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Abstract

Using eigenvalues and eigenfunctions of —A with homogeneous Dirich-
let boundary conditions on 02, where 2 is a parallelepiped of IR" , we
prove some Sobolev injections.
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1.1 Introduction

The importance of the Sobolev inequalities in the theory of partial differential
equations is well-established, and over the years much effort has been devoted
to study of these inequalities. Let us recall that this type of inequalities arises
in many questions of mathematical analysis (existence [8], [11], uniqueness
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[25], [26], regularity [14], estimations [15], [19],[20], behaviour asymptotic [6],
16],[18],[24] .

Homogeinity argument in [7] and Fourier transformation in [5] are used to
establish Sobolev inequalities. In the present paper we deal with the injection

H} () c L* (Q) (1.1.1)

in the context to give a new proof. Here Q is a domain of R" (n > 2)
and 2" = % is the critical Sobolev exponent.
The method we present here is based on the constatation that every function

in H} (Q) will be written as
2
J

where w; is a non trivial solution of the problem
—ij = )\jw]’ on Q
w; = 0 on OS2

J

Indeed (see [10], [23]), we know that the non negative sequence J\; is non
decreasing and eigenfunctions w; form a total basis of Hj (2) in such away
that:

ZC(]"LU]' c H& (Q) < Z)\jO&? < +00

J J

The explicit determination of the eigenvalues and eigenfunctions of —A
with zero Dirichlet conditions on (2, in general out of reach, depend on the
geometry of €. If we consider some particular domains for which the geometry
is sufficient simple, the computation is possible stressing on the methods based
on the invariance of domain by a group of transformations (see [10]). In the
present work we limit our analysis to study (1.1.1) in the case where (2 is a
parallelepiped. Exploiting this, we take out the expression of eigenvalues and
eigenfunctions of —A with zero Dirichlet conditions on ().
This paper consists of four sections. The first one is devoted to study (1.1.1)
for n > 5. We will touch only a few aspects of the theory. In the second
section, we will be concerned with the fourth dimension case. It contains a
brief summary of some adapted results and provides a description of detailed
proofs missing in section 1. Section 3 deals with the case n = 3 . For the
convenience of the reader we repeat the relevant materiel from sectin 2 without
all the proofs, thus making our exposition self-contained. Lastly, in section 4,
we indicate how these techniques may be used to examine the case n = 2.
We will restrict our attention to prove

N

Hz (Q) C L*(Q)
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and ,
H3 (Q) Cc L°(Q)
Our viewpoint sheds some new light on the injection
H'"% (Q) € L* (Q) for all p € IN* — {1}

Thus, to sum up, the motivation of this new approach in the study is three-
fold. Firstly, Sobolev spaces are fundamental tools in many pratical problems
(control, PDE,...) and independently of that, they are interest. Second, the
fact that the norm in Hj (Q) is a discrete sum, will be taken advantage in
numerical computations (see [2]). In addition, these new proofs will be turned
on other research horizons as interpolation inequalities, weighted Sobolev in-
equalities, Poincare inequality....

It would be desirable to extend our argument to other domains in IR" (ball,
annulus, cylinder...). Some subjects mentioned above are under investigation.
In particular, it know that we have in the habit to looking for the asymptotic
behavior of N (\), as A\ — 400, where N () is the number of eigenvalues < A
of the Dirichlet Laplacian on an arbitrary bounded open set 2 C R" (n > 1)
with boundary 092. Weyl’s classical asymptotic formula [21] states that

N\ ~c(n,Q) A2, as A — 400

The standard method to value N (A) use the min-max form [9]. The ba-
sic research for regular € is due to L.Garding [13]. Later J.Fleckinger and
G.Metivier [12] prove the same estimate for less regular bounded open set
Q) C IR". We note that there is a relation between the dimension n, the
asymptotic behavior of N (\) and Sobolev inequalities. For the bounded open
set 0 C IR? defined in [1], [3] and [4], we hope a result as

n(p)

Hj () € LP(Q) implies N (\) ~c(Q)A2 , as A — +o0

or a reciprocal result. Clearly we don’t expect that n (p) = 3.

2.2 The methodology

2.1 Description of the approach

Let n > 3 be any integer and €2 denote a parallelepiped of IR". Without
loss of generality we can assume that Q =]0, 1[". The eigenfunctions and the
eigenvalues of —A with zero Dirichlet conditions on €2 are respectively defined
by

wj (x) = H sin j, 7w, (2.2.2)
r=1
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and
A =2 (2.2.3)

where
v = (21,22, 2) €Q J = (j1,J2s- - 1 jn) € (IN)" and [ =) j2.
r=1

We know (see for example [10]) that if u € H] () then for all j € (IN*)", there
exists a; € IR such that

u= Z ajw; and consequently Z 04]2- 7> < +oo.
j j

Our idea is to establish, using the expression of w;, that

%
2

2

/Z&jwj dx < c Z&?\jﬁ )
o i

where ¢ is a positive constant.
Throughout this paper, we may assume «; to be positive. Holder’s inequality
implies that

2*
/ E a;w;i|  dx
Q1
1
n—2
S / E CKlede .. CKanU]le}jQ .. w]2nd$
L le,j2,_“ ’j2n c (N*)n
1
n 1 2n n —
.
< E Q2 ... Qjon | | / | |smjk7rydy
32,52 e () k=170 r=1
1
n—2
n 2n
§ | | 1.2 2n | |
S C1 ekek Ek O[jk
Gt 3%, L% e (v k=1 k=1
51,52 ..... e2n —1,1}"
4P PP =0
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Throughout the proofs, € j¢ denotes
<ei1ji, €hjn, ... ,e;jfl) e Z"fori=1,2,...,2n.
To make reading easier, we write

16} (el, €, ... ,62”) = Z Qo2 ... an. (2.2.4)
Ny

With this notation, we have

1
.
n n—2
/ Zajwj dxr < Z He,lcei...ei" ﬁ(el,EQ,...,€2n) .
@ J el,e?, 2 e {—1,1}" \k=1
2.2 First estimates
We first to estimate (3 (e',€%,...,€*") for particular choice of € with i €
{1,...,2n}.
Lemme 2.2.1 Suppose that
61 262:"':€n:—€n+1 :—En+2:"':—€2n.
Then we have
n
2
Boe <o [ > adljl (2.2.5)
J

where fo. = B (€,€,... ,6,—€,—€,...,—¢€) for alle € {—1,1}" and cy is a pos-

itive constant.

Proof - From (2.2.4) it follows that
ﬁOe = Z Q1052 .. (j2n
L4+ gt =t T2 g2

2

= E E C(leéjZ e Ctjn

L ittt =1L
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Using Cauchy-Schwarz inequality, we obtain

2
2

jk:

> Il

T+t =L ittt =L k=1

]
B
2

3
IN

S :
j1+j2+.u+j”:L‘]1’ ’j2‘ ’JTL’

(2.2.6)

Our next claim is that

Z 1 <m

1121 012 o =
]'1+j2+~~~+]'"=L“71‘ |J2‘ |]TL‘

where m is independent of L. Indeed

> 1 SEEDS 1
eVl e Vi 152 )

"]
PRI L PRI B L
= 2] = > 1

L

2"n? 1
‘Ll? Z Un‘?(n—l)

" =1y

where I, = (1,1,...,1) € IN".
Comparing sum to integral we can assert that (see [17], page 103)

d
Vn<|z|<|L] ||

where the constant m; depends on the measure of the (n — 1)-dimensional unit
sphere in IR".
Combining (2.2.6) and (2.2.7) we obtain that

2

n
Z Z Q12 ... Qjn < Z m Z H oz?k
L

Lo \g+i2 4 in=L J1 42 =L k=1

2
jk‘

IN

n
m | > it m
J
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Corollaire 2.2.1 Under the assumptions of the above lemma with

61:€2:"':En:—€n+1:—€n+2:"':—62n
replaced by
61262:---:€n+T:—€n+T+1:—En+2:---:—€2n(r€{1,2,...,n—l})
we have

n
12
Bre < Zoz]2-|j| (2.2.8)
J
where
Bre = ﬁ(el,... €N, L EntT entrl ,62”)
= O(&...,6...,6,—€,...,—€) foralle € {—1,1}".

Proof - Let r € {1,2,... ,n — 1}. Using (2.2.4), we have

ﬂrc = Z Oéle(jQ Ce Oéan. (229)

j1+j2+,__+jn+r:jn+r+1+,,_+j2n

Let us introduce the notation

2n
=r -k
J = E J
k=n+r+1

and
n—+r
=20
k=n+1
For all i € {1,2,...,n} we have
Ji— iz n.

Then (2.2.9) becomes
ﬁrc = Z Z Z Q102 ... Qlj2n.. (2210)

Define

L= > ajiage ... am. (2.2.11)
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Lemma 2.2.1 shows that
dvi<eald ali’] -
L j

Combining (2.2.10) with (2.2.11), we can assert that

/BTG S E E Can+1C¥jn+2 P Can+rC¥jn+r+lOdjn+r+2 P CKan")/;r_ir
j7L+1, L ’j7L+’V' j +’V'+1, L J2
S E Qjn+1Qjn+2 . . . Qj2n"Yp
R, jntl, . j2n1
where
R — jr . 27’
and consequently
2n—1
2n __ -4 T
7"=R— E J+7.
i=n+r+1

Cauchy-Schwarz inequality shows that

ﬁTE

IN

1
2
‘ ‘2 A in+100in+2 52
’yr Jn+ ]n+ - Q2n
r

r jn+17”.7j2n71

IN

<Z "77"2> 50%

where )

ﬁo = E E Oéjn+10éjn+2 P Oéan

r jn+1,.“,j2n71

2n 2n
= E || A ji || (7%

gl p g 20—l 2 d=nt] i=n-+1
Lemma 2.2.1 implies that

n

B < e 2%2' 5
J

which completes the proof. [ ]
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2.3 A general tool

Note that we have actually studied a particular choice of €', €2, ... ,€e?". The
general constraint
2n
Seii =0
i=1
can be written
jfl(l) +jfl(2) b +jf1(n+rl) _ j101(n+r1+1) ... +jfl(2n)
.o2(1 .02(2 .o2(n+r .o2(n+ro+1 .02(2n
j22()+j22()+"'+]22( 2)  _ ]22( 2 )_}_'”_}_‘722( ) ©)
where 01,09, ... , 0, are permutations of {1,2, ... 2n}andn+r, (I=1,2,... ,n)
2n
(r; > 0) is the number of the same signs at the line Z €
i=1

The main result in this subsection is the following

Lemme 2.2.2 Assume that

Zoz]qozjz ooy < e Zoz? Fis (2.2.12)
J

(Co)
where (Cy) is the constraint (C') in which there ry =1y =--- =1, =0. Then
Z ajiage. ..o < cg Z o g2 (2.2.13)
©) J
Proof - There is no loss of generality in assuming that o; is the identity
permutation of {1,2, ... 2n}. Then we can rewrite the constraint (C) as
n 2n
2=
i=1 i=n+1
where

n e {l,—1}"for 1 <i < 2n.

According to the above assumption, we have ni =1 for i = 1,2,... ,n. Thus

S Mo > [Tos

gntl gnt2 o g2n j=n+1 il g = gt g p2n2n =]
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For all j € {1,2,... ,n}, define

2n
K; = Z il

i=n-+1

For all j € {1,2,...,n}, we obtain

2n—1
) 2 2 i -
i = K =0t Y 0,
i=n+1
where
( 2n
Lif Y >0
c = z'=2n+1
n
—1 if Y miji<o.
. i=n-+1
Therefore
2n 2n—1 n
SHo< ¥ oo X o
(©) i=1 Kgntl. g2l i=ndl gl — ek =l
where
K: (Kl,KQ,... 7Kn)
and
2n—1
Kj _ 877271[( o 77271 Z nljl-
i=n+1

Using Cauchy-Schwarz inequality, we obtain

1
2n 2n—1 2n—1 2
ZHO(]‘Z' < < Z a; H i U, H Qi
(©) i=1 Kl Rl e g2nl i=n+1 i=n+1
2\ 2
D31 D S O
K \n'j'+-- - +n"" =ek =1
(2.2.14)
Note that
2n—1 2n—1
STt I =Y il + K (2.2.15)

i=n-+1 i=n-+1
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so that (2.2.14) may be written as

Z OdleKjQ C Oéan S
(@)

I

> Moo [ S o

Slmt 4. 6mm” = stmntl o smm2n =1 K nljl 4" = eK =1
where

o O\ =" =p?ifori=1,2,...,n,
e mi=jifori=12,...,n—1,
em!=1""fori=n+1n+2,...,2n—1,

o m" = IK; and m*" = IK,.

According to (2.2.15) and (2.2.12), we conclude that

n
21412
E Qo2 ... e < Cg E a;|jl
(©) J

which is the desired conclusion. ]

Remarque 2.2.1 The inequality (2.2.12) turns out to be rather technically
sophisticated and we have a complete solution in the following particular case:
n=3 and n = 4.

3.3 Thecase: n=14

Thourought this section, we denote by € the parallelepiped ]0, 1[* in IR*. We
recall that (see (2.2.2) and (2.2.3))

wj (x) = H sin (jrma,)

and

Ay =5

S
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are the eigenfunctions and eigenvalues respectively of —A with zero Dirichlet
conditions on ). Here

j = Ut Js s ja) € (V')
and

x = (21,29, x3,24) € Q.
If u= Zajwj € Hy (Q) then

J

4 f— . . . . . . . .
/Qu dr = / E 04]1&jz&]s&j4w]1wjzw]3wj4d$

2 4 4
J3J€ )

2.3 4 2 3 4
E ”erererer € e e e)

el,e2,ed ete{-1,1}4 r=1

|~

where

I} (61, e, e, 64) = g Q1200304

]1"72 ,73 ,74 c (N*)4

it 22+ 32 ettt =0

We collect a few simple cases that we shall use in the sequel.

Lemme 3.3.1 There exists ¢y > 0 such that for every e € {—1,1}*
ﬁ (6’ €, —€, _6) < Z O[? |.]|2 (331>
J

Without loss of generality, we fix ! = (1,1,1,1).

Lemme 3.3.2 Lete € {—1,1}* and L € Z*. If

2

dvie<es D il (3.32)
L J

where c5 1s a positive constant and vy, . = E oo —ej, then

B e e ) <es [ D adlif
J

for all ', €2 &3 et € {—1,1}4
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Proof - Indeed

ﬁ(el,62,63,64) = E Qe E Q30 ja
gt.g?

€3j3+64j4:—61j1—62j2
= E QU1 O27Y e3¢t
31.42%,L
where
L=-¢ (eljl + e2j2) .

Therefore

B (617627637 64) = E VL,e3¢4 E QIO 23], ¢le2j1
L gt

= § VL,e3¢4Y—e2e3L,ele2-
L

Combining Cauchy-Schwarz inequality and (3.3.2), we obtain
2
5(61,62,63,64) < cs Za? |j|2 ) [
J

Remarque 3.3.1 We may change the left hand side of the inequality (3.3.1)
by
B (e, —€,—€, —€).

Then the conclusion of lemma 3.3.1 remains true of course with the same proof
as in corollary 2.2.1.

Remarque 3.3.2 Obviously in the left hand side of inequality (2.2.12), we
can have any choice of €', €2, € and €* instead of particular choice proposed in
lemma 3.3.1 and remark 3.3.1. The same estimate holds, but the proofs are
technical. We shall discuss the remaining cases and see that we only need to
consider two cases.

Remarque 3.3.3 The assumption (3.3.2) is proved in subsection 2.1 for e =
(1,1,1,1) and e = (—1,—1,—1,—1). There remain essentially three other cases

? Y )

e=(1,1,1,-1), e=(1,1,-1,—1) ande = (1,-1,—1,—-1).
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Let
' =(1,1,1,-1), € =(1,1,-1,—1) and ® = (1,1,-1,1)

To verify assumption (2.2.12) in the fourth dimension suffice it to estimate
b Bl = B (6017 _647 _6017 64) )
b ﬂQ = B (6027 _647 _6027 64) 3
b ﬂS = B (6027 _6017 _6037 64) )

after which we deduce the estimate of (3 (61, e e, 64) for all €2 and €.

3.1 Estimate of (3,
For
J = (J1,J2.J3. Ja) € (N)4

we write

~

j4 = (j17j27j3) .

Lemme 3.3.3 There exists cg > 0 such that
P < ce Z%Q' i
J

Proof - We have

6 = 5 O OOy

e k=l+e1m
= E E QOO Oy,
Jatka=la+ing Ja—ka=la—my
2

=2 | X 2 am

La,Ly \ jatka=Ly Ja—Fka=La

IN

N EDDEED SRIRE T D SIS Dl e

La,Ly \ jatka=Ls Ja—ka=La Jatks=L4 Ja—ka=L4
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Add to it, we have

1 1
ZW_Z A g | s

Ja—ka=L4 ja—ka=Ly4 <|J4\2 + ]Z) <\k‘4\2 + k‘Z)
+oo 1

it (12 + 32) (1l + 32)

IN

2

dx

400
o :
v (1P 4 22) (P +22)

p

IN

1 1 1
[Jaf? — !/%4!2<1+k1+k2+k3 1+j1+j2+j3)
= 1f]1+]2+]37é/€1+/€2+k3
1

5 if J1 + Jo + 3 = k1 + ko + ks.

\ 3(1+]1 + o+ j3)°

Therefore

J4+§L4J4 %:M ‘J’ ’kP
1 () () ()
<d
N )1 0 A O
] # [

~

4

t~

11 1
S|+ 2 : :
4 Ja+ kg =1Ly ) 4
J4¢Ik4l< )( )
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and then
1 1
> A. —~ <2 )
jzx‘jr‘k;;fdﬁ <1 + ’j4’> <1 + ’k4’> H3<54<i/4 (1 + ‘j4‘)
d
< d3/ —xQ
4<|z|<|La+ 13| ||
5 5 [llatIs] 2600
) / / / LS g dody
o Jo Ja r
_ dgg(ﬁ4+ﬂ3’—4).
Finally

IN

b

S [ S a?liPallkp
L

j+eOlk=L

= Cs Z@i‘jﬁ : u

J
3.2 Estimate of [,
Lemme 3.3.4 There exists c; > 0 such that

Br<er [ D adlif ] (3.3.3)
J

Proof - Let us first prove that for all L € (IN — {0,1})* x Z2, we have

1
f(L)= > > .12 2 <
g1tk =L1  js—ks=Ls ]| ’k’

jo+ke=La ja—ka=1Ly
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where ¢; is being independent of L.
We have

J3 gLS J4§ |]| |k|2

+oo  +oo
1

530 3

Jj3=1 ja=1

/+00/+oo dl’dy
1 (it +y) (b + ke + o+ y)

= /0 / dxdy
> dg
<(‘71 J2 2) r Yy ) <(k1 + ko + 2) + 22 + 92)

(1 + Ja + Js +j4)2 (k1 + ko + Js +j4)2

too rdrdf
ds . . 2 2
0 0 <(]1 +J2+2)"+ 7’2> <(k‘1 + ko4 2)" + 7"2>

1 n(h+wa+2
<d (h+w@+22—0y+%+2f Jut g2 +2

) if ji4+Jgo#ki+ ko

D — it ji+j2 =k +ko.
(J1+J2 + 2)2

If (ny,ng) € (17\7*)2, using nis = ny + ny. Then

(L) <
1 kio42 2(L12—3)(L12—2)
dr Z (k12+2)°—(j12+2)° In <j12+2> + (L12+4)? ’
(J1,32) + (k1,k2) = (L1, L2)
Jjiz # k12

It is clear that
2 (L12 — 3) (L12 — 2)

(Lo +4)?

<2

We now turn to the term

1 ku+2)
Ly, Ly) = g In | = .
9L, L) (k12 + 2)2 — (12 + 2)2 (]12 + 2

(41, d2) + (k1, k2) = (L1, L2)
Ji2 # k12
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1
We obtain with jio # §L12 that

9L L) = Liz 1 o (L2
1, L2 — - -
s (Lis — jiz +2)° = (jiz +2)° Ji2 +2

L1—1Lo—1 )

Lo — 2

_ Z Z ln( 12' Ji2 + )
L12+4 le—2 (J12) Jiz +2

Ji=1j

dg bt plad Lyp—x—y+2 dy
In dz.
Ly, +4 /3 1 T+y+2 Lis —2(x+vy)

Let u = x +y and v = x, then

IN

l<v< ;-1
l+v<u< Ly—1+4w.

Thus,

Li—1 pL 1+v
1 2= Lo — 2 d
g(L1,Ly) < / (12 “+) Y
L12+4 1 14+v U+2 L12—2u
Li—1 L122
L12+4/1 /2 (
/Ll 1/ 2442 dt
v
L12+4 1 L12+2 L12+4—2t 2t
[ ()
B L12+4 1
ds /Lll /+°° 1+u\ du
In dv
Ly +4 J, 0 U 2+u

< dg(Ll—Q)'

IN

dv

2—u+2 du
L12—2u

IN

-1

In

0

IN
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Finally
B < ey | Y. ol adlkP
L \j—e"2k=L

2

= Z@i‘jﬁ : u
J

Remarque 3.3.4 To estimate (33, it suffices to note that B3 < (.
Indeed

By = E QO 0y Oy,

J+€02k=e01]+e03m

= E a0y E (671877

Lm/l8 >2—m(i=1,2) J+€02k=€011+€03m
1Y, m' € N* (i = 3,4)

= E E Oy QL OL R 02 E (671877
T m

j+e92k=R
1 1
2\ 32 2\ 2
< E E Ay 01 R_ 02y E E 671873
T m T j+e2k=R
1 1
3 2\ 2
< E A L O1 R 02, YL O1 R 02 E E (e71e%% .a
m,l,R r j+602k:R
Note that
—€O2m + (601R — 6021) = —€O2l + (601R — €O2m) .
Then
1
1 1
5 2\ 2
fs < E O QRO Oty E E Qg
j+€92k=14+€02m T j+e2k=R

= E 6 71877187167%

j+€92k=1+€2m

= [a. u
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3.3 Estimate of 3 (¢!, €%, €%, €')

Lemme 3.3.5 There exists cg > 0 such that
5(61762763764) < cs Za? |J|2
J

Proof - The constraint
il + 72+ 57 +etit =0

will be written as

2 4
Zn;j; — anj] forj=1,2,3,4
i=1 i=3

where .
n; € {—1,1} for (i,j) € {1,2,3,4}*.

Let

4

i=3
Then

g3 =Ky —nin}i;-
Consequently,

ﬁ(el e, e et g QU3 Lyt ¢y 3 33 g Qe

ntit+n?ii=K

Where n= (n177]27 ns, 774) and K = (K17 K27 K37 K4) .
It immediately follows that

]3 l3

[N

1
2\ 2
< E A3t K pin3 3 QU3 Opd | pd 33 E Q1052
K

S E anopRopBa4
ll+n3n412:ll+n3n4l2
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Lemmas 3.3.1, 3.3.3, 3.3.4 and remark 3.3.4 may be summarized by saying
that

2
B e e et) <cs | D atlif
J
which is sufficient to conclude that
Hy (10,1[*) < L* (Jo,1["). m

4.4 The case: n =3

Note that the estimate of 3 (e, ¢, e, —e, —¢, —¢) for each € € {—1,1}3 will be
given in the same way as in lemma 2.2.1. The only cases that we will treat
completely here are

L4 B4 = E Q12003 (a5 QL6
e

o 5= g Q12003 00ja 05 (L6

Jltej2+éP=jttejP+ej

L] 56 = E OZleéjQOéjBO[j40éj50[j6
J e =i

where
e=(-1,-1,1), é=(—-1,1,-1) and € = (—1,1,1).

After that, we conclude the estimate of

I} (61, €2, €t éb, 66) = E Q1 Q2 O3 0L 05 (L6

eljl 4 4858 —0
which will be sufficient to assert that
Hy (10,1[%) c L° (Jo, 1) .

]:TOI' any S (51,52,83) € Z3, denote Sl = (52,53), SQ = (51,83) and

S3 = (51, 52).
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4.1 Estimate of 4

(4 can be rewritten also in the following way

ﬂ4 = E Odleéj20dj30éj40dj50dj6
Jloej?—ejimjioeji—e)t

=2 | 2 2 e
S Jathks+is=Ss J3—ks—ls=Ss

Lemme 4.4.1 There exists a positive constant cg such that

3

Bi<e [ D allif*] (4.4.1)
J

Proof - Using Cauchy-Schwarz inequality, we have

Bi<y |ds ) Y aflilailkPalli | x ¢ ()
S

Jathks+is=S83 J3—ks—ls=Ss

where 1
G VR D T
33+];3+i3:§3 j3—ks—l3=S3
But
1 1
Ja=hs~ls=53 ja—ha—l3=53 (‘Jé) +j§) (‘k3) +k?2>) (’lg) +l§)

+oo 1
€1 Z 2 2 2
ja=1 ( +j§) ( +j§) ( +j§)
Foo dx
€2 2 2 2
! (j3 +x2) (kg +x2) (zg +x2)
esk ( )

IN

Js ks Is

IN

~

ks

~

I3

Js

IN

? Y
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where

( 1 1
<w—x%@1—ﬂMx+w*Kﬁ—y%uﬂ—wmy+n+

if
e N IR R
k(x,y,z) = -1 N 1 N 1

(Y2-x2)2 (X +1) 3(Y2-X2)(X+1°  (v2-Xx2)°(Y +1)

with x 2v and (x,v) € {(r = y,2),(x =2,y),(y = z,2)} or

T
@+ 1) Y

Thus,

S EF%%FSQ ST (Ll sl 1))

j—ek—el=258 }A3+1%3A+i3:h5*3 X
73] # k3| # |l3] # |13l

SR DS (VTN A) R SRS (AN VARFA)

Js + ks + 13 = S3 g + k3 +13 =253
lgs] = k3| # |3l 73] = llg] # |k3l

D DR (VAR N} S S (FANVANTA)

g + ks +13 =53 J3+ ks + 103 =83
lks| = [i3] # |13l [ks| = |l3] = |73l

We claim that

S Uil fhal i) <

Js + ks + 13 = S3

where cg is being independent of S. Indeed

PO (AN AN )

l7s| # |ks| # |is] # |73l
<

)3 1
N Gal # lkal # lia] # 7a] 2 <|§3| + 1) <|];'3| + 1) <|Z3| + 1)

S1 S2 1
S Sl DI ERE

N 3
ji=1ja=1 <|j3|+1)

< Cg.
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Let a and b € IN* such that
a# band (a,b) € {(\53| — Vsl Vil ) » (1] = L, o] ) , (1ol = 1G], \33|)}.

Assume, for example, that a = |js| = |ks| and b = |I5|, then

B 3a+ (5—bla+ (3-b—17)
2, rlead) = e @ b Dt I

J3 + ks +13 =83 a#b

B 3a2 4+ (5—b)a+ (3—b—b?)
- ZQ@+@@L¢%@+D@+W

a>b

—3a®> - (5—b)a— (3—b—1?)
3(a+0) (12 —a?) (b+1) (a+1)’

+
g

3a® 4+ 6a + 3
<
o ;3(a—|—b)(a2—b2)(b+1)(a—|—1)3
20 +b—3
" azd)?)(aer)(b?—a2)(b+1)(a+1)3
1 1
S 3+ 3
;(b%—l) ;(a%—l)
1
- 2;(%1)3
S Cg.

It is easy to prove that

1
> s
J3 + ks +13 =53 <’]3‘ + 1)

l7s] = |ks| = |i3]

Next we obtain

Bi < ey . ad il ailklagi?
S

j—ek—el=S

IN

3
Co Za?\jf : m
J
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4.2 Estimate of [;

Lemme 4.4.2 There exists a constant cig > 0 such that

3

Bs < e | Y ol il (4.4.2)
J

Proof - 1t suffices to prove that

~ 1
— — < 1.
= 2 i SO

j4ek+él=S

We may proceed exactly as in the proof of lemma 4.4.1 and conclude that
Bs < esk (ji, k1)

where

vz es (Y +2)° = (X +2°) (X +27 = (2 +2)°)
with x 2y #z#x and R = {(z,y,2), (y,2, %), (z,2,)}

k(z,y,2) = ((Y+2)2—(X+2)2 n (Y+2)°

(X+2)* (X +2)2> 2((Y+2)*—(X+2)°)
with x #v and (x,v) € {(x =y, 2), (z = 2,y),(y = 2,2)}
or

sife=y=z

(x+1)

\

An easy computation shows that

and

a>b
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Assume that a, b and ¢ are three any integers satisfying a — b — ¢ = S7 + 1,
then a simple verification shows that

B (02 - b2) Ina? + (a2 — 02) Inb? + (b2 — a2) In c?
x(51) = af;ia 2(c2 =0 (a2 — ) (b? — a?)

Inbd
< 62 a? — b?) (b2 — @)

a>b>c

Inb
<3

a>b

Using the fact that h+ 7 = 0, we conclude that there exists A > 0 such
that

X (51) <

+oo +o0
InA 1
q? T Z a\/a'
a=1 a=1

This brings the proof to its final stage. |

Lemme 4.4.3 There exists ¢z such that

3

Bs < c13 ZO@Z ] - (4.4.3)
J

Proof - A similar analysis as in the proof of remark 3.3.4 shows that

Bs < B2

which terminates the proof. ]

Remarque 4.4.1 Neither the hypothesis nor the conclusion is affected if we
replace n > 3 by n = 3 in lemma 2.2.2 and (2.2.12) by lemmas 4.4.2, 4.4.3
and remark 4.4.1.

Our next corollary is an adaptation of the lemma 2.2.2

Corollaire 4.4.1 Fori € {1,...,6}, let € € {—1,1}3. There exists c14 > 0
such that

> H@ <cu 2042\]\ : (4.4.4)

el 4. 4 €646 =0 i=1
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5.5 Some embeddings in the case n =2

In much the same way as in section 2.2, we extend our method to study the
injection

H'"% (Q) € L¥ (Q) for all g € IV". (5.5.1)

In this context we give the number of the series 3 (¢!, €2, ... , €?) that we have
to treat. Indeed, the constraint

2p
> €y =0
i=1
can be written without loss of generality
RAG = T (c)
jg(l) +jg(2) e +j20(p+k+r2) _ jg(p+k+r+1) T +j20(2p)

where o is permutation of {1,2,... ,2p}, k € {0,1,... ,p—1},r €{0,1,... ,p—
k—1} and j' = (ji,73) for i € {0,1,...,2p}. A slight change in the proof of
lemma 2.2.2 shows that if

2p
L 2p—1)
ZHaﬂgc Z&?\]\ v : (5.5.2)
(=1 f
then

2
Zﬂo‘ﬂ <e| a2l (5.5.3)
&= a'

where <é’0) is the constraint (6’) in which there £ = r = 0. It is now known
that (5.5.3) implies
H'"%(Q) C L7 (Q).

The number of the series, like the left hand side of inequality (5.5.2), that we
have to consider is

lg} +1 (5.5.4)

which is computed when o is in the set of permutations of {1,2,... ,2p}.
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1. The case p = 2.
1
As we have indicated, to prove H2 () C L*(Q), we have to estimate

B (e,e,—€,—€) and (8 (e, €, —e, —e’)

where

e, €{-1,1}? € #cand € # —

The countrepart of lemma 3.3.1 is

Lemme 5.5.1 There exists c1o > 0 such that for any e € {—1,1}?

2

Blee,—6,—€) <cio | Dl lil | - (5.5.5)
J
To verify that

ﬁ(e,e’,—e,—e')gc Zoz?|j| ,
J
we have to prove that
Z ; <c
A T
where c is being independent of L. Indeed

1
Z [5] 1] =@ Z Z (J1 + J2) j1+/€2)

e+ek=1L Jotka=Laj1=1

ay Y k(s ke)

Jo+ ke = Lo

IN

where

1 1
lm(y+ ) if vy
Rly)=q V70

1+z

if z=
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Then,
>
1] K]

Lo—1

< ap Z

J2 = 1/2j2 # Lo

Lo—
2 In(1 d
< ag %+/ n(l+u) du
0

1 Ly — jy+1 21 2
—In 2,]2+ —i-( ) +
L2—2j2 ]2+1 2 L2+2

U 24+ u
<g,
which is our claim. ]
The case p = 3.

We are concerned with the injection
H3(Q) C LS (Q). (5.5.6)
To prove (5.5.6), (5.5.4) suggests that we have to treat

B (e e,e,— —€,—€) and 3 (e, €, €', —€, —€, —€)

where
e, € {-1,1}? € #cand € # —e.
References

[1] N. ACHTAICH, Injections de type Sobolev, C.R. Acad. Sci. Paris, t. 303,
série I, 5 (1986), 185-188.

[2] N. ACHTAICH, Numerical approximation of axisymmetric positive so-
lutions of semilinear elliptic equations in axisymmetric domains of IR?,
M?AN, Vol. 31, 5 (1997), 599-614.

[3] N. ACHTAICH, A. BRILLARD and E. MARHRANTI, On Sobolev type
inequalities and their applications, [talian Journal of Pure and Applied
Mathematics, 6 (1999), 87-104.

[4] N. ACHTAICH, Nouvelles inégalités de type Sobolev sur des ouverts ax-

isymétriques de IR®, Maths et Recherches. (2002).



174

[5]
[6]

[10]

[11]

[12]

[13]

[14]

[15]

N. Achtaich et al

R.A. ADAMS, Sobolev spaces, Academic Press, new-York, 1975.

C. BANDLE and A.BRILLARD, Nonlinear Elliptic Equations Involving
Critical Sobolev Exponents: Asymptotic Analysis via Methods of Epi-

Convergence, Zeitschrift fur Analysis und ihre Anwendungen. Journal for
Analysis and its Applications, Volume 13, 2 (1994), 1-13.

H. BREZIS, Analyse fonctionnelle. Théorie et applications. Collection
Math. Appl. pour la maitrise, Masson, Paris, 1983.

H. BREZIS and L. NIRENBERG, Positive solutions of nonlinear elliptic
equations involving critical Sobolev exponents, Comm.Pure Appl. Math.n
36 (1983), 437-477.

R. COURANT and D. HILBERT, Methods of mathematical physics, I.
Intersciences, 1953.

R. DAUTRAY et J.L. LIONS, Analyse mathématique et calcul numérique
pour les sciences et les techniques, Volume 5. Masson, Paris, 1988.

H. EGNELL, Semlinear elliptic equations involving critical Sobolev expo-
nent, Arch. Rat. Mech. Anal., 104 (1988), 27-56.

J. FLECKINGER, These d’état. Université Paul Sabatier. Toulouse
(1983).

L. GARDING, The asymptotic distribution of the eigenvalues and eigen-
functions of elliptic operators, Math. Scand., 1-(1953).

D. GILBARG N.S. TRUDINGER, Elliptic Partial Differential Equations
of second order, Springer Verlag, Berlin, 1977.

P. GRISVARD, Behaviour of the solutions of an Elliptic Boundary Value
Problem in a Polygonal or Polyhedral Domain, Numerical Solutions of
Partial Differential Equations 3, Ed: Hubbard B. Academic Press, New-
York, (1976), 207-274.

7.C. HAN, Asymptotic approach to singular solutions for nonlinear elliptic
equations involving critical Sobolev exponent, Ann. Inst. Henri Poincaré,
Volume 8, 2 (1991), 159-174.

V.K. KHOAN, Distributions. Analyse de Fourier. Opérateurs aux dérivées
partielles, Tome 1. Vuibert, Paris, 1972.

R. LEWANDOWSKI, Little Holes and convergence of solutions of —Au =

u%, Nonlinear Analysis. Theory. Methods and Applications, Volume 14,
10 (1990), 873-888.



Sobolev injections in parallelepiped 175

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[20]
[27]

J.L. LIONS, Quelques méthodes de résolution de problémes aux limites
non linéaires, Dunod, Paris, 1969.

J.L. LIONS et E. MAGENES, Problémes aux limites non homogénes,
Dunod, Paris, 1968.

G. METIVIER, Valeurs propres de problémes aux limites elliptiques
irréguliers, Bull. Soc. France, Mém., 51-52 (1977), 125-219.

L. NIRENBERG, An Extended Interpolation Inequality, Ann. Scuola.
Norm. Sup. Pisa Cl. Sci., 20 (1966), 733-737.

P.A. RAVIART and J.M. THOMAS, Introduction a I’analyse numérique
des équation aux dérivées partielles, Masson, Paris, 1983.

O.REY, Concentration of solutions to elliptic equations with critical non-
linearity, Ann. Inst. Henri Poincaré, Volume 9, 2 (1992), 201-218.

J. SERRIN, The initial value problem for the Navier-Stokes equations in
”Nonlinear Problems”, 69-78. Univ. Wisconsin, Press, Madison, 1963.

R. TEMAM, Navier-Stokes Equations. North Holland, Amsterdam, 1977.

K. YOSHIDA, Functional Analysis. Springer Verlag, Berlin, 1974.

Received: March, 2009



