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Abstract

We present conceptual models for fundamental logic gates using soli-
tons as bit pulses in the Toda lattice. The transmission rate of the
soliton is controllable by another soliton and the control of the soli-
ton transmission is applicable to a NOT gate. Two-input system with
appropriate transmission filters were constructed to realize AND and
OR gates. We numerically demonstrated the soliton transmissions on
these systems. The efficiency of our logic gates was improved for larger
amplitude of the input solitons.
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1 Introduction

One of the most important application of soliton transmission is soliton com-
munication in optical fibers [1, 8]. In the optical communication, the soliton is
used as a bit of information and states “1” and “0” are assigned to the presence
and absence of the soliton, respectively. When the soliton bit is controllable
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Figure 1: Schematic diagram of incident waves on two identical Toda lattices
connected by a harmonic spring for (a) the 0-input and (b) 1-input initial
conditions. The thin springs are the Toda lattices and the thick spring is a
harmonic spring. We observed a transmitted right-moving wave on the right
side of the system as an output signal.

by another soliton, logic gates can be constructed, and all-soliton communi-
cation and computing system would be realized. Several authors suggested
soliton logic gates using the interference effects between the solitons traveling
together [2, 13] and the phase shift due to the soliton-soliton scattering [4, 12].

In this paper, we present conceptual models for logic gates based on the
control of the soliton transmission rate in the Toda lattice. The Toda lattice
is a well-known integrable system, which supports exact soliton solutions [14].
The transmission and scattering of the soliton in the Toda lattice with a local
defect were studied by many authors theoretically [17], numerically [11, 10],
and using a LC ladder circuit [16]. Recently, it was proposed to enhance the
soliton transmission rate by controlling the defect appropriately [6, 7, 15]. We
consider the control of the transmission rate by using another soliton based
on the resonant transmission of the soliton [6] to construct fundamental logic
gates. A NOT gate is realized by using the control-bit soliton to interfere the
resonant transmission of the soliton. The resonant soliton transmission is also
applicable to soliton filters of amplitude transmittance for AND and OR gates.
We numerically demonstrated these logic gates work properly and showed the
efficiency of the logic gates by comparing the amplitude of the output solitons.

2 Model

To construct a NOT gate, we considered two identical Toda lattices [14] con-
nected by a harmonic spring. The equation of motion is given by

m
d2qn

dt2
= −fn + fn−1, (1)
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where m and qn are the mass and displacement of the n-th particle, respec-
tively. The interaction forces fn are

fn =

{
a[exp(−brn) − 1] for n �= 0,

−κrn for n = 0,
(2)

where rn(≡ qn+1 − qn) is a relative displacement, a and b are constants of
the Toda spring, and κ is a spring constant of the harmonic spring. Since we
used the identical homogeneous Toda lattices, it was possible to set m = a =
b = 1 using dimensionless variables defined in our previous papers [5, 6]. We
considered two initial conditions denoted by “0-input” and “1-input”. For the
0-input, we prepared a right-moving single soliton at time t = 0 as a reference
pulse (see Fig. 1(a)). The reference soliton was given by

fn =
sinh2 k

cosh2[k(n − n0) − ωt]
, (3)

ω = sinh k, (4)

with a wave number k = kre and an initial location n0 set so that the reference
soliton was far left from the harmonic spring. The spring constant of the har-
monic spring was chosen to be satisfied with the resonant condition [6] for the
reference soliton. We denote the spring constant in the resonant condition by
κreso(kre). As a result of the resonant condition, the reference soliton passes
almost completely the harmonic spring without much decay. After a sufficient
time, we observe the transmitted right-moving soliton on the right side of the
system as an output signal. For the 1-input, at time t = 0, we prepared two
solitons as reference and input-signal pulses on either hand of the harmonic
spring (see Fig. 1(b)). The reference soliton was identical to that for the 0-
input. The input-signal soliton was a left-moving soliton given by Eq. (4) with
k = kin, n0 � 1, and ω = − sinh kin. The specific value of n0 for the input-
signal soliton was set to its optimal value, which we searched numerically for
the efficiency of the logic gate. The input-signal soliton disturbs the resonant
condition between the reference soliton and the harmonic spring. As a result,
the output-signal soliton is smaller than that for the 0-input. Therefore, this
system would work as a NOT gate by controlling the transmission of the refer-
ence soliton with or without the input-signal soliton. To check the efficiency of
the NOT gate, we calculated the amplitude of the output-signal soliton F

(∗)
out,

where the superscript indicates the initial condition. However, it seems as if
the soliton amplitude fluctuates with the propagation because the peak of the
traveling soliton does not necessarily coincide with a lattice site. To avoid this
artificial fluctuation, we observed the maximal value of fn(t) as a function of

time at a fixed site chosen appropriately to obtain F
(∗)
out. the amplitude of the

output-signal soliton.
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Figure 2: (a) Schematic diagram of a two-input system consisting of the Toda
lattices with a filter. (b) The AND-gate filter consists the Toda lattice, where
the Toda springs at every five sites are replaced by the harmonic springs having
κreso(kin). (c) The OR-gate filter consists of the branched Toda lattice. In the
upper branch, one of the Toda spring is replaced by the harmonic spring having
κreso(k10)/2.

We also considered other model to construct AND and OR gates. Two
identical Toda lattices were used as two input lines and converged at n = 0
into one Toda lattice, which was used as an output line with a transmission
filter (see Fig. 2(a)). We set m = a = 1/2 and b = 1 in the Toda lattice of the
branched region (for n ≤ −1) and the parameters in the other region were set
to be m = a = b = 1. The equation of motion for the joint (at n = 0) is given
by

d2qn

dt2
= − exp(−rn) +

1

2
exp(−r

(u)
n−1) +

1

2
exp(−r

(l)
n−1), (5)

where r(u) and r(l) denotes the relative displacements for the upper and lower
branches, respectively. We considered two initial conditions: (i) two identical
solitons with kin prepared on the both input lines and (ii) a single soliton with
kin prepared only on the upper branch. We denote the former and latter initial
conditions by “11-input” and “10-input”, respectively. For the 11-input, the
motions of the upper and lower branches are synchronized with each other.
In this case, Eq. (5) is strictly reduced to the equation of motion for the
homogeneous Toda lattice, and therefore, the incident solitons for the 11-input
completely pass the joint. On the other hand, the incident soliton for the 10-
input is scattered by the joint and the wave number of the transmitted soliton
becomes smaller (denoted by k10).

The two-input system works as AND and OR gates by using appropriate
transmission filters, as we describe below. The basic idea for the AND-gate
filter is using the harmonic spring with κreso(kin), which the transmitted soliton
of the 11-input passes without much decay. For a more efficient AND-gate
filter, we embedded 21 harmonic springs with κreso(kin) on every five sites of
the Toda lattice (see Fig. 2(b)). The soliton having kin passes the filter, whereas
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Figure 3: Time evolution of the solitons for (a) the 0-input and (b) 1-input
initial conditions. We set kre = 2.5 and n0 = −31 for the reference soliton,
and kin = 2.5 and n0 = 31.9139 for the input-signal soliton. The dashed line
at n = 0 denotes the location of the harmonic spring with κreso(kre) = 7.776.

the smaller soliton having k10 diminishes gradually at every harmonic springs.
On the other hand, the harmonic spring with κreso(k10) is applicable to the
OR-gate filter. For the OR gate, we used a branched line made of the Toda
lattices with m = a = 1/2, where one of the Toda spring on the upper branch
was replaced by the harmonic spring with κ = κreso(k10)/2 (see Fig. 2(c)).
The coefficient 1/2 was added to match with a = 1/2. The soliton having k10

passes the filter without much decay, whereas that having k �= k10 is scattered
by the filter. As a result, a large soliton reduces its own wave number and the
branched line could work as the OR-gate filter.

3 Numerical Results

We integrated Eq. (1) for the NOT gate system numerically using a third-order
bilateral symplectic algorithm [3]. We set integration step Δt ≤ 0.01 so that
total energy did not deviate from the value of the initial state. In Fig 3, we
show the spacetime evolution of |fn| for (a) the 0-input and (b) 1-input with
kre = kin = 2.5. Figure 3(a) shows that the reference soliton prepared at n =
−31 moved to the right and reached the harmonic spring at t � 12. Since κ was
set to be satisfied with the condition of the resonant transmission, the reference
soliton passed the harmonic spring almost completely. In Fig. 3(b), the right-
moving reference soliton and the left-moving input-signal soliton traveled to
the harmonic spring from each side of the system and collided with each other
near the harmonic spring. As described above, the initial location n0 of the
input-signal soliton was chosen to minimize F

(1)
out and, as a result, F

(1)
out decreased

almost by half of that for the 0-input.
To discuss efficiency of the NOT gate, we calculated the ratio α of the
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Figure 4: (a) The ratio α of the amplitude of the output-signal soliton for the
0-input and 1-input as a function of kre. The solid and dashed curves are α
for kin = kre and for the optimized kin, respectively. (b) The optimal values of
kin are plotted by the dashed curve. The solid line is kin = kre and is drawn
for reference.

amplitude of the output-signal solitons for the two different initial conditions,
i.e., α = F

(1)
out/F

(0)
out. The solid curve in Fig. 4(a) shows the kre-dependence of

α for kin = kre. α decreased with increasing kre, and therefore larger soliton
suits for the signal bit of the NOT gate. To obtain a more efficient NOT gate,
we optimized kin to minimize the output-signal soliton for the 1-input. As
shown in Fig. 4(b), the optimal kin were determined to be finite values and
therefore the efficiency of the NOT gate was improved (see the dashed curve
in Fig. 4(a)).

On the two-input system, we calculated the time evolution of the waves.
Without the transmission filters, the incident soliton for the 11-input com-
pletely passed the joint (at n = 0) and the soliton traveled in the output
line as a single soliton keeping the wave number kin unchanged. For the 10-
input, the incident soliton was scattered at the joint and was divided into the
transmitted soliton, a reflected soliton, and many small waves. As shown in
Fig. 5, k10 was smaller than the wave number of the transmitted soliton for
the 11-input given by kin.

By using the transmission filters, we modulated the transmitted solitons
to construct AND and OR gates. We embedded the AND-gate filter in n =
[10, 100] and calculated the wave propagation. Figure 6(a) shows that the
transmitted soliton of the 11-input passed each harmonic spring without much
decay since κ were set to resonate with the soliton having kin. On the other
hand, the transmitted soliton of the 10-input was scattered at each harmonic
spring and decreased its amplitude gradually (see Fig. 6(b)). Thus, the output-
signal soliton for the 10-input was significantly smaller than that for the 11-
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Figure 5: The wave number of the transmitted soliton in the two-input system
without the transmission filters for the 10-input (solid) and for the 11-input
(dotted). The former is denoted by k10 in the text and the latter is given by
k = kin.
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Figure 6: The spacetime evolution of |fn| in the two-input system with the
AND-gate filter located at n = [10, 110] for (a) the 11-input and (b) 10-input
initial conditions with kin = 2.5 and n0 = −31. For clarity, in the branched
region, |fn| is scaled by a = 1/2, and the waves on each line are shown with
deviating slightly in the time coordinate. The region of the AND-gate filter is
indicated by the dashed lines.
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Figure 7: The same as Fig. 6 but with the OR-gate filter located at n =
[30, 152].
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(10)
out /F
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out ) without the filter (dotted curve),

with the AND-gate filter (solid curve), and with the OR-gate filter (dashed
curve).

input and this system would work as a AND gate. For the OR gate, we
prepared the OR-gate filter at n = [30, 152], where the Toda spring at n = 51
on the upper branch was replaced by the harmonic spring with κreso(kre)/2.
Figure 7(b) shows that the initial soliton of the 10-input was scattered by
the first joint (at n = 0) and changed its wave number into k10. In the next
branched region (the OR-gate filter), the solitons having k10 traveled each path
and the soliton in the upper branch resonantly passed the harmonic spring.
Then, the incident soliton left the OR-gate filter without incident and the
wave number of the output-signal soliton was unchanged, i.e., k � k10. For the
11-input (see Fig. 7(a)), the incident solitons entered the OR-gate filter with
keeping its wave number kin unchanged. In the upper branch path, the soliton
was scattered by the harmonic spring and decelerated, and then, it reached
the exit of the filter a bit later than that traveled in the lower branch path.
After that, by the scattering at the exit of the filter, the wave number of the
faster soliton was reduced to k � k10. Therefore, the OR-gate filter changes
the wave number of the transmitted soliton into k10 for both initial conditions,
i.e., F

(10)
out � F

(11)
out .

In Fig. 8, we show α given by F
(10)
out /F

(11)
out for various kin to see the efficiency

of the AND- and OR-gate filters. The solid curve in Fig. 8 denotes α obtained
without the filters and is plotted for reference. This figure shows that for small
kin, the transmission filters hardly affected the transmitted soliton. α deviated
from each other with increasing kin for kin � 1. Around kin � 2.5, α for the
AND- and OR-gate filters were close to 0 and 1, respectively. Thus, the filters
worked well for larger kin and the efficiencies were almost saturated to the best
values for kin � 2.5.
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4 Concluding Remarks

We have presented a conceptual models to realize the fundamental logic gates
using the soliton as the bit pulses in the lattice system. Our numerical results
showed the amplitude of the output signals were controlled properly into the
desired values determined by the input signals and thus, our models worked as
the logic gates. It is well known that the Toda lattice is realized by using the
nonlinear LC circuit, and the present works are tested by the LC circuit [9, 6].
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