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Abstract

In this paper, a mathematical model is proposed to study the effect
of pollutant on the existence of plant-herbivore system with nutrient
cycling. The deterministic mathematical model is formulated using the
five state variables, (i) nutrient concentration in soil, (ii) plant biomass,
(iii) herbivore biomass, (iv) concentration of environmental pollution
and (v) concentration of pollutant in the plant biomass. All the feasible
equilibrium points of the system are obtained and the local stability
analysis of all the feasible equilibrium points are carried out. Finally,
the possibility of Hopf-bifurcation of the interior equilibrium is studied.
The threshold of constant input rate of nutrient is determined both
analytically and numerically.
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1 Introduction

The interaction between living and non living (biotic and abiotic) components
is a complex phenomenon. The remarkable variety of dynamical behaviour
exhibited by many species of plants, insects and animals has stimulated great
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interest in the development of mathematical models for several ecological sys-
tems [13]. Several mathematical models [1, 10] have been developed to study
the interaction phenomena between species and the decomposers at various
trophic levels. The basic trophic levels of ecological communities are usually
made of primary producers like plants which accumulate energy and substrate
and primary consumers or herbivores. The transport of nutrient or mineral
substances to the primary producers via decomposers, which are bacteria, fungi
or microbe, produces some positive feedback loop within the system under
consideration. The modelling of autotroph-herbivore system is analogous with
classical prey-predator modelling. Scientists are interested with two types of
autotroph-herbivore system: (i) terrestrial plant-grazer systems (where the
grazers are normally a mammal or insect)[4, 10, 14] and (ii) aquatic or marine
phytoplankton-zooplankton systems [2, 9]. The importance of nutrients to the
growth of plankton leads to explicit incorporation of nutrients concentration
in the plankton-herbivore models and have been considered by [6, 8].

The pollutants which are absorbed by plant stomata, injure its leave which
are the most sensitive part of the plant body system. The effect of toxi-
cants/pollutants on plant biomass, using mathematical models has been stud-
ied by many investigators [15]. In particular, the effect of environmental pol-
lutants on the growth and productivity of plant biomass has been investigated
by [15]. In recent years, the effect of toxicant on biological species has also
been investigated [7, 11, 12]. The effect of toxicant, considered in various mod-
els, is described to decrease the growth rate of the biological species as well
as its carrying capacity. However, Freedman and Shukla [7] have studied the
role of a toxicant on a single species and predator-prey system by considering
its effects on both the growth rate of the species as well as on its carrying
capacity. Hsu et.al [11] studied the interaction of two species competing for a
resources in the presence of on inhabitor or a toxicant that effects one of the
competitors. Recently Misra et. al [12] studied the effect of polluted soil on
the growth dynamics of plant-herbivore system.

In view of above studies, in this paper we have proposed and analyzed a
mathematical model to study plant-herbivore system with nutrient cycling in
a polluted habitat.

2 Mathematical Model

Let us consider S(t) is the concentration of nutrient in the soil, V (t) and N(t)
are biomass of plant and herbivore populations respectively, T (t) is concentra-
tion of environmental pollution and U(t) is concentration of pollutant in plant
biomass. Suppose, S0 is the constant nutrient input in the soil, a is the nutri-
ent leaching rate, g is the rate of consumption of nutrient by plant, f is the
specific rate of predation by herbivore on plant, c and b are the natural death
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rates of plant and herbivore populations, respectively, Q0 is the constant input
rate of pollution in the environment, α is the natural washout rate of T (t), r1

is depletion rate of plant biomass due to pollutant intake, δ is depletion rate
coefficient of T (t) due to its uptake by plant biomass, m is the natural washout
rate coefficient of U(t) and k determines a proportionate amount of plant and
herbivore populations that is being recycled back to the nutrient pool after
death. Keeping in view the above, a mathematical model for the system can
be written as follows:

dS

dt
= S0 − aS − gSV + kcV + kbN, (1)

dV

dt
= gSV − cV − fNV − r1UV, (2)

dN

dt
= fNV − bN, (3)

dT

dt
= Q0 − αT − δV T, (4)

dU

dt
= δV T − mU, (5)

with initial conditions:S(0) = S10 > 0, V (0) = V10 > 0, N(0) = N10 >
0, T (0) = T10 > 0, U(0) > 0, where, S0, a, b, c, f , g, α, δ, r1, m, Q0 and
0 < k < 1 are positive constants.

3 Existence of Equilibrium and boundedness

There are three biologically feasible equilibria for the system (1) - (5), namely:
(i) axial equilibrium: E1 ≡ (S0

a
, 0, 0, Q0

α
, 0),

(ii) boundary equilibrium: E2 ≡ (S̄, V̄ , 0, T̄ , Ū), where T̄ = Q0

α+δV̄
, Ū = δV̄ T̄

m

and S̄, V̄ given by following isoclines:

F1(S̄, V̄ ) = S0 − aS̄ − (1 − k)cV̄ − δr1Q0V̄
2

(α + δV̄ )m
(6)

F2(S, V ) = gS̄ − c − δr1Q0V̄

(α + δV̄ )m
(7)

Clearly, above two isoclines intersect in positive quadrant. The intersection of
these two isoclines in positive phase space ensure the existence of (S̄, V̄ ) and
this point is unique if dS̄

dV̄
< 0, hence E2 exists in positive phase-plane.

(iii) interior equilibrium: E3 = (S∗, V ∗, N∗, T ∗, U∗), where

S∗ =
S0f − r1kbU∗

(1 − k)bg + af
> 0, if S0f > r1kbU∗; V ∗ =

b

f
; T ∗ =

Q0

α + δV ∗ ;
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N∗ =
gS∗ − (c + r1U

∗)
f

> 0 if gS∗ > c + r1U
∗; and U∗ =

δV ∗T ∗

m
.

We now study the boundedness of the system.

Theorem 3.1 The system (1) - (5) is uniformly bounded in Ω, where

Ω = {(S, V, N, T, U) : 0 ≤ S(t) + V (t) + N(t) ≤ S0

θ1

, 0 ≤ T + U ≤ Q0

θ2

},

if θ1 = min{a, (1 − k)b, (1 − k)c} and θ2 = min{α,m}hold.

Proof: Let us consider a time dependent function, W1(t) = S(t)+V (t)+N(t).
Clearly,

dW1

dt
=

dS

dt
+

dV

dt
+

dN

dt
.

Using (1) - (3) in the above expression we obtain,

dW1

dt
= [S0−aS−gSV +kcV +kbN ]+[gSV −cV −fV N−r1V U ]+[fV N−bN ]

≤ S0 − θ1W1(t), where θ1 = mininum of {a, (1 − k)b, (1 − k)c}.
Now applying the theorem of differential inequalities [3], we obtain,

0 < W1(t) ≤ W1(0)e−θ1t +
S0

θ1
,

as t → ∞, 0 ≤ W1 ≤ S0

θ1
. Again, let us consider another time dependent

function, W2(t) = T (t) + U(t). Using (4) - (5), we get

dW2

dt
≤ Q0 − θ2W2(t), where θ2 = minimum of {α, m}.

Now applying the theorem of differential inequalities [3] and t → ∞, we obtain
0 ≤ W2 ≤ Q0

θ2
. Hence all the solution of the system (1) - (5) are bounded in Ω.

4 Dynamic Behaviour and Hopf-bifurcation

Here, we will study the local stability and the possibility of Hopf-bifurcation
of the system (1) - (5). The jacobian matrix for the above system is

J =

⎡
⎢⎢⎢⎢⎢⎢⎣

−(a + gV ) −(gS − kc) kb 0 0
gV gS − c − fN − r1U −fV 0 −r1V
0 fN fV − b 0 0
0 −δT 0 −(α + δV ) 0
0 δT 0 δV −m

⎤
⎥⎥⎥⎥⎥⎥⎦
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Now, corresponding to the axial equilibrium E1 the jacobian J has the following
eigen values : λ1 = −a, λ2 = gS0−ac

a
, λ3 = −b, λ4 = −α, λ5 = −m. It is clear

from the above eigen values that the equilibria E1 is locally asymptotically
stable if S0 < ac

g
, which means that constant nutrient input rate is less than

the fraction of product of nutrient leaching rate and natural death rate of
plant population to the rate of consumption of nutrient by plant. Again,
corresponding to the boundary equilibrium E2 the jacobian J has the eigen
values, λ1 = fV̄ − b and λ2,3,4,5 are roots of the following equation.

λ4 + A1λ
3 + A2λ

2 + A3λ + A4 = 0 (8)

where,
A1 = a + m + α + gV̄ + δV̄ ,
A2 = (m + α + δV̄ )(a + gV̄ ) + m(α + δV̄ ) + r1δT̄ V̄ + (gS̄ − kc)gV̄ ,
A3 = m(α+ δV̄ )(a+gV̄ )+r1δ(a+α+gV̄ )V̄ T̄ +gV̄ (m+α+ δV̄ )(gS̄−kc),
A4 = r1αδ(a + gV̄ )V̄ T̄ + gm(α + δV̄ )(gS̄ − kc)V̄ .

Therefore the equilibrium E2 is locally asymptotically stable if V̄ < b
f

and if the
following Hurwitz conditions are satisfied; Ai > 0, i = 1, 2, 3, 4, A1A2 > A3,
and A1A2A3 > (A2

3 + A2
1A4). Here the conditions A2, A3, A4 > 0 requires

gS̄ > kc. Again the condition V̄ < b
f
, means that the equilibrium level of

plant biomass is less than fraction of natural death of herbivore biomass and
specific rate of predation of herbivore on plant and S̄ > kc

g
, means that the

equilibrium level of concentration of nutrient in the soil is grate than product
of natural death rate of plant biomass and proportionate amount of plant and
herbivore biomass to the rate of consumption of nutrient by plant.

Now, we will examine the local behaviour of the system of equations (1)
- (5) around the positive interior equilibrium E3. The characteristic equation
corresponding to the equilibrium E3 is,

λ5 + B1λ
4 + B2λ

3 + B3λ
2 + B4λ + B5 = 0, (9)

where,
B1 = a + m + α + gV ∗ + δV ∗,
B2 = (m+α+δV ∗)(a+gV ∗)+m(α+δV ∗)+r1δV

∗T ∗+fbN∗+(gS∗−kc)gV ∗,
B3 = L1 + gV ∗(m + α + δV ∗)(gS∗ − kc) + (1 − k)gfbV ∗N∗,
B4 = L2 + gV ∗m(α + δV ∗)(gS∗ − kc) + fbm(α + δV ∗)N∗,
B5 = fbm(α + δV ∗)N∗(a + gV ∗(1 − k)),
L1 = (m(α+δV ∗)+r1δV

∗T ∗)(a+gV ∗)+(a+m+α+δV ∗)fbN∗+r1αδV ∗T ∗,
L2 = fb(m + α + δV ∗)N∗(a + gV ∗(1 − k)) + (a + gV ∗)r1δαV ∗T ∗.
The Routh-Hurwitz criterion gives a set of necessary and sufficient condi-

tions for all the roots of the equation (9) to have negative real part and which
are as follows: Bi > 0, i = 1, 2, 3, 4, 5, B1B2 > B3, B1B2B3 > (B2

3 +B2
1B4) and

(B3B4 − B2B5)(B1B2 − B3) > (B1B4 − B5)
2. The conditions B2, B3, B4 > 0
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requires gS∗ > kc. If one of the above mentioned conditions is violated then
the system would become unstable around the positive interior equilibrium
point E3.

Now, we will study the Hopf-bifurcation of above system, taking S0 (ie, con-
stant input rate of nutrient) as the bifurcation parameter. Now, the necessary
and sufficient condition for the existence of the Hopf-bifurcation, if it exists
is S0 = Ŝ0 such that (i) Bi(Ŝ0) > 0, i=1,2,3,4,5, (ii) B1(Ŝ0)B2(Ŝ0) > B3(Ŝ0),
(iii) B1(Ŝ0)B2(Ŝ0)B3(Ŝ0) > (B3(Ŝ0)

2 + B1(Ŝ0)
2B4(Ŝ0)), (iv) (B3(Ŝ0)B4(Ŝ0) −

B2(Ŝ0)B5(Ŝ0))(B1(Ŝ0)B2(Ŝ0) − B3(Ŝ0)) − (B1(Ŝ0)B4(Ŝ0) − B5(Ŝ0))
2 = 0 and

(v) if we consider the eigen values of the characteristic equation (9) is of the
form λi = ui + ivi, then dui

dS0
�= 0, i=1,2,3,4,5. After substituting the values, the

condition (B3B4 − B2B5)(B1B2 − B3) − (B1B4 − B5)
2 becomes

D1S
3
0 + D2S

2
0 + D3S0 + D4 = 0. (10)

For example, taking a = 0.1, g = 0.25, k = 0.01, b = 0.1, c = 0.1, f =
0.18, r1 = 0.1, Q0 = 1, α = 0.2, δ = 0.15 and m=0.1, in the equation (10),
we get a positive root S0 = 0.425. Therefore, one pair of eigen values of the
characteristic equation (9) at S0 = 0.425 are of the form λ1,2 = ±iv, where
v is positive real number. Now, we will verify the Hopf-bifurcation condition
(v), putting λ = u + iv in (9)and exactly in similar manner [5], we have

[
du

dS0

]
S0=Ŝ0

=
f(0)dB3

dS0
− (f(0))2 dB1

dS0
− dB5

dS0

5(f(0))2 + 2B1f(0)f ′(0) − 3B2f(0) − B3f ′(0) + B4

�= 0

since,

f(u)
dB3

dS0
− (f(u))2dB1

dS0
− dB5

dS0
⇒ f(u)x4l1 + (f(u)x3 − x8)l3 �= 0.

This ensures that the above system has a Hopf-bifurcation around the in-
terior equilibrium E3. Hence as the rate of nutrient input, i.e. S0, when cross
its threshold value, i.e., S0 = Ŝ0, then concentration of nutrient, plant popula-
tion and herbivore population starts oscillating around the interior equilibrium
point. The above result is shown numerically in figure 1(a)-(d). In figure 1(a)-
(b), it is observed that interior equilibrium point is stable, but when we cross
a threshold value S0 = 0.425 the above system shows Hopf-bifurcation, [shown
in figure 1(c)-(d)].

5 Conclusion

In this paper, we have proposed a mathematical model to study the Plant-
herbivore system with nutrient cycling in a polluted habitat. It has been
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Figure 1: Population distributions: (a)-(b) stable distributions at S0 = 0.404
time series and phase space respectively, (c)-(d) oscillation of the population
distributions at S0 = 0.55 and S0 = 0.8 respectively.

observed from the analysis that due to toxicity in the plant biomass the system
is affected and hence equilibrium levels of both plant and herbivore biomass
goes down. We have studied the local behavior of all the feasible equilibrium.
From the figure 1(a)-(b), it is observed that the concentration of nutrient
in soil, biomass of plant, biomass of herbivore, concentration of environmental
pollution and concentration of pollutant in the plant biomass they are reach to
their equilibrium values as time passes. In figure 1(c)-(d), the system exhibits
oscillatory behavior as nutrient input factor crosses a certain threshold level.
Further, it has been shown that the supply rate (S0) of external resources play
an important role in shaping the dynamics of the system. Finally, the analysis
produces an interesting result which shows that if the nutrient input to the
system increases then the oscillatory tendency is more prevalent.

References

[1] D. L. De Angelis, Dynamics of nutrient cycling and food webs, Chapman-
hall, London, 1992.

[2] E. Beltrami and T. O. Carroll, Modelling the role of vital disease in re-
current phytoplankton blooms, J. Math. Biol., 32(1994), 857-863.



736 Swati Khare, O. P. Misra and Joydip Dhar

[3] G. Birkhoff and G C. Rota, Ordinary Differential Equation, Ginn, Mas-
sachusetts, 1982.

[4] M. J. Crawley, Herbivory: the dynamics of animal - plant interactions,
Studies in Ecology, vol. 10. University of California Press, Berkeley, CA,
1983.

[5] J. Dhar, A.K. Sharma, The role of the incubation period in a disease
model, Applied Mathematics E-Notes, 9 (2009), 146-153.

[6] G. T. Evans, J. S. Parslow, A model of annual plankton cycles, Biol.
Oceanogr, 3 (1985), 327-427.

[7] H. I. Freedman, J. B. Shukla, Models for the effect of toxicant in single
species and predator-prey system, J. Math. Biol., 30 (1991), 15-30.

[8] B. W. Frost, Grazing control of phytoplankton stock in the open sub-arctic
Pacific Ocean: a model assessing the role of mesozooplankton, particularly
the large calanoid copepod neocalanus, Mar. Ecol. Ser., 39(1987), 49-68.

[9] D. Ghosh and A. K. Sarkar, Stability and oscilation in a resource based
model of two interacting species with nutrient cycling, J. Ecol. Modell.,
107 (1998), 25-33.

[10] D. Ghosh and A. K. Sarkar, Qualitative analysis of autotroph-herbivore
system with nutrient diffusion, Korean J. Syst. Sci., 28(3)(1999), 259-264.

[11] S. B. Hsu, Y. S. Li and P. Waltman, Competotion in the presence of a
lethal external inhabitor, Math. Biosci., 167 (2000), 177-199.

[12] O. P. Misra, P. Sinha and S. K. S. Rathore, Effect of polluted soil on the
growth dynamics of plant-herbivore system: a mathematical model, Proc.
Nat. Acad. Sci. India Sect. A, 78(II) (2008), 145-154.

[13] J. D. Murray, Mathematical biology, Biomathematics, Vol.19, Springer-
Verlag, Berlin, 1993.

[14] S. Ruan, Persistence and co-existence in zooplankton-phytoplankton-
nutrient models with instantaneous nutrient recycling, J. Math. Biol.,
31 (1993), 633-654.

[15] M. Treshow, The impact of air pollutants on plant population, Py-
topathology, 58 (1968), 1108-1113.

Received: March, 2009


