= ‖un+1 − un‖ + |λn − λn+1|(‖Aun‖ + ‖Ayn‖). (16)

Substituting (15) into (16), we have

‖vn+1 − vn‖ ≤ ‖xn+1 − xn‖ +
M1

c
|rn+1 − rn|

+|λn − λn+1|(‖Aun‖ + ‖Ayn‖). (17)

Setting zn = αn

1−βn
f(xn)+ γn

1−βn
Knvn, we have xn+1 = (1−βn)zn +βnxn, n ≥ 1.

It follows that

‖zn+1 − zn‖
=

∥∥∥∥∥
( αn+1

1 − βn+1

f(xn+1) +
γn+1

1 − βn+1

Kn+1vn+1

)
−
( αn

1 − βn

f(xn) +
γn

1 − βn

Knvn

)∥∥∥∥∥
=

∥∥∥∥∥ αn+1

1 − βn+1
f(xn+1) − αn+1

1 − βn+1
f(xn) +

αn+1

1 − βn+1
f(xn) − αn

1 − βn
f(xn)

+
γn+1

1 − βn+1
Kn+1vn+1 − γn+1

1 − βn+1
Knvn +

γn+1

1 − βn+1
Knvn − γn

1 − βn
Knvn

∥∥∥∥∥
≤ αn+1

1 − βn+1

‖f(xn+1) − f(xn)‖ +

∣∣∣∣∣ αn+1

1 − βn+1

− αn

1 − βn

∣∣∣∣∣‖f(xn)‖

+
γn+1

1 − βn+1
‖Kn+1vn+1 − Knvn‖ +

∣∣∣∣∣ γn+1

1 − βn+1
− γn

1 − βn

∣∣∣∣∣‖Knvn‖

≤ ααn+1

1 − βn+1
‖xn+1 − xn‖ +

∣∣∣∣∣ αn+1

1 − βn+1
− αn

1 − βn

∣∣∣∣∣(‖f(xn)‖ + ‖Knvn‖)

+

(
1 − αn+1

1 − βn+1

)
‖Kn+1vn+1 − Knvn‖

≤ ααn+1

1 − βn+1

‖xn+1 − xn‖ +

∣∣∣∣∣ αn+1

1 − βn+1

− αn

1 − βn

∣∣∣∣∣(‖f(xn)‖ + ‖Knvn‖)
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+

(
1 − αn+1

1 − βn+1

){
‖Kn+1vn+1 − Kn+1vn‖ + ‖Kn+1vn − Knvn‖

}

≤ ααn+1

1 − βn+1
‖xn+1 − xn‖ +

∣∣∣∣∣ αn+1

1 − βn+1
− αn

1 − βn

∣∣∣∣∣(‖f(xn)‖ + ‖Knvn‖)

+

(
1 − αn+1

1 − βn+1

){
‖vn+1 − vn‖ + ‖Kn+1vn − Knvn‖

}
. (18)

Combining (17) and (18), we deduce

‖zn+1 − zn‖ − ‖xn+1 − xn‖
≤

(
ααn+1

1 − βn+1
− 1

)
‖xn+1 − xn‖ +

∣∣∣∣∣ αn+1

1 − βn+1
− αn

1 − βn

∣∣∣∣∣(‖f(xn)‖ + ‖Knvn‖)

+

(
1 − αn+1

1 − βn+1

){
‖xn+1 − xn‖ +

M1

c
|rn+1 − rn|

+ |λn − λn+1|(‖Aun‖ + ‖Ayn‖) + ‖Kn+1vn − Knvn‖
}

=

(
αn+1(α − 1)

1 − βn+1

)
‖xn+1 − xn‖ +

∣∣∣∣∣ αn+1

1 − βn+1
− αn

1 − βn

∣∣∣∣∣(‖f(xn)‖ + ‖Knvn‖)

+

(
1 − αn+1

1 − βn+1

){
M1

c
|rn+1 − rn| + |λn − λn+1|(‖Aun‖ + ‖Ayn‖)

+ ‖Kn+1vn − Knvn‖
}

.

From conditions (i), (ii), (iv), (v) and Lemma 2.5, we obtain

lim sup
n→∞

(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0.

Hence, by Lemma 2.6, we obtain

lim
n→∞ ‖zn − xn‖ = 0.

It follows that

lim
n→∞ ‖xn+1 − xn‖ = lim

n→∞(1 − βn)‖zn − xn‖ = 0. (19)

Applying (19), (iv) and (v), we have

lim
n→∞ ‖un+1 − un‖ = lim

n→∞ ‖vn+1 − vn‖ = 0.

Step 3. We claim that limn→∞ ‖Knvn − vn‖ = 0.
Indeed, from ‖Knvn − vn‖ ≤ ‖Knvn − xn‖ + ‖xn − un‖ + ‖un − vn‖.

(a) First, we prove that ‖Knvn − xn‖ → 0, we note that

‖xn+1 − xn‖ = ‖αnf(xn) + βnxn + γnKnvn − xn‖
≤ αn‖f(xn) − xn‖ + γn‖Knvn − xn‖.
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Since αn → 0 and ‖xn+1 − xn‖ → 0 implies that ‖Knvn − xn‖ → 0, as n → ∞
(b) Next, we prove that ‖xn − un‖ → 0, we obtain

‖un − z∗‖2 ≤ ‖xn − z∗‖2 − ‖(un − xn) + rn(Bxn − Bz∗)‖2

≤ ‖xn − z∗‖2 −
{
‖un − xn‖2

+2rn‖un − xn‖‖Bxn − Bz∗‖ + r2
n‖Bxn − Bz∗‖2

}
≤ ‖xn − z∗‖2 − ‖un − xn‖2. (20)

From (12), we compute

‖xn+1 − z∗‖2 ≤ αn‖f(xn) − z∗‖2 + βn‖xn − z∗‖2 + γn‖Knvn − z∗‖2

≤ αn‖f(xn) − z∗‖2 + βn‖xn − z∗‖2 + γn‖vn − z∗‖2

≤ αn‖f(xn) − z∗‖2 + βn‖xn − z∗‖2 + γn‖yn − z∗‖2

≤ αn‖f(xn) − z∗‖2 + βn‖xn − z∗‖2 + γn‖un − z∗‖.2 (21)

Substituting (20) into (21), we obtain

‖xn+1 − z∗‖2

≤ αn‖f(xn) − z∗‖2 + βn‖xn − z∗‖2 + γn

{
‖xn − z∗‖2 − ‖un − xn‖2

}
= αn‖f(xn) − z∗‖2 + (1 − αn)‖xn − z∗‖2 − γn‖un − xn‖2

≤ αn‖f(xn) − z∗‖2 + ‖xn − z∗‖2 − γn‖un − xn‖.2

It follows that

γn‖un − xn‖2 ≤ αn‖f(xn) − z∗‖2 + ‖xn − z∗‖2 − ‖xn+1 − z∗‖2,

≤ αn‖f(xn) − z∗‖2 + ‖xn − xn+1‖(‖xn − z∗‖ + ‖xn+1 − z∗‖).
By virtue of conditions (i)-(iii), lim infn→∞ rn > 0 and (19), we have

lim
n→∞ ‖xn − un‖ = 0.

(c) Now, we prove that ‖vn − un‖ → 0. We observe that

‖yn − z∗‖2 ≤ ‖un − z∗‖2 + λn(λn − 2ρ)‖Aun − Az∗‖2,

≤ ‖xn − z∗‖2 + a(b − 2ρ)‖Aun − Az∗‖2. (22)

Substituting (22) into (21), we have

‖xn+1 − z∗‖2 ≤ αn‖f(xn) − z∗‖2 + βn‖xn − z∗‖2

+ γn

{
‖xn − z∗‖2 + a(b − 2ρ)‖Aun − Az∗‖2

}
= αn‖f(xn) − z∗‖2 + (1 − αn)‖xn − z∗‖2

+ γna(b − 2ρ)‖Aun − Az∗‖2

≤ αn‖f(xn) − z∗‖2 + ‖xn − z∗‖2 + γna(b − 2ρ)‖Aun − Az∗‖2
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and hence

γna(2ρ − b)‖Aun − Az∗‖2

≤ αn‖f(xn) − z∗‖2 + ‖xn+1 − xn‖(‖xn − z∗‖ + ‖xn+1 − z∗‖).
Since αn → 0, a, b ∈ (0, 2ρ), lim infn→∞ γn > 0 and ‖xn+1−xn| → 0, we obtain
‖Aun − Az∗‖ → 0, as n → ∞. We compute

‖yn − z∗‖2 = ‖PC(un − λnAun) − PC(z∗ − λnAz∗)‖2

≤ 〈(un − λnAun) − (z∗ − λnAz∗), yn − z∗〉
=

1

2

{
‖(un − λnAun) − (z∗ − λnAz∗)‖2 + ‖yn − z∗‖2

− ‖(un − λnAun) − (z∗ − λnAz∗) − (yn − z∗)‖2
}

≤ 1

2

{
‖un − z∗‖2 + ‖yn − z∗‖2 − ‖(un − yn) − λn(Aun − Az∗)‖2

}

≤ 1

2

{
‖un − z∗‖2 + ‖yn − z∗‖2 − ‖un − yn‖2

+ 2λn〈un − yn, Aun − Az∗〉 − λ2
n‖Aun − Az∗‖2

}
,

this implies that

‖yn − z∗‖2 ≤ ‖un − z∗‖2 − ‖un − yn‖2 + 2λn〈un − yn, Aun − Az∗〉
≤ ‖xn − z∗‖2 − ‖un − yn‖2 + 2λn〈un − yn, Aun − Az∗〉. (23)

Substituting (23) into (21), we have

‖xn+1 − z∗‖2 ≤ αn‖f(xn) − z∗‖2 + βn‖xn − z∗‖2 + γn

{
‖xn − z∗‖2

− ‖un − yn‖2 + 2λn〈un − yn, Aun − Az∗〉
}

≤ αn‖f(xn) − z∗‖2 + ‖xn − z∗‖2 − γn‖un − yn‖2

+ 2λnγn〈un − yn, Aun − Az∗〉,
which implies that

γn‖un − yn‖2 ≤ αn‖f(xn) − z∗‖2 + ‖xn − z∗‖2 − ‖xn+1 − z∗‖2

+ 2λnγn‖un − yn‖‖Aun − Az∗‖
≤ αn‖f(xn) − z∗‖2 + ‖xn+1 − xn‖(‖xn − z∗‖ + ‖xn+1 − z∗‖)

+ 2λnγn‖un − yn‖‖Aun − Az∗‖.
By conditions, (i)-(iii), ‖xn+1 − xn‖ → 0 and ‖Aun − Az∗‖ → 0, we obtain
‖un − yn‖ → 0, as n → ∞.
We note that

‖vn − un‖ ≤ ‖vn − yn‖ + ‖yn − un‖
= ‖PC(yn − λnAyn) − PC(un − λnAun)‖ + ‖yn − un‖
≤ ‖yn − un‖ + ‖yn − un‖ = 2‖yn − un‖ → 0, as n → ∞.
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Hence

‖Knvn − vn‖ ≤ ‖Knvn − xn‖ + ‖xn − un‖ + ‖un − vn‖ → 0, as n → ∞.(24)

Let K be the mapping defined by (8). Since {vn} is bounded, applying Lemma
2.4 and (24), we have

‖Kvn − vn‖ ≤ ‖Kvn − Knvn‖ + ‖Knvn − vn‖ → 0 as n → ∞.

Step 4. We claim that lim supn→∞〈f(z0) − z0, xn − z0〉 ≤ 0, where z0 =
PΘf(z0).

To show this inequality, we choose a subsequence {vni
} of {vn} such that

lim
i→∞〈f(z0) − z0, Knvni

− vni
〉 = lim sup

n→∞
〈f(z0) − z0, Knvn − vni

〉.

Since {vni
} is bounded, there exists a subsequence {vnij

} of {vni
} which con-

verges weakly to z ∈ C. Without loss of generality, we can assume that
vni

⇀ z. From ‖Knvn − vn‖ → 0, we obtain Knvni
⇀ z.

By Theorem 3.1 in [10] pp.14-17, we can prove that z ∈ Θ. Thus, by the
property of the metric projection implies that

lim sup
n→∞

〈f(z0) − z0, xn − z0〉 = lim sup
n→∞

〈f(z0) − z0, xn − Knvn + Knvn − z0〉
≤ lim sup

n→∞
〈f(z0) − z0, Knvn − z0〉

= lim sup
n→∞

〈f(z0) − z0, Kni
vni

− z0〉
= lim sup

n→∞
〈f(z0) − z0, z − z0〉 ≤ 0. (25)

From Step 3(a), we have ‖Knvn − xn‖ → 0, then

lim sup
n→∞

〈f(z0) − z0, xn+1 − z0〉 ≤ lim sup
n→∞

〈f(z0) − z0, xn+1 − xn〉
+ lim sup

n→∞
〈f(z0) − z0, xn − z0〉.

Since ‖xn+1 − xn‖ → 0 and (25), we obtain

lim sup
n→∞

〈f(z0) − z0, xn+1 − z0〉 ≤ 0. (26)

Step 5. Finally, we show that xn → z0 as n → ∞. We observe that

‖xn+1 − z0‖2

= 〈αnf(xn) + βnxn + γnKnvn − z0, xn+1 − z0〉
≤ αn〈f(xn) − f(z0), xn+1 − z0〉 + αn〈f(z0) − z0, xn+1 − z0〉

+
1

2
βn(‖xn − z0‖2 + ‖xn+1 − z0‖2) +

1

2
γn(‖Knvn − z0‖2 + ‖xn+1 − z0‖2)
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≤ αnα2〈xn − z0, xn+1 − z0〉 + αn〈f(z0) − z0, xn+1 − z0〉
+

1

2
βn(‖xn − z0‖2 + ‖xn+1 − z0‖2) +

1

2
γn(‖vn − z0‖2 + ‖xn+1 − z0‖2)

≤ 1

2
αnα2(‖xn − z0‖2 + ‖xn+1 − z0‖2) + αn〈f(z0) − z0, xn+1 − z0〉

+
1

2
βn(‖xn − z0‖2 + ‖xn+1 − z0‖2) +

1

2
γn(‖xn − z0‖2 + ‖xn+1 − z0‖2)

≤ 1

2
αnα2(‖xn − z0‖2 + ‖xn+1 − z0‖2) + αn〈f(z0) − z0, xn+1 − z0〉

+
1

2
(1 − αn)(‖xn − z0‖2 + ‖xn+1 − z0‖2)

≤ 1

2
[1 − (1 − α2)αn]‖xn − z0‖2 +

1

2
‖xn+1 − z0‖2 + 2αn〈f(z0) − z0, xn+1 − z0〉.

Which implies that

‖xn+1 − z0‖2 ≤ 1

2
[1 − (1 − α2)αn]‖xn − z0‖2 + αn〈f(z0) − z0, xn+1 − z0〉.

Taking an = ‖xn − z0‖2, ln = (1 − α2)αn and σn = 2αn〈f(z0) − z0, xn+1 − z0〉.
By (26), we have lim sup σn

ln
≤ 0. It follow from Lemma 2.7 that xn → z0.

Consequently from ‖xn − un‖ → 0, we obtain un → z0. This complete the
proof.

Corollary 3.2 Let C be a nonempty closed convex subset of a real Hilbert
space H, let F be a bifunction from C × C to R satisfying (A1)-(A4), let
B : C → H be an φ-inverse-strongly monotone mapping and let {Tn} be a finite
family of nonexpansive mapping of C into itself such that Θ =: ∩∞

n=1F (Tn) ∩
Ω �= ∅. Let f be a contraction of H into itself with α ∈ (0, 1). Let {xn}, {yn}
and {un} be the sequences generated by

⎧⎪⎨
⎪⎩

x1 = x ∈ C chosen arbitrary,
F (un, y) + 〈Bxn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnf(xn) + βnxn + γnKnun, ∀n ≥ 1,

where {Kn} is the sequence generated by (8)and {αn}, {βn},{γn} are three
sequences in (0, 1), {μn,i}N

i=1 ⊂ [a, c] ⊂ (0, 1) and rn ∈ (0, d] ⊂ (0, 2φ) satisfy
the following conditions:

(i) αn + βn + γn = 1,

(ii) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞,

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1,

(iv) lim infn→∞ rn > 0 and limn→∞ |rn+1 − rn| = 0,
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(v) limn→∞ |μn,i − μn−1,i| = 0, for i = 1, 2, 3, . . . , N .

Then, {xn} and {un} converge strongly to a point z0 ∈ Θ, where z0 = PΘf(z0).

Proof. Put A = 0 in Theorem 3.1. Then yn = un. The conclusion of Corollary
3.2 can be obtained the desired result easily.

Corollary 3.3 Let C be a nonempty closed convex subset of a real Hilbert
space H, let F be a bifunction from C × C to R satisfying (A1)-(A4) and
let {Tn} be a finite family of nonexpansive mapping of C into itself such that
Θ =: ∩∞

n=1F (Tn) ∩ EP (F ) �= ∅. Let f be a contraction of H into itself with
α ∈ (0, 1). Let {xn}, {yn} and {un} be the sequences generated by

⎧⎪⎨
⎪⎩

x1 = x ∈ C chosen arbitrary,
F (un, y) + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnf(xn) + βnxn + γnKnun, ∀n ≥ 1,

where {Kn} is the sequence generated by (8)and {αn}, {βn},{γn} are three
sequences in (0, 1), {μn,i}N

i=1 ⊂ [a, c] ⊂ (0, 1) and rn ∈ (0, d] ⊂ (0,∞) satisfy
the following conditions:

(i) αn + βn + γn = 1,

(ii) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞,

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1,

(iv) lim infn→∞ rn > 0 and limn→∞ |rn+1 − rn| = 0,

(v) limn→∞ |μn,i − μn−1,i| = 0, for i = 1, 2, 3, . . . , N .

Then, {xn} and {un} converge strongly to a point z0 ∈ Θ, where z0 = PΘf(z0).

Proof. Put A = B = 0 in Theorem 3.1. Then yn = un and for any φ > 0, we
see that 〈Bx−By, x−y〉 ≥ φ‖Bx−By‖2, ∀x, y ∈ C. Let {rn} be a sequence
satisfying the restriction: 0 ≤ rn ≤ d, where d ∈ (0,∞). Then we can obtain
the desired conclusion easily from theorem 3.1.
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