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Abstract 
 
  In this paper we discus on the Borel-Cantelli lemma when the condition of 
independent events is replaced by negative quadrant dependent condition. 
 
  Keywords: Borel-cantelli Lemma, Cauchy-schwarz Inequality, Negatively 
Quadrant Dependent(NQD) 
 
 
1. Introduction 
 
   In the probability theory, we often wish to understand the relation between 
events nA  in the same probability space. The first and second Borel-Cantelli 
Lemma and Fatou's Lemma are the important conceptions of probability theory. 
They have numerous applications in probability theory. We are often interested in 
the limits superior and limits inferior of a sequence of events An on the same  
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probability space ( )ΡΑΩ ,, . Here we prove the above lemmas when the essential 
condition on events (i.e. independent) is replaced by NQD. In the section two we 
recall some preliminaries definitions and the classical form of Borel-cantelli 
lemma the main result of our studies. 
 
 
2. Preliminaries 
 
  Definition 1. For a sequence of subsets nA , define the limit superior 
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Similarity the limit inferior is given by 
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  Remark. Note that if Α∈nA , are measurable, then so are nn A∞→suplim  and 

nn A∞→inflim . By Demorgan,s law, we have that { } { }c
nn oiAevA .,., = , that is, 

nA∈ω  for all n  large enough if and only if nA∈ω  for finitely many sn' . Also, 
if nA∈ω  eventually, then certainly nA∈ω  infinitely often, that is  
 

nnnn AA ∞→∞→ ⊆ supliminflim  
 

The limsup and liminf of the indicator functions on the sets satisfy in the 
following relations [1,3]. 
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  Lemma 1. ([1]) ( Borel-Cantelli Lemma I ) Suppose Α∈nA and 

( ) ∞<∑∞

=1n nAP . Then, 
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( ) .0., =oiAP n  
 
  Lemma 2. ([1]) (Borel-Cantelli Lemma II) Suppose Α∈nA  are mutually 

independent And ( ) ∞=∑∞

=1n nAP . Then,  

( ) .1., =oiAP n  
 
  Lemma 3. ([1]) (Fatou's Lemma) Let { }∞=1nnA  be events in a probability space 
( )ΡΑΩ ,, . Then, 

( ) ( )nnnn APAP ∞→∞→ ≥ suplimsuplim  
and 

( ) ( )nnnn APAP ∞→∞→ ≥ inflim inflim  . 
 

  Definition 2.([7]) A sequence of random variables { }1n ; ≥nX  is said to be 
pairwise negative quadrant dependent (NQD) if, 
 

( ) ( ) ( )yxXyxXP ii ≤≤≤≤≤ jj XP P  X ,  
 

For all Ry  , ∈x and for all  . ji , 1 j , i ≠≥ For finding more details and results 
you can review [2], [4], [5], [6] papers. In order to prove the main theorem, we 
shall state the following lemma for later references. In more cases that we can 
studding about it that to decreases condition independence low 0-1 Borel and gain 
same result we extention in Theorem1, second Borel-cantelli Lemma.  
 
 
3. Main result 
 
  Lemma 4. Let [ ] ∞<≥   YE  and  0 2Y  and [ ] . a  >YE Then   
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Proof. By apply the cauchy-schwarz inequality [3], one gets 
 

[ ]( ) [ ]{ } [ ]( ){ } 2/122/12
aY YE  I  aYIEYE >> ≤ , 

or equivalently, 
 

[ ]( ){ } [ ] [ ]22 YE aYP      >≤>aYIYE . 
Since, 
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It follows that, 
[ ] a-Y  I aY ≥>Y , 

 
which, implies [ ][ ] ( ) a,-YE  I aY ≥>YE  and therefore,   
 

[ ]( ) [ ] [ ]. aYP Y E    a- 22 >≤YE  
 

  Theorem 1. Let { }∞=1nnA  be a sequence of events in a probability space 

( )ΡΑΩ ,,  and set . suplim AAnn =∞→ If ( ) ∞=∑∞

=1n nAP  and , 
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 then, 
 
  (a) [ ] α  ≥AP . 
  (b) If the events are pairwise (NQD) then 
 

[ ] 1 =AP  
Proof. (a) Let 

nAn IY =  be the indicator function of the event nA . In addition, set 
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  Zand  . It is clear that [ ] 1=nZE , and,   
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Since nZ as defined above is a random variable that satisfies 
[ ] [ ] ∞<=  ZE , 1 2

nn
ZE  , for all ,...2,1=n then for any 1<η , we can use lemma 4 

and write, 
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to establish the first result is the following, 
 

( ) [ ] [ ]η>≥= ∞→ nnn ZPAPAP suplimsuplim . 
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To understand why this is so essentially, we prove that 
 

( ){ }c
nn

c ZA ηωω >⊆ ∞→suplim: . 
This gives, 

( ){ }ηωω >⊇ ∞→ nn ZA suplim: . 
 
Assume that A∉ω . This means that ( )ωnn X∞→lim , is a finite number end, thus, 

( ) 0lim =∞→ ωnn Z , since by assumption,  
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This is the same as saying that for any 0>η , ( ) i.o.  ηω ≤nZ Hence, if A∈ω , it 
must satisfy the requirement ( ) i.o.   ηω >nZ or, say 

 
( ){ }ηωωω >∈ ∞→ nn Zsuplim:  

 
Now using by Lemma 4, we can write, 
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Using the second assumption of the theorem. Since . Is an arbitrary number in (0, 1), 
it follows that [ ] α≥AP as we were supposed to show. 
 
(b) If we introduce the extra assumption that the events { }∞≥1nnA  are pairewise 
NQD, then 
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Now since, 
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By assumption, ( ) ∞=∑∞

=1n nAP  we can use the statement just prove to write 
 

[ ] [ ]( )
[ ]  .  1suplim

1 1

2

1 =≥
∑ ∑

∑
= =

=
∞→ n

i

n

j jj

n

i i
n

AAP

AP
AP

I
 

 
Hence [ ] . 1=AP  
 
 
 
References  
 
[1] P. Bilingsly, Probaibility and measure, third Edition, New York, (1995). 
 
[2] H.W. Block, T.H. Savits and MF. Shaked, Some concepts of negative      
  dependence. Ann. probab, 10 (1982) 765-772. 
 
[3] K. L. Chung, A coure in probeibility theory. Harcourt, New York, (1969). 
 
[4] K. J. Dev and F. Proschan, negative asso ciation of random variables, with    
  applications. Ann. Satist.ll (1983) 286-295. 
 
[5] D. Dubhashi and D. Ranjan, Balls and Bins, A study in negative dependence.   
  Manuscript (1996). 
 
[6] N. Ebrahimi, and M. Ghosh. Multivariate negative dependence. Comm. Statist.   
  Theory methods A 10 (1981) 307-337. 
 
[7] E. Lehmann, some concepts of dependence. Ann. Math. Satist. 37 (1996)   
  1137-1153. 
 
 
Received: March, 2009 


