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Abstract

In the one dimensional Toda lattice it is possible to create a delay
that can be controlled. The lattice has been used to create logic gates for
computation, but the delay mechanism so far has not been incorporated.
With this controllable delay a XOR and OR gate can be designed that
can be used for computing. The delay for a travelling soliton is created
by a harmonic lattice between two Toda lattices. The duration can
be controlled by changing the time when a second soliton is scattered
against the harmonic lattice after the first soliton. This work shows that
if the duration is to short, there will not be any transmission, only when
the duration between the two scatterings are long enough a transmission
will become visible and this transmission depends on the energy of the
solitons. This work shows how this controllable delay can be applied in
the construction of two logic gates.

Keywords: Toda lattice, Soliton, Delay, Controllable delay, Variable de-
lay, Harmonic impurity, Logic gates, Unconventional computing

1 Introduction

An engineer named John Scott Russell was the first person to report on soli-
tary waves after he had witnessed the phenomenon in a canal in 1834. A wave

1Corresponding author



2 M. Cusveller and S. O’Keefe

packets that obeys the following criteria is called a solitary waves, also known
as a soliton: (1) localized within a region, (2) has a permanent form at every
moment in time and (3) stays unchanged after collision with another wave
packet. The wave packets behave like pseudo-particles, making it possible to
use them as information carries. The medium where the solitons travel in-
side can then be adjusted to design logic gates. With the aim of improving
potentially computer technologies, they are already being used as information
carriers and in logic gate designs (e.g.,[2, 4, 5, 6, 13, 14]), which eventually
may be used for the construction of computing machines. A common repre-
sentation for the value 1 is the presence of a soliton and its absence represents
the value 0 [2, 4, 8]. A logic gate can be realized if a mechanism using two
solitons can be constructed which allows or prohibits the transmission of soli-
tons. Those gates give a basis for fully soliton based computing. Solitons can
be found in many nonlinear media and one of them is the Toda lattice [17].
The lattice is made from sites, each with the same mass connected by non-
linear potential and the potential is reluctant to be compressed and is more
willing to be stretched. Since Toda introduced his exponential lattice many
potentially useful behaviours of this lattice has been discovered, such that it
can be simulated on a LC ladder network [11], that it has the Korteweg de
Vries equation as its continuum limit (e.g.,[3, 15, 16]), an complex extension of
the lattice has been shown to be equivalent to a reduced nonlinear Schrödinger
equation [1] and it is possible to create a delay in the soliton travelling [7].

In this paper we construct XOR and OR logic gates in the Toda lattice, using
the controllable delay. This property can not only be used for controlling the
delay in transmission of solitons, but also be used for prohibiting the trans-
mission. To create a controllable delay we used a second soliton in the Toda
lattice that interacts with a harmonic lattice when there was already a soliton
trapped inside the harmonic lattice. The set-up used to demonstrated this can
be found in the next section. The set-up was the same as that were used by
Kubota and Odagaki [7], where they showed that a soliton can be trapped for
a period of time before it continues its journey. The goal was to create a me-
chanic for controlling the signal (a soliton in this case) and using this control
to demonstrate computation done with solitons. Kubota and Odagaki [8] were
able to build NOT, OR and AND gate using the Toda lattice, but more work
still needs to be done before more complex computation can be realized on
this type of system, as will be discussed in this work.

A number of studies have already been done on the Toda lattice and the scat-
tering of solitons against impurities. Nakamura [12] investigated the impurities
in the lattice in the form of sites having a different mass than the rest of the
lattice and he studied an impurity where a site had different constants in the
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Toda potential from the rest of the lattice. It was observed that changing the
mass and/or constant influences the energy of the reflected and transmitted
waves scattered from the impurity. For some impurity site values of the mass,
constant and original soliton’s wave number, there were only reflected waves,
for other values only a transmission was observed. Yajime [18] used inverse
scattering theory to calculate the amplitude for the transmitted solitons that
was seen in Nakamura’s study on transmissions for a light mass and heavy im-
purity. Watanabe and Toda [19] compared their empirical formula for damping
of the transmitted soliton caused by the impurity with the predictions done
by Yajime and those were in agreement with each other. Kubota and Odagaki
[9] investigated the propagation of a soliton when there is a series of mass
impurities within a Toda lattice. They showed that the number of impurities,
the weight of the impurity and the energy of the incident soliton, all influence
the energy of the transmitted soliton. The incident soliton is a soliton that
is initialized in the lattice at the beginning of the experiment. This set-up
makes it possible to build a soliton filter which only allows soltions of certain
wave numbers to pass through. A single impurity in the form of a harmonic
potential was also examined by Kubota and Odagaki [10]. They have observed
that the harmonic potential constant and wave number of the incident soliton
determines the amplitude of the reflected and transmitted solitons. Having
done so, they found an empirical formula that gives the harmonic potential
constant which lets an incident soliton of wave number pass unhindered, be-
cause it is on-resonance. The same authors in 2006 [7] observed a delay in the
transmission of the soliton when there were two harmonic potential in between
the Toda lattice acting as impurities. They found an empirical formula to cal-
culate the optimal harmonic potential constants to obtain the longest possible
delay for the transmission.

2 Model

The set-up that we used in our simulation is drawn in figure 1. This set-up is
used for realizing a controllable delay in the lattice and later used for realizing
logic gates. We had N sites with mass m connected by harmonic potential
that formed a lattice with constant K. Connected to both ends of this lattice
were two Toda lattices, the lattice is formed from sites connected by the Toda
potential a

b
e−brn + arn − a

b
, with constant values a and b. rn is the relative

displacement between the sites n and n + 1. Both the harmonic potential
and Toda potential that connects two sites, we will be calling them henceforth
harmonic and Toda springs rather then potential to increase the readability.
We initialized two solitons in one of the Toda lattices in such a way that they
travelled towards the harmonic lattice. This set-up, with the exception of the
second soliton, is the same set-up as has been used by Kubota and Odagaki in
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their work [7, 10].

Figure 1: The experimental set-up. Between the two Toda lattices are N
harmonic springs, connecting N + 1 sites. In one of the Toda lattices two
solitons are initialized in such a way that they will move towards the harmonic
springs. On the left is shown the magnitude of the force on every site in the
lattice, and this indicates the position where the two solitons were initialized
in the lattices.

The Hamiltonian for a series of harmonic springs, which on both sides are
connected to a Toda lattice, is given by

H =
∑
n

[ p2n
2m

+ Vn(rn)
]

(1)

where pn is the momentum of site n. The potential between those sites is

Vn(rn) =

{
a
b
e−brn + arn − a

b
for n ≤ 0 and n > N

Kr2n
2

for 1 ≤ n ≤ N
(2)

The harmonic springs act as an impurity in the lattice. To be able to compare
our results with the results from Kubota and Odagaki, we used dimensionless
variables to eventually write an energy function in those variables

Pn =
( b

ma

)1/2
pn, Rn = brn, κ =

K

ab
, τ =

(ab
m

)1/2
t, v(rn) =

a

b
V (rn).

(3)

The potential in dimensionless units is written as

vn(Rn) =

{
e−Rn +Rn − 1 for n ≤ 0 and n > N
κR2

n

2
for 1 ≤ n ≤ N

(4)

To initialize a soliton in one of the Toda lattices, the sites need to be moved
a certain amount from their initial position. To create a right moving soliton,
the amount that needs to be subtracted from the initial positions per site is
given by

Rn = −ln
(
1 + ω2

0sech2
[
k0(n− n0)− ω0τ

])
|τ=0 (5a)

ω0 = sinh k0, (5b)
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where k0 is the wave number of the soliton. The expression comes from one of
the simplest solutions to the equation of motion of the Toda lattice, e−brn−1 =
m
ab
ω2
0sech2

(
k0n±ω0t

)
. The soliton was initialized at time τ = 0 and at position

n = n0. The energy of a soliton is given by

E0 =
2a

b

(
sinh k0 cosh k0 − k0

)
(6)

When a soliton in the lattice is scattered against a lattice of harmonic springs,
solitons that are reflected and transmitted can be observed. There are also
small waves which are called ripples. We want to keep track of the solitons in
the simulation and distinguish the ripples from the bigger single solitons that
are the reflections and transmissions escaping the impurity. The ripples can be
seen as dissipation of the energy stored in the impurity. We therefore used the
energy density function to allow us to distinguish between ripples and single
travelling solitons. The normalized energy density function is given by

hn(τ) =
(
P 2
n(τ) + vn[Rn(τ)] + vn−1[Rn−1(τ)]

)
a/2bE0, (7a)

where
∑
n

hn(τ) = 1. (7b)

The last expression tells us that energy is conserved and the energy density
has been normalized to give a better comparison when we compare simulations
done at different wave numbers. In figure 2 the energy density function is
plotted against the dimensionless “time” τ and site position n. The initialized
solitons are called incident solitons in this work, to distinguish them from
the transmitted and reflected solitons. The time between the first and second
soliton arriving at the impurity, we call this the incident time ∆τI , because it is
the position of the incident solitons that determines this time as both solitons
are initialized with the same wave number throughout this work. We initialized
one soliton always at position n0 and the second soliton was initialized at
position n0 − ∆nI . The time it will take between the soliton from site n0

hitting the harmonic impurity and the second soliton is given by the incident
time

∆τI = ∆nI
k0

sinh k0
. (8)

The term
√

ab
m

sinh k0
k0

gives the lattice speed of a soliton in units of lattices sites

per second. We have found that when the incident time is too short only re-
flections can be observed, but when this time is sufficiently long, transmissions
can also be observed.

We initialize a soliton using equation 5a. The system is simulated using Verlet
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Figure 2: Two solitons being scattered. The initialized soltions had a k0 =
3.5 and in the lattice there where N = 2 number of harmonic springs. The
dashed line indicates the position of the impurity. (a) The incident time was
∆τI = 3.39, causing both solitons to be reflected after a delay. (b) When we
increased the incident time we still have two solitons being reflected, but there
also a transmitted. In this image ∆τI = 12.69 and a third reflection can be
seen.

integration to determine the new positions of the sites. The steps in time
δt were 5 ms. Because of the size of the time step the error in the total
amount of the normalized energy was smaller than 2% when the solitons were
initialized. Over time this error became smaller than 0.1%. The results from
this integration method have been compared to those of Kubota and Odagaki
[7] by reconstructing figure 5, showing the delay in transmission for a single
soliton. Our simulation and their results were in agreement. We used boundary
fixed condition for the lattice and we made it sufficiently long that the solitons
never reached the boundary, thus the boundary condition did not influenced
the results. The momentum needed to calculate the total amount of energy
was given by

Pn = m
Rn(τ)−Rn(τ − δτ)

δτ
(9)

Because the momentum will be squared in h(τ), the sign of the momentum was
not important. We chose the values for the mass m = 1 and spring constants
of the chain throughout the simulations to be a = b = 1 and κ = 0.03.
Kubota and Odagaki [7] found that the value 0.03 was the optimal value for
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transmission delay for incident solitons with a wave number of k0 = 3.5. We
chose to keep κ = 0.03 for all wave numbers throughout these experiments,
because we wanted to investigate the difference in outcome when we changed
the incident time. The second effect that we investigated was the effect on
the delay for the transmitted soliton when the number of harmonic springs
increases in the impurity.

3 Simulation results and discussion

3.1 Delay by scattering

We find in our simulation, that when the incident time is small, there were
only reflections, but when we increased the incident time between the two
solitons we observed transmission(s). There were some incident time values
which had only one or more reflections (for the wave numbers k0 = 2.5, 3 and
3.5). When the incident time was big enough, for k0 = 3.5 and 4, a third
reflected soliton was seen and for k0 = 4 as second transmission. In figure 3 we
show those results and the delay time in dimensionless units when two solitons
are scattered against a harmonic impurity. We measured the delay time of
the reflections and transmission as the difference between the moment when
the first soliton arrives at the impurity and the moment when a soliton leave
this impurity either being reflected or transmitted. By changing the incident
time ∆τI , we change the time the solitons leave the impurity. The delay of
the transmissions in this set-up was larger then was measured by Kubota and
Odagaki [7], who found the delay to be τtrap ' 32.5 for k0 = 3.5, κ = 0.03 and
N = 2.

It was also observed in figure 3 for k0 = 2.5, 3 and 3.5, that the reflected
soliton R1a, becomes so small in energy and moves to the same position as the
ripples, that it can not be distinguished from the ripples. When we increase
∆τI we observed a second reflected soliton, R1b, emerging from the harmonic
impurity. The distinction between the reflections R1a and R2 is ambiguous
at times, because there are values of ∆τI for which they leave the impurity
at almost the same time. To determine which of the two reflections was R1a
and R2 we followed the general trend of the time they left for both reflections,
how much energy they had and which of the two was increasing/decreasing in
energy.

3.2 Measuring delay

The relative displacement Rn is shown for the sites n = −1, 0 and N + 1 in
figure 4, together with the moment in time the incident solitons scatter at the
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Figure 3: The time delay when solitons are reflected and transmitted. The
time difference between the first soliton arriving at the impurity and a soliton
being reflected or transmitted, is plotted against the incident time. This is
shown for four different wave numbers, namely (a) k0 = 2.5, (b) 3, (c) 3.5
and (d) 4. The reflections R1a, R1b, R2 and R3 are indicated with N, M, ◦
and � respectively. The transmissions T1 and T2 are indicated with • and ∗
respectively. The number of harmonic springs was two with spring constant
κ = 0.03 for all four wave numbers.

impurity and when the solitons leave. In this example there are two harmonic
springs, thus we are looking at site n = N + 1 = 3. The most accurate
means to measure the delay time of both the reflections and transitions is by
measuring when the relative displacement of R−1, R0 and R3 have restored
themselves to their equilibrium positions after they have moved a significant
amount. This comes from the characteristics of the Toda lattice, the springs
are reluctant to be compressed. The same method was also applied in [7].
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We have compared the time delay by another method, in which we measured
the change in force three sites away (on both sides) from the impurity. If the
force changes significantly (in all cases above 5 N) and it goes back down again
shortly after, than we know that a soliton has passed that point. That method
gave close results with the method of following the relative displacement, but it
gave a longer delay because it was measured three sites away from the impurity.
Our criteria that the emerging signal cannot be ripples, but has to be a single
soliton, implied that we did not observe delays for k0 = 2.5 and 3 even when
the relative displacement R3 changed significantly. In this we deviate from the
results of Kubota and Odagaki where they did record delays in transmission
for those wave numbers.

Figure 4: The sites displacement against time. In the graph the moment that
the incident solitons I1 and I2 hits the harmonic impurity are indicated, also
indicated are the time of the reflections R1, R2 and R3, and transitions T1 and
T2 escaping the impurity in the lattice. Relative displacement R−1 is shown
by the gray dashed line, R0 by the gray dotted line and R3 by the black solid
line. This images was made with the values k0 = 4, ∆τI = 11.73, κ = 0.03 and
N = 2.

3.3 Energy from scattering

In our results we only counted the outgoing waves as reflections or transmis-
sions when the energy of the wave was above 0.1% of the normalized energy
density and only when the majority of the energy of the waves where located
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at one or two sites. The last requirement is needed to distinguish signals usable
for computation from the ripples. The ripples like the ones that can be seen in
figure 2(a) are those that are moving to the right after scattering. What can be
seen from 2(b) was that the reflected solitons differ in energy from each other
and they moved therefore at different speed through the lattice. Comparing
2(a) with 2(b), we see that the reflected solitons escaped the impurity at dif-
ferent moment. In figure 5 we show the normalized energies of the emerging
solitons. Recalling the goal of building logic gates, with the requirement that
the gates can be cascaded, we want to have a signal coming from one gate as
output that we can use as input for the next gate. Therefore the energy of
the transmitted soliton is very important and this is dependent on the wave
number (as is shown by equation 6) and the incident time. From the work
of Kubota and Odagaki [7] we know that it is also dependent on the spring
constant of the harmonic impurity.

3.4 Multiple harmonic springs

When we increased the number of springs, we observed that the delay of the
first soliton being transmitted increased. This is shown in figure 6. For figure
6(b) we chose one particular incident time which gave only one reflection, for (c)
an incident time which for the wave numbers 3.5 and 4 gave three reflections.
We did this to show how the different incident time effect the reflected and
transmitted soliton energy for different number of harmonic springs. What
we can take away from figure 6(a) is that the energy of the transmission is
dependent on the number of springs, the wave number, spring constant of
the impurity and on the incident time. Figure 6(b) shows that the delay is
primarily dependent on the wave number and the number of springs. An im-
portant observation is that there is transmission for k0 = 3 when there are
three harmonic springs, when there were two springs there was not a trans-
mission. Another observation was the incident time within the regime where
there was only one reflection, 4.19 ≤ ∆τI < 5.39, when we increased the N to
≥ 8 for k0 = 3.5, we observe a second reflection. If we increase the number of
springs to N = 10 for both the incident times for this wave number, a second
transmission can also be seen. The wave number k0 = 2.5 does not show any
transmissions when the springs were increased from two to ten. What was
observed was that the delay always increases with the increasing the number
of harmonic springs. However the energy of the transmitted soliton changes
with the increase of springs. The biggest transmitted soliton energy with a
wave number of 3.0 and with ∆τI = 11.98 is with three springs, while the
same wave number but with an incident time of ∆τI = 4.79 gave the biggest
transmission when there were two springs.
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Figure 5: The energy of the reflected and transmitted solitons plotted against
the incident time. We did this for four different wave numbers, namely (a)
k0 = 2.5, (b) 3, (c) 3.5 and (d) 4. The reflections R1a, R1b, R2 and R3 are
indicated with N, M, ◦ and � respectively. The transmissions T1 and T2 are
indicated with • and ∗ respectively. The number of harmonic springs were two
with constant κ = 0.03 for all four wave numbers.

4 New logic gate designs

In 2013 Kubota and Odagaki [8] were able to design different logic gates in the
Toda lattice. They showed a design for NOT, OR and AND gates. With the
controllable delay mechanic present in this work, it is possible to design XOR
and a differently designed OR gate. The logic value 0 is represented by the
absence of a soliton and the presence represents the value 1, both for in- and
output. We have two incoming lattices (input lines) that are our inputs which
are connected to one lattice that will be used as our output. This is shown
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Figure 6: Delay and energy for the first soliton being transmitted. (a) shows
the delay of the transmitted soliton against different number of springs, for
different wave numbers and incident delay. (b) shows the energy of the trans-
mitted soliton against different N number of springs within the regime were
k0 = 2.5, 3, 2.5 only had one reflected soliton. (c) shows the energy of the
transmitted soliton for an incident time much longer than in (b). The wave
number k0 = 2.5 does not show any transmissions when the number of springs
are increased. The symbol • indicates k0 = 3 and ∆τI = 4.79, ◦ indicates
k0 = 3 and ∆τI = 11.98, � indicates k0 = 3.5 and ∆τI = 5.92, � indicates
k0 = 3.5 and ∆τI = 12.69, N indicates k0 = 4 and ∆τI = 5.13, and,4 indicates
k0 = 4 and ∆τI = 11.73..

in figure 7. One input is longer than the other (shown in 7 as the upper line
with the “valley”). This allows for two solitons to be initialized at the same
site n but in two different both lattices, they will then arrive at the harmonic
impurity at two different times. The input and output lattices all have the
same values for the spring constants a, b and K.

As shown in section 3.1, for certain incident time values there are only reflec-
tions. To build the XOR gate we need to be within that incident time when
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Figure 7: Logic gate design in the Toda lattice. This gate uses the absence
of a soliton as representing the value 0 and the presence as the value 1. One
input lattice is longer than the other.

that happens. For k0 = 3.5 that would be ∆τI <3.81, thus using equation 8 the
extra length for input I1 needs to be less than 19 sites. With the wave number
k0 = 4 the incident time needs to be ∆τI <4.25, that is a length smaller than
29 sites. In figure 8a we show the working of this XOR for the input state
01, which gives an output of 1. As we can see in figure 8a, there is only one
soliton initialized, it does not matter in which input this is initialized. When
we initialize two solitons in both lattice, then we get an output of 0, as shown
in figure 8b. As can be seen in the figure it takes one soliton longer to arrive
at the harmonic impurity. In this set-up the incoming solitons are reflected
back to both input lattices. In figure 8b when the soliton is reflected from
the impurity, when that reflected soliton arrives at the point of branching, a
portion is reflected back towards the impurity. Because the spring constant
on every Toda lattice is the same, the reflected soliton will experience a ’lat-
tice’ (the two input lattices together) that has a constant of 2a, thus a more
difficult lattice to travel as a soliton. When we had an one dimension lattice
and the second half of this lattice had a constant value of 2a, the same kind
of reflection was observed.
If we increase the length of the longer input lattice even more, we can have
transmissions for the input state 11, as was seen from our controllable delay
investigation. The energy of transmitted soliton will depend on the increased
length in the upper lattice, as length corresponds to the incident time. We still
have transmissions for the 01 and 10 input state. To construct an OR gate we
give the input I1 19 sites more than I2 for k0 = 3.5 and more than 29 sites
for k0 = 4 more sites. The gate operation for the 11 input state is shown in
figure 9. This design is an alternative to the OR gate design from [8]. Again
in this design a reflection can be seen when the reflected soliton tries to enter
into both the input lattices.

5 Summary and conclusion

In this work we had a lattice of harmonic springs which on both ends were
connected by a Toda lattice. The springs acted as an impurity the in the lat-
tice. In this lattice we initialized two solitons that moved toward the impurity.
An earlier work done by Kubota and Odagaki [7] showed that two harmonic
springs are needed to cause delay in the transmission. They also showed that
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(a) (b)

Figure 8: XOR gate operation being performed in the Toda lattice. In (a)
input state is 01 and output is 1, (b) input state is 11 and output is 0. The
Thick dashed line indicated the location of the harmonic impurity. The number
of harmonic spring were N = 2, wave number k0 = 3.5 and one input was 15
sites longer than the other.

Figure 9: OR gate operation being performed in the Toda lattice. Two solitons
are initialized corresponding to the input state 11 and which gives an output
of 1. The Thick dashed line indicated the location of the harmonic impurity.
The number of harmonic spring were N = 2, wave number k0 = 3.5 and one
input was 35 number of sites longer than the other.

the transmission is depended on the constant of the springs and the wave num-
ber of the incident soliton. We have shown in this work that when there are
two initialized solitons, that the delay is mainly depended on the number of
harmonic springs, the wave number and to a certain extent the incident time.
This incident time is in this work defined as the time between the first incident
and the second soliton scatter against the impurity. Furthermore for almost all
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incident times there were at least two reflected solitons, but for certain wave
numbers there was a regime where there was only one. We observed that if the
wave number is high enough, that a second transmission can also occur. This
work also showed that the energy of the transmission is depended on the wave
number, incident time and number of springs, the first two also holds true for
the reflected solitons. That the wave number plays a role in the transmission
energy was also seen by [7], but they only did this observation for one incident
soliton. For certain wave numbers it is possible to prevent or allow the trans-
mission, this mechanic was used to construct an XOR and OR gate.

The controllable delay and the mechanics for controlling the transmission
could be used for exploring the computing possibilities in the lattice. The
Toda lattice at this stage is far from able to preform complicated computa-
tions, research in designing components amplifying solitons energy is required
if the mentioned logic gates designs are going to be cascaded to one another.
Such an amplifier is possibly also required for constructing practical fanouts.
The work on the controllable delay in this paper can be used to explore more
properties of the Toda lattice and the logic gate designs as conceptual model
for computing done with solitons in a lattice system.

An explanation why the delay is depended on the number of harmonic springs
and the incident time has not been giving in this work. That was because
this work sets out to create a controllable delay that could be used to build
logic gates and for that purpose it was enough to know what the effects were
and how much energy was left after the transmission that could be used as an
output of the logic gate.
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